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PREFACE 

TO THE AMERICAN EDITION. 



The Editor, in offering to the public Dr. Brewster's 
translation of Legendre's Geometry under its present 
form, is fully impressed with the responsibility he 
assumes in making alterations in a work of such de- 
served celebrity. 

In the original work, as well as in the translations 
of Dr. Brewster and Professor Farrar, the proposi- 
tions are not enunciated in general terms, but with 
reference to, and by the aid of, the particular diagrams 
used for the demonstrations. It is believed that this 

xj departure from the method of Euclid has been gene- 
rally regretted. The propositions of Geometry .are . 
general truths, and as such, should be stated in gene- 

•> ral terms, and without reference to particular figures. 

r^ . The method of enunciating them by the aid of particu- 
lar diagrams seems to have been adopted to avoid the 
difliculty which beginners experience in comprehend- 

i 

mg abstract propositions. But in avoiding this difii- 
culty, and thus lessening, at first, the intellectual 
labour, the finculty of abstraction, which it is one of 
the primary objects of the study of Geometry to 
strengthen^ remains, to a certain extent, unimproved. 



i» PREFACE. 

Besides the alterations in the enunciation of. the 
propositions, others of considerable importance have 
also been made in the present edition. The propo- 
sition in Book V., which proves that a polygon and 
circle may be made to coincide so nearly, as to differ 
from each oth^r by less than any assignable quantity, 
has been taken from the Edinburgh Encyclopedia. 
It is proved &i the corollaries that a polygon of an 
infinite number of sides becomes a circle, and this 
prmciple is made the basis of several important de- 
monstrations in Book VIII. 

Book II.,on Ratios and Proportions, has been partly 
adopted from the Encyclopedia Metropolitana, and 
will, it is believed, supply a deficiency in the original 
work. 

Very considerable alterations have also been made 

in the manner of treating the subjects of Plane and 

Spherical Trigonometry. It has also been thought 

best to publish with the present edition a table of 

logarithms and logarithmic sines, and to apply the 
principles of geometry to the mensuration of sur- 
faces and solids. 

Military Academy ^ 

West Points March, 1834. 
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ELEMENTS OF GEOMETRY. 

BOOK I. 

THE PRINCIPLES. 

Definitions, 

1. Geometry is the science which has for its object the 
measurement of extension. 

Extension has three dimensions, length, breadth, and height, 
or thickness. 

2. A line is length without breadth, or thickness. 

The extremities of a line. are called points : a point, there- 
fore, has neither length, breadth, nor thickness, but position 
only. 

3. A straight line is the shortest distance from one point to 
another. 

4. Every line which is not straight, or composed of straight 
lines, is a curved line. 

Thus, AB is a straight line ; ACDB is a 
broken line, or one composed- of straight A^ 
lines; and AEB is a curved line. 



The word line, when used alone, will designate a straight 
line ; and the word curve, a curved line. 

5. A surface is that which has length and breadth, without 
height or thickness. . 

6. A plan^ is a surface, in which, if two points be assumed 
at pleasure, and connected by a straight line, that lineVill lie 
wholly in the surface. 

7^ Every surface,-which is not a plane surface, or composed 
of plane surfaces, is a curved surface. 

8. A solid or body is that which has length, breadth, and 
tfaii^kncss ; and therefore combines the three dimensions of 
extcnsionn . 

2 
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GEOMETRY. 




9. When two strsu^t lines, AB, AC, meet 
each other, their inclination or opening is call- 
ed an angle^ which is grealo* or less as the 
lines are moreor less inclined or opened. The 
point of intersection A is the Tertex of the ^ 
angle^ and the lines AB, AC, are its odes. '^ 

The angle is sometimes designated simply by the letter at 
the vertex A ; sometimes by the three letters BAC, or CAB, 
the letter at the vertex bein^ always placed in the middle. 

Angles, like all other quantities, are susceptible of addition, 
subtraction, multiplication, and division. 



Thus the angle DCE is the sum of 
the two angles DCB, BCE ; and the an- 
gle DCB is tho difference of the two 
angles DCE, BCE. 




10. When a straight line AB meets another 
straight line CD, so as to make the adjacent 
angles BAC, BAD, equal to each other, each 
of those angles is called a right angle ; and the 
fine AB is said to be perpendicular to CD. ^ 



11. Every angle BAC, less than a 
right angle, is an acute angle; and, 
every angle DEF, greater than aright 
angle, is an ohtxise angle. 





12.* Tv?o lines are said to be paralkU when 

being situated in the same plane, they cannot 
meet, how far soever, either way, both of them 
.be produced. 

13. A plane figure is a plane terminated on 
all sides /by lines, either straight or curved. 

If the lines are straight, the space they enclose 
is called a rectilineal figure^ or polygon, and the 
lines themselves, taken together, form the contour, 
or perimeter of the polygon. 

< 14. The polygon of three sides, the simplest of all, is called 
a triangle ; that of four sides, a qtuidrilateral ; that of five, a 
pentagon; that of six, a hexagon ; that of seven, a heptagon; 
that of eight, an octagon ; that of nine^ a nanagon; that of ten, a 
decagon ; and that of twelve, a dodecagon* 
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15. An equilateral triangle is one which has its three sides 
equal ; ah isoscelts triangle, one which has two of its sides 
equal ; a scalene triangle, one which has its three sides unequal. 
. 16^ A right-angled triangle is one which 
has a right apgle. The side opposite the 
right an^e is called the hypothenuse. Thus, 
in the triangle ABC, right-angled at A, the 
side BC is the hypothenude^ 

17. Among the quadrilaterals, we distinguish : ' 

The sqtuzre, which has its sides equal, and its an- 
gles right-angles. 



The rectangle^ which has its angles right an- 
gles, without having its sides equal. 

The paraUelogranit or rhomboid, which ' 
has its opposite sicjies parallel. 




The rhombus^ or lozenge, which has its sides equal, 
without having its angles right angles. 



^ * 




And lastly, the tnj^ezoid, only two of whose sides 
are paraUel. 




18. A diagonal is a line which joins fhe ver- 
tices of two angles not adjacent to each other. 
Thus, AF, AE, AD, AC, are diagonals. 

19. An eqwUateral polyson is one which has all its sides 
equal ; an equiangular polygon, one whic^ has all its angles 
equal. 

20. Two polygons are mutudlbf equilateral, when they have 
their sidiipi equal each to each, and placed in the same order; 
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r 

that is to say, when following their perimeters in the same di- 
rection, the first side of the one is equal to the first side of the 
other, the second of the one. to the second of the other, the 
third to the third, and so on. The plmsisef mutually equian- 
guloTf has a corresponding signification, with respect to the 
angles. 

In both cases, the equal side^, or the equal angles, are named 
homologous sides or angles. 



Definitions of terms employed in Geometry. 

An axiom is a self-evident proposition. 

A theorem is a truth, which becomes evident by means of a 
train of reasoning called a demonstration. 

A problem is a questio^i proposed, which requires a solu- 
tion* 

A lemma is a subsidiary, truth, employed for the demonstra- ' 
tion of a theorem, or the solution of a problem. 

The common name, proposition, is applied indifferently, to 
theorems, problems, and lemmas. 

A corollary is an obvious consequence, deduced from one or 
sevei'al propositions. 

A scholium is a remark on one or several preceding propo- 
sitions, which tends to point out their connexion, their use, their 
restriction, or their extension. 

A hypothesis is, a supposition, made either in the enunciation 
of a proposition, or in the course of a demonstration. 



Explanation of the symbols to be employed. 

■ 

The sign = is the sign of equality; thus, the expression 
A=B, signifies that A is equal to B. 

To signify- that A is smaller than B, the expression A<B 
is used. 

To signify that A is greater than B, the expression A>B 
is used ; the smaller quantity being always at the vertex of the, 
angle. - * 

The sign + is called plus : it indicates addition. 

The sign — . is caUed minus : it indicates subtraction. 
Thus, A+B, represents the sum of the quantities A tod B ; 
A — ^B represents their xlifference, or what remains after B is 
taken from A ; and A — ^B + C, or A + C — ^B, signifies that A 
and C are to be add^d together, and that B is to be subtracte 
from their sum. 



I 

I 

I 

I I 
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The sign x indicates multiplication : thus, A x B represents 
die product of A and B. Instead of the sign x , a point is 
sometimes employed ; t}ius, A.B is the same thing as A x B. 
The same product is also designated without any intermediate 
sign, by AB ; but this expression should not be employed, when 
there is any danger of confounding it with that of the line AB, 
which expresses the distance between the points A and B. 

The expression Ax (B + C — ^D) represents the product ot 
A bv the quantity B + C — D. If A+B were to be multiplied 
by A — ^B + C, the product would be indicated thus, (A+B)x 
(A — ^B + C), whatever is enclosed within the curved lines, being 
considered as a single quantity, . 

A number placed before a line, or a quantity, serves as a 
multiplier to that line or quantity ; thus, 3AB signifies that 
the Une AB is taken three times ; ^> A signifies the half of the 
angle A. 

The square of the line AB is designated by AB*; its cube 
by AB*. What is meant by the square dnd cube of a line, will 
be explained in its proper place. 

The sign >/ indicates a root to be extracted; thus V2 

means the square-root of 2 ; VAxB means the square-root of 
the product of A and B. 

Axioms, 

1. Things which are equal to the same thing, are equal to 
each other. 
^2. If equals be added to equals, the wholes will be equal, 

3. If equals be taken from equals, the remainders will be 
equal. 

. 4. If equals be added to unequals, the wholes will be Tm- 
equal. 

5. If equals be taken from unequals, the remainders will be 

unequal. 

6. Things which are double of the same tlung, are equal to 

each other. 

7. Things which are halves of the same thing, are equal to 
each other. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of ^1 its parts. 

10. All right angles are equal to each othen 

1 1 Froih one point to another only one straight line can be 
drawn. ' 

12. Ijbrough the same point, onl^ one straight line can be 
drawn which shall be parallel to a given line. 

13. Magnitudes, which being applied to each other, coincide 
throughout their whole extent, are equal. 
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PROPOSITION I. THEOREM. 

Jff'one straight line meet another straight line^ the sum of the 
two adjacent angles will he equal to two right angles. 

Let the straight line DC meet the straight 
line AB at C, then will the angle ACD + 
the angle DCB, be equal to two right angles. 

At the point C, erect CE perpendicular to, 
AB. The angle ACD is the sum of the an- 
gles ACE,ECD: therefore ACD+DCB is 
the sum of the three "angles ACE, ECD, DCB: but the first 
of these three angles is a right angle, and the other two 
make up the right angle ECB ; hence, the sum of the two an- 
gles ACD and DCB, is equal to twq right angles. 

Cor, 1. If one of the angles ACD, DCB, is a right angle, 
the other must be a right angle also. 

Cor. 2. If the line DE is perpendicular 
to AB, reciprocally, AB will be perpendicu- 
lar to DE. 

For, since DE is perpendicular to AB, the 
angle ACD must be equal to its adjacent an- 
gle DCB, and both of them must be right 
angles (Def. 10.). But since ACD is a 
right angle, its adjacent angle ACE must also be aright^ngle 
(Cor. 1,). Hence the angle ACD is equal to the angle ACE, 
(Ax. 10.) : therefore AB is perpendicular to DE. 

Cor. 3. The sum of all the successive 
angles, BAC, CAD, DAE, EAF, formed 
on the same side of the straight line BF, 
is equal to twor i^t_ang}eg ; for their sum 

:qual 16 that of the two adjacent an-. 
BAC, CAR B 




PUOPOSITION II. THEOREM. 

Two straight lines^ which hum two points common^ coincide with 
each other throughout their whole extent, and form one and 
the same straight line^ 



Let A and B be the two common 
points. In the first place it is evident 
that the two lines must coincide entirely 
between A and B, for oth^rv^^ise £h?r3 
ivould be t^vo straight lines between A 
and B, which is impossible (Ax. 11.). Sup- 
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pose, howevef, that on being produced, these lines be^n to 
separate at C, the one becoming CD, the other CE. From 
the point C draw the line CF, making.with AC the right angle 
ACF. Now, since ACD is a straigFit Hne,ihe angle FCD will 
be a right angle (Prop. I. Cfor. 1.) ; and since ACE is a straight 
line, the angle FCE will likewise be a right angle. Hence, the 
angle FCD is equal to the angle FCE (Ax. 10.); which can 
only be the case when the lines CD anu CE coincide : there- 
fore, the straight lines which have two points A and B com- 
mon, cannot separate at any point, when, produced ; hence they 
form one and the same straight line. 

PROPOSITION III. THEOREM. 

If a straight line meet two other straight lines at a common 
pointj making the sum of the two adjacent angles equal to two 
right angles, the two straight lines which are met, will form 
one and the same straight line. 

Let the straight line CD meet the 
two lines AC, CB, at their common 
point C, making the sum of the two 
•adjacent angles DCAj DCB, equal to 51 
two right angles ; then will CB be the 
X prolongation of AC, or AC and CB 
will form one and the same straight line. 

For, if CB is not the prolongation of AC, let CE be that pro- 
longation: then the line ACE being straight, th^ sum of the 
angles ACD, DCE, will be equal to two right angles (Prop. I.). 
But by hypothesis, the sum of the angles ACD, DCP, is also 
equal to two right angles : therefore, ACD + DCE must be equal 
to ACD + DCB ; and taking away the angle ACD from each, 
there remains the angle DCE equal to the angle DCB^ which 
can only be the case when' the lines. CE and CB ccuncide ; 
hence, AC, CB, form one and the same straight line. 

PROPOSITION IV. THEOREM. 

When two straight lines intersect each other^ the opposite or ver* 
tical angles^ which they form, are equaL 
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L^t AB and DE be two straight 
lines, intersecting each' other at C ; 
then will the angle ECB be equal to 
the angle ACD, and the angle ACE to 
the angle DCB. 

For, since the straight line DE is met by the straight line 
AC, the sum of the angles ACE, ACD, is equal to two right 
angles (Prop. L) ; and since the straight line AB, is met by the 
straight line EC, the sum of the angles ACE and ECB, is equal 
to two right angles : hence the sum ACE + ACD is equal to 
the sum ACE + ECB (Ax. 1.). Take away from both, the com- 
mon angle ACE, there remains the angle ACD, equal to its 
opposite or vertical angle ECB (Ax. ,3.). 

Scholium. The four angles formed about a point by two 
straight lines, which intersect each other, are together equal to 
four right angles : for the sum of the two angles ACE, ECB, 
is equal to two right angles ; and the sum of the other two, 
ACD, DCB, is also equal to two right angles: therefore, the 
sum of the four is equal to four right angles. 

In general, if any number of straight lines 
CA, GB, CD, &c. meet in a point C, the ^^ 
sumof all the sucfcessive angles ACB,BCD, 
DCE, ECt', FCA, will be equal to four 
right angles : for, if four right angles were 
formed about the point C, by tWo.lines per- 
pendicular^ to each other, the same space 
would be occupied by the four right angles, as by the succes- 
sive angles ACB, BCD, DCE, ECF, FCA. 




PfeOPOSIXION V. THEOREM. ' 

If two trianghs have two sides and the included angle of the one^ 
equal to two sides and the included angle of the other ^ each to 
eacht, the two triangles will be equal. 

Let the side ED be equal 
to the side BA, the side DF 
to the side AC, and the an- 
gle D to the angle A ; then 
will the triangle EDF be 
equal to the triangle BAC. , 

For, these triangles may be so applied to each other, that they 
shall exactly coincide. Let the triangle EDF, be placed upon 
the triangle BAC, so that the point £ shall fall upon B, and the 
side ED on the equal side BA ; then, since the angle D is equal 
lo the angle A, the side DF will take the direction AC. But 
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DF is equal to AC ; therefore, the point F will fall on C, and 
the third side EF, will coincide with the third side BC (Ax, 1 1.): 
therefore, the triangle EDF is equal to the triangle BAG 

(Ax. 13.). 

Cor. When two triangles have these three things equal, 
namely, the side ED=BA, the side DF=AC, and the angle 
D=A, the remaining three are also respectively ^qual, namely, 
the side EF=BC, the angle E?=,Bj and the angle F=C 



PROPOSITION VL THEOREM. 

If two triangles have two angles and the included side of the one^ 
-equal to two angles and the included side of the other ^ each to 
each^ the two triangles will he equal. 

* 

Let the angle E be equal 
to the angle B, the angle F 
to the angle C, and the in- 
cluded side EF to the in- 
cluded side BC; then will 

the triangle EDF be equal __^__ 

to the triangle B AC. ^ r B . C 

For to apply the one to the other, let the side EF be placed 
on its equal BC, the point E falling on B*, and the point F on 
C; then, since the angle E is equal to the angle B, the side ED 
%vill take the direction BA; and hence the point D will be found 
somewhere in the Une BA. In like manner, since the angle 
F is equal to the angle C, the linq FD will take the direction 
CA, and the point D will be found somewhere in the line CA. 
Hence, the point D, falling at the same time in the two straight 
lines BA and CA, must fall at their intersection A: hence, the 
two triangles EDF, B AC,. coincide with each other, and ltf«* 
therefore equal (Ax. 13.). ^ 

Cor. Whenever, in two triangles, these three things are equal, 
namely, the angle E=B, the angle F=C, and the included side 
EF equal to the included side BC, it may be inferred that the 
remaining three are also respectively equal, namely, the angle 
D=A, the side ED=BA, and the side DF=AC. 

Scholium^ Two triangles are said to be equal, when being 
applied to each other, they will exactly coinckle (Ax. IS.). 
Hence, equal triangles have their like parts equal, each to each, 
since those parts must coincide with each Qther. The converse 
t>f this proposition is also true, nam^Iy^ that two triangles which 
have ail the parts of the one eqimltej^ parts of the other, eack 

B*3 "■ .^ 
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toeachy are equal ; for they m&y be applied to each other, and 
the equal parta will mutually coincide. 

PROPOSITION VII. THEOREM. 

The sum of any two sidefi of a triangle^ is greater than the 

third side. 

Let ABC be a triangle : then will the 
sum of two of its sides, as AC, CB, be 
greater than the third side AB. 

For the straight line AB is tlie short- 
est distance between the points A and 
B (Def. 3.) ; hence AC 4- CB is greater 
than AB. 

PROPOSITION VIII. THEOREM. 

If from any point within a triangle^ two straight lines be drawn 
to tJie extremities of either side^ their sum will he less than the 
sum of the two other sides of the triangle. 

I^et any pomt, as O, be taken within the trian- 
gle BAC, and let the lines OB, OC, be drawn 
to the extremities of either side, as BC ; then 
willOB + OC<BA+AC. 

Let BO be produced till it meets the side AC 
Jn D : then the line OC is shorter than OD-f DC® 
(Prop. VII.): add BO to each, and we have BO+OC<BOH 
OD+DC (Ax, 4,), or BO-i-OC<BD+DC. 

Again, BD<BA+AD: add DC to each, and we have BD4 
DC<BA+ AC. But it has just been found that BO-f OC< 
BD-hDC; therefore, stiU moreisBO + OC<BA+AC. 

PROPOSITION IX. THEOREM. 

If two triangles have two sides of the otie equal to two sides of the 
other, each to each, and the included angles unequalj the third 
sides will be unequal; and the greater side will belong to the 
triangle which has the greater included angle. 

Let BAC and EDP 
be two triangles, having 
the side ABtrrDE, AC 
=DF, and the angle 
A>I)5thenwiDBC> 
EF. 

Make the angle CAG® 
e=Dj take AG=DE, 

mi draw CG. The 
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triangle GAC is equal to DEP, since, by construction, they 
have an equa angle in each^ contained by equal sides, (Prop. 
V.) ; therefore CG is equal to EF, Now, there may be three 
cases in the proposition, according as th^ point 6 falls without 
the triangle ABC, or upon its base BC, or within it. ' • 

First Case. The straight line GC<GI + IC, and the straight 
line AB<AI+IB; therefore, GC+AB<GI+AI+IC+IB, 
or, which is the same things GC-t-AB<AG+BC. Take away 
AB from the one side, and .its equal AG from the other ; and 
there remains GC<BC (Ax. 6.) ; but we have found GC=EF, 
therefore, BC >EF. 

Second Case. If the point G 
fall on the side BC, it is evident 
that GC, or its equal'EF, will be 
shorter than BC (Ax. 8.}. 

B a 

Tldrd Case. Lastly, if the point G 
fall within the triangle BAC, we shall 
have, by the preceding theorem, AG+ 
GC<AB+BC; and, taking AG from 
the one, and its equal AB from the other, 
there will remain GC<BCorBC>EF.B 



Scholium. Conversely, if two sides 
BA, AC, of the triangle BAC, are equal 
to the two ED., DF, of the triangle EDF, 
ef»ch to each, while the third side BC of 
the first triangle is greater than the third 
side EF of the second ; then, will the an- 
gle BAC of the first triangle, be greater 
than the angle EDF of the second. 

For, if not, the angle BAC must be equal to EDF, or less 
than it. In the first case, the side BC would be equal to EF, 
(Prop. V. Cor.) ; in the second, CB would be lesa than EF ; but 
eitherof these results contradicts the hypothesis: therefore, BAC 
is greater than EDF, 




PROPOSITION X. THEOREM. 



If two triangles have the three sides of the one equal to the three 
sides qf the other^ each to each^ the three angles will also he 
equals each to eachy and the triangles themselves wiU he equoL 
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Let the side ED=BA, 
the side EF=BC,and the 
side DF=AC ; then will 
the angle D=A, the angle 

E.=B, and the angle F 

=C. B^ I'D C 

For, if the angle D were greater than A, while the sides 
ED, DF, were equal to BA, AC, each to each, it would fol* 
low, by the- last proposition, that the side EF must be greater 
than BC ; and if the angle D were less than A, it would follow, 
that the side EF must be less than BC : but EF is equal to BC, 
by hypothesis ; therefore, the angle D can neither be greater 
nor less than A ; therefore it must be equal to it. In the .same 
manner it may be shown that the an^le £ is equal to B, and 
the angle F to C : hence the two triangles are equal (Prop. 
VI. Sch.). 

ScboHum, It may be observed that the equal angles lie op- 
posite the equal sides : thus, the equal angles D and A, lie op- 
posite the equal sides EF and BC. 




PROPOSITION XI. THEOREM. 

In an isosceles triangle, the angles opposite the equal sides 

are equal. 

IjGX the side BA be equal to the side AC ; then 
will the angle C be equal to the angle B. 

For, join the vertex A, and D the middle point 
of the base BC. Then, the triangles BAD, DAC, 
will have all the sides of the one equal to those 
of the other, each to each ; for BA is equal to AC,^ 
by hypothesis ; AD is common, and BD is equal 
to DC by ^construction : therefore, by. the last proposition, the 
angle B is equal to the angle C. 

, C(yr. An equilateral triangle is like\Vise equiangular, that is 
to s^y, has all its angles equal. 

Scholium, The equality of the triangles BAD, DAC, proves 
also that the angle BAD, is equal to DAC, and BDA to ADC, 
hence the latter two are right angles ; therefore, the line dravm 
from the vertex of an isosceles triangle to the middle point of its 
base, is perpendicular to the base, and divides the angle at tha 
vertex into two equal parts* 

In a triangle which is not isosceles, any side may be assumed 
indifferently as the base ; and (he vertex is, in that case, the 
vertex of the opposite angle. In an isosceles triangle, however, 
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that side is generally assumed as the base, which is not equal 
to either of the other two. 



PROPOSISriON XII. THEOREM. 

Conversely f if two angles of a triangle are equal, the sides oppo 
site them are also equals and the triangle is isosceles 

Let the angle ABC be equal to the angle ACB ; 
then will the side AC be equal to the side AB. 

For, if these sides are not equal, suppose AB 
to be the greater. Then, takeBD equal to AC, 
and draw Cl), Now, in the two triangles BDC, 
BAC, we have BD=AC, by construction ; the 
angle B equal to the angle ACB, by hypothesis ;j3i 
and the side BC Common : therefore, the two 
triangles, BDC, BAC, have two sides and the included angle in 
the one, equal to two sides and the included angle in the other, 
each to each : heAce they are equal (Prop. V.). But the part 
cannot be equal to the whole (Ax. 8.) ; hence, there is no 
inequality between the sides BA, AC ; therefore, the triangle 
BAC is isom:dc0, 



PROPOSITION Xni. THEOREM. 

The greater side of every triangle is opposite to the greater an- 
gle ; and: conversely, the greater angle is opposite to the 
greater side, , 

First, Let the angle C be greater than the angle 
B ; then will the side AB, opposite C, be greater 
than AC, opposite B. 

For, make the angle BCD=B. Then, in the 
triangle CDB, we shall haveCD=BD (Prop.XIL). 
Now, the side AC<AD + CD; butAD+CD=C' 
AD+DB=:AB: therefore AC<AB. 

Secondly, Suppose the side AB>AC; then will the angle C, 
opposite to AB, be greater than the angle B, opposite to AC. 

For, if the angle C<B, it follows, from what has jusi been 
proved, that AB< AC ; which is contrary to the hypothesis. If 
the angle C=B, theii the 'side AB=AC (Prop. XII.); which ia 
also contrary to the supposition. Therefore, when AB>AC^ 
the angle C must be greater than B. 
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PROPOSITION XIV. THEOREM. 

From a given point, without a straight line, only one perpendicU" 

lar can be drawn to that line* 




Let A be the point, and DE the given 
line. 

Let us suppose that we can draw two 
perpendiculars, AB, AC. Produce either 
of them, as AB^ till BF .'s equal to AB, and D- 
draw FC. Then, the two triangles CAB, 
CBF, will be equal: for, the angles CBA, 
and CBF are right angles, the side CB is 
common, and the side AB equal to BF, by construction ; there- 
' fore, the triangles are equal, and the angle ACB=BCF (Prop. 
V. Cor.). But the angle ACB is a right ande, by hypothesis ; 
therefore, BCF must likewise be a right angle. But if the adja- 
cent angles BCA, BCF, are together equal to two right angles, 
ACF must be a straight lihe (Prop. TIL) : from whence it fol- 
lows, that between the same two points, A and F, two straight 
lines can be drawn, which is impossible (Ax, 11.) : hence, two 
perpendiculafll cannot be drawn from the same point to the 
same straight line. 

"Scholium. At a given point C, in the line j;j 

AB, it is equally impossible to^rect two per- i 

pendiculars to that line. For, if CD, CE, 
were those two perpendiculars, the angles 
BCD, BCE, would both be right angles :__^ 
hence they would be equal (Ax. 10.); and 
the line CD would coincide with CE ; otherwise, a, part would 
be equal to the whole, which is impossible (Ax. 8.). 




PROPOSITION XV. THEOREM. 

If from a point without a straight' line, a perpendicular he let 
fall on the line, and oblique, lines be drawn to different points : 

\st^ The perpendicular will be shoHer than any oblique line, 

2d, Any two oblique lines, drawn on different sides oftheperpen* 
dicvdar, cutting off eqtud distances on the other line^ wUl be 
equal, 

id. Of two oblique lines, drawn at pleasure, that which is farther 
from the perpendicular will be the longer. 
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Let A be the given point, DE the given 
line, AB the perpendicular, and AD, AC, 
AE, the oblique lines. 

Produce the perpendicular AB till BF 
is equal to AB, and draw FC, FD. D^ 

First. The triangle BCF, is equal to the 
triangle BCA, for they have the right angle 
CBF=CBA,the side CB common, and the 
side BF=BA ; hence the third sides, CF and CA are eqqal 
(Prop. V. Cor.). But ABF, being a straight line, is shorter than 
ACF, which is a broken line (Def. 3.) ; therefore, AB, the half 
of ABF, is shorter than AC, the half of ACF; hence, the per- 
pendicular is shorter than any oblique line. 

Secondly. Let us suppose BC=BE; then will the triangle 
CAB be equal to the the triangle BAE ; for BC=BE, the side 
AB is common, and the angle CBA=ABE ; hence the sides 
AC and AE are equal (Prop. V. Cor.) : therefore, two obUque, 
lines, equally distant from the perpendicular, are equal. 

Thirdly. In the triangle DFA, the sum of the lines AC, CF, 
is less than the sum of tLe sides AD, DF (Prop. VIII.) ; there- 
fore, AC, the half of the line ACF, is shorter than AD, the half 
of the line ADF > therefore, the oblique line, which is farther 
from the perpendicular, is Jonger than the one which is nearer. 

Cor. 1. The perpendicular measures the shortest distance 
of a* point from a line. • . 

Cor. 2. Frbm the same point to the same straight line, only 
two equal straight lines can be drawn ; for, if there could be 
more,, we should have at least two equal oblique lines on the 
^ame side of this perpendicular, which is impossible. 



PROPOSITION XVI. THEOREM. 



J^ from the middle point of a straight line^ a perpendicular be 
drawn to this line ; 

\siy Every point of the perpendicular will he equally distant 
. from the extremities of the line. 

2d, Every point, without the perpendicular, wilt he unequally dis* 
tant from those extremities. 
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Let AB be the given straight line, C the 
middle point, and ECF the perpendicular. 

First, Since AC=CB, the Jwo oblique lines 
AD, DB, are equally distant from the perpen- 
dicular, and therefore equal (Prop. XV.). So, 
likewise, are the two oblique lines AE, EB, the^ 
two AF, FB, and so on. Therefore every point 
in the perpendicular is equally distant from the 
extremities A and B. 

Secondly, Let I be a point out of the perpen- 
dicular* If lA and IB be drawn, one of these lines will cut' 
the perpendicular in D ; from which, drawing DB, we fehall 
have DB=DA. But the straight line IB is less than ID+DB, 
and ID-hDB=ID + DA=IAi therefore, IB<IA; therefore, 
every point out of the perpendicular, is unequally distant from 
the extremities A and B. 

Con If a straight line have two j)oints D and F, equally dis- 
tant from the extremities A and B, it will be perpendicular to 
AB at the middle point C. 





PROPOSITION XVII. THEOREM. 

If two right angled triangles have the hypothenuse and a side of 
the one, equal to the hypothentiseand a side of the other, each to 
each, the remaining parts will also be equal, each to each, and 
the triangles themselves will he equal. 

In the, two right angled t^ 
triangles BAG, EDF, Jet the 
hypotbenuse AC=DP, and 
the side BA=ED : then will 
the side BC=EF, the angle ^ 
A=D, and the angle C =F. 

If the side BC i% equal to EF, the like angles of the two 
triangles are equal (Prop. X.). Now, if it be possible, suppose 
these two sides to be unequal, and that BC is the greater. 

On BC take BG=EF, and draw AG. Then, in the two 
triangles BAG, DEF, the angles B tnA E are equal, being right 
angles, the side BA=EDby hypothesis, and the side BG=F? 
by construction : consequently, AG=DF (Prop. V. Cor.). Bu:, 
by hypothesis AC=DF ; and therefore, AC=AG (Ax. 1.). 
But the oblique line AC cannot be equal to AG, wl^ich lies 
nearer the perpendicular AB (Prop. XV.) ; therefore, BC and 
EF cannot be unequal, and hence the angle A=D, and the 
angle C=F j and (hereforCj the triangles are equal (Prop. VL 
Sch.). 
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PROPOSITION XVra. THEOREM. 

If two straight lilies are perpendicular to a third /in«, they wiJH 
he parallel to each other : in other ioords, they will never meet^ 
■- how far soever either way^ both of them heprodrtced. 

Let the two lines AC, BD, A C 

be perpendicular to AB ; then 
will thejr be parallel. 

For, if they could meet in 
a point O^ on either side of 






AB, there would be two per- ^ 

pepdiculars OA, OB, let fall from the same point on the samd 

straight line; which is impossible (Prop. XIV.). 



PROPOSITION XIX. THEOREM 

If two Straight lines meet a third line^ making the sum of the 
interior angles on the same side of the line metf equal to tw9 
right anglesy the two lines will be parallel. 

Let the two lines EC, BD, meet 
the thhrd line BA, making the an- 
gles BAG, ABD, together equal to 
two right angled: then the lines 
EC, BD, will be parallel. 

From 6, the middle point of 

BA, draw the straight line E6F, ^'. L • — ■ .^ 

perpendicular to EC. It will also ^ * ^ 

be perpendicular to BD. For, the sum BAG + ABD is equal 
to two right angles^ b^ hypothesis ; th^ sum BAC+BAE is 
likewise erquaJ to two nght angles (Prop. I.) .; and taking away 
BAC from both, there will remain the angle ABD=BAK 

^gain, the angles EGA, BGF, are equal (Prop, IV.) ; there- 
fore, the triangles EGA and BGF, have each a side and two 
adjacent angles equal ; therefore, they are themselves equa]^ 
and tlie angle GEA is equal to the angle GFB (Prop. VI. Cor.) : 
but GEA is a right angle by construction ; therefore, GFB is a 
right angle ; hence the two lines EC, BD, are perpendiculm* to 
the same straight line^ and are therefore parallel ^rop. XVIH.). 




^ 
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Scholium, When two parallel 
ftraight lines A6, CD; are met by a 
third line F£, the angles which are 
formed take particular names. 

Interior angles on the satne side, are 
those which lie within the parallels, g- 
and on the same side of the secant 
line : thus, OGB, GOD, are interior 
angles on the same side ; and so also 
are the the angles OGA, GOG. 

AUernaie angles lie withhi the parallels, and on different 
sides of the secant line: AGO, DOG, are alternate angles; 
and: so also are the angles COG, BGO. 

Alternate exterior angles lie without the parallels, and on dif- 
ferent sides of the secant line : EGB, COF, are alternate exte- 
rior angles ; so also, are the angles AGE, FOD. 

Opposite exterior and interior angles lie on the same side of the 
secant line, the one without and the other within the parallels,- 
but not adjacent : thus, EGB, GOD, are opposite exterior and 
interior angles ; and so also, are the angles AGE, GOC. 

Cor, 1. If a straight line EF, meet two straight lines CD, 
AB, making the alternate angles AGO, GOD, equal to each 
other, the two lines will be parallel. For, to each add the an- 
gle OGB ; we shall then have, AGO + OGB = GOD + OGB 
but AGO 4- OGB is equal to two right angles (Prop. I.) ; hence 
GOD + OGB is equal to two right angles : therefore, CD, AB, 
lire parallel. 

Cor, 2. If a straight line EF, meet ^o straight, lines CD, 
AB, making the exterior angle EGB equal to the interior and 
opposite angle GOD,the two lines will be parallel. For, to.eacli 
add the angle OGB: we shall then have EGB + OGB=GOD 
+OGB : but EGB -f OGB is equal to two right angles ; hence, 
.GOD + OGB i$ equal to 4wo right angles; therefore, CD, AB, 
itf-e parallel, . 

PROPOSITION XX. THEOREM. 
Zjfa straight line meet two parallel straight lines, the sum of the 
, iTiterior angles on the same side will be equal to two right angles. 

Let the parallels AB,CD,be 
met by the secant line FE : then 
will OGB + GOD, or OGA+ •"- 
GOC, be equal to two right an- A- 
gle«. 

Fer, if OGB + GOD be not 

equal to. two right angles, let . 

IGH be drawn, making the sum C ' yO T^ 

OGH+GOD^qual to two I* 
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right angles ; then IH and CD will be parallel (Prop. XIX.) » 
and hence yre shall have two lines Gif, GH, drawn through 
the same point G and parallel to CD, which is impossible (Air. 
12.): hence, GB and GH should coincide, and OGB-f GOD is 
equal to two right angles. In the same manner it may be proved 
that OGA+GOC is equal to two right angles. 

Cor. 1. If 0GB is a right angle, GOD will be a right angle 
also: therefore, erey-y straight line perpendicular to one of two 
parallels^ is perpendicular to the other. 

Cor. 2. If a straight line meet two 
parallel lines, the alternate angles will 
be equal. 

Let AB, CD, be the parallels, and 
FE the secant line. The sum OGB+ 
GOD is equal to two right angles. But g- 
the sum OGB-f OGA is also equal to 
two right angles (Prop. I.). Taking 
from each, the angle OGB, and there 

remains OGA = GOD. In the same manner we may prove that 
GOC=OGB. 

Cor, 3. If a straight line meet two parallel lines, the oppo- 
site exterior and interior angles will be equal. For, the sum 
OGB + GOD is equal to two right angles. But the sum OGB 
+ EGB is also equal to two right angles. Talking from each the 
angle OGB, and there remains GOD=EGB. In the same 
manner we may prove that AGE=;:GOCc 

Gor. 4. We see .that of the ei^ht angles formed by a line 
cutting two parallel lines obliquely, the four acute angles are 
equal to each other, and so also are the four obtuse angles. 

PROPOSITION XXI. THEOREM. 

If a straight line meet two other straight lines, maJdngthe sum of 
the interior angles on the same side less than two right angles^ 
the two lines will meet if sufficiently produced. 

Let the line EFmeet the two 
lines CD, IH, making the sum x 
of the interior angles OGH, ^ 
GOD, less than two right an- 
gles ; then will III and CD 
meet if sufficiently produced. 

For, if they do not meet they ^ y^ — — — — *^ - 

areparallel(Def.l2.). Butthey ^ /^ ^ * 

are not parallel, for if they were, ^ 

the sum of the interior angles OGH, GOD, would lie equal to 
two right angles (Prop. XX.), whereas it is less by hypothesis : 
hence, the lines IH, CD, are not parallel, and will therefore 
meet if sufficiently produced 
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Cinr. It is evident that the two lines IH« CD> will meet on 
that side of EF on which the sum .of the two angles OGH. 
GOD» is less than two right aisles. 



PROPOSITION XXII. THEOREM. 

Two straight lines which are parallel to a third line, are parallel 

to each other. 

Let CD and AB be parallel to the third line EF ; then arc 
they parallel to each other. 

Draw PQR perpendicular to EF, and 
cutting AB, CD. Since AB is parallel tD_^ 
EF, Kl will be perpendicular to AB (Prop.B 

XX. Cor. 1.) ; and since CD is parallel to 

EF, PR will for a like reason be perpen-C 
dicular to CD. Hence AB and CD are 



Perpendicular to the same straight line ;^ 
ence they are parallel (Prop. XVIII.). 



& 




PROPOSITION XXIII. THEOREM. 

Two parallels are every where equally distant 

Two parallels AB, CD, being c g 
given, if through two points E 
and F, assumed at pleasure, th^ 
straight lines EG, FH, be drawn 
perpendicular to AB,these straight ^ 
lines will at the same time be 
perpendicular to CD (Prop. XX. Cor. 1.) : and we are now to 
show that they will be equal to each other. 

If GF be drawn, the angles GFE, FGH, considered in refer- 
ence to *the parallels AB, CD, will be. alternate angles, and 
therefore equal to each other (Prop. XX. Cor. 2.). Also, the 
straight lines EG, FH, being perpendicular to the same straight 
line AB, are parallel (Prop. XVIIL) ; and the angles EGF, 
GFH, considered in reference to the parallels EG, FH, will be 
alternate angles, and therefore equal. Hence the two trian- 
gles EFG, FGH, have a common side, and two adjacent angles 
in.each equar; hence these triangles al'e equal (Prop. Vl.) ; 
therefore, the side EG, which measures the distance of the 
parallels AB and £)D at the point E, is equal to the side FH, 
which measures the distance of the same parallels at the 
point F. 
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PBOPOSITION XXIV. THEOREM. 

If two angles have their sides parallel and lying in the same di' 

reciiont. the two angles will he equaL 

Let BAC and DEF \)e the two an^es, 
having AB parallej to ED, and AC to EF ; 
then will th^ angles be equal. 

For, produce DE, if necessary, till it J 

meets AC in G. Then, since EF is par* 

allel to GC, the angle DEF is equal to ?i^ ^ 

DGG (Prop. XX- Cor. 3.) ; and since 

DG is parallel to AB, the angle DGG is eqiial to BAC ; hence^ 

the angle DEF is equal to BAG (Ax. 1.). 

Scholium. The restriction of this proposition to the case 
where the side EF Ues in the same direction with AC, and ED 
in the same direction with AB, is necessary, because if F£ 
were produced towards II, the angle DEll would have its sides 
parallel. to those of the angle BAG,, but would not be equal to 
it. In that case, DEH and BAG would be ^together equal to 
two right angles. For, DEH -f DEF is equal to two right angles 
(Prop. I.) ; but DEF is equal to BAG : hence, DEH + BAG is 
equal to two right angles. 

PROPOSmOIf XXV. THEOREM. 

In every triangle the sum of the three angles is equal io tw0 

right angles. 

Let ABC be any triangle: then will the an- 
gle C+A+B be equal to two right angles. 

For, produce the side CA towards D, and at 
ihe point A, draw AE parallel to BC. Then, 

Bince AE, GB, are parallel, and CAD cuts them, 

the exterior angle DAE will Be equal to its inte-C * A 2> 

rior opposite one AGB (Prop. XX. Cor. 3.) ; in like mamier» ^^ 

since AE, GB, are parallel, and AB cuts them, the alternate 

angles ABC, BAE, will be equal : hence the tliree an| 

the triangle ABC make up*the same sum as the three 

CAB, BAE, EAD ; hence, the sum of the three angles if 

to two right angles (Prop. I.). 

Cor. L Two angles of a triangle being given, or iSS^y. 
their sum, the third will be found by subtracting that sum firom 
two ridit angles. 
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Cor. 2. If two angles of one triangle are respectively equal 
to two angles of another, the third angles will also be equal 
and the two triangles will be mutually equiangular. 

Cor. 3^ In any triangle there can be but one right anrle ; 
for if tliere were two, the third angle must be nothmg. ^till 
. less, can a triangle have more than one obtuse angle. 

Cor. 4. In every right angled triangle, the sum of the two 
acute angles is equal to one right angle. 

Cor. 5. Since every equilateral triangle is also equiangular 
(Prop. XI. Cor.), each of its angles will be equal to the third 

Cart of two right angles ; so that, if the right angle is expressed 
y unity, the angle of an equilateral triangle will be expressed 

Cor. 6. In every triangle ABC, the exterior angle BAD is 
equal to the sum of the two interior opposite angles B and C. 
For, AE being parallel to BC, the part BAE is equal to the 
angle B, and the other part DAE is equal to the angle C. 



PROPOSITION XXVI. THEOBEM. 

mc sum of all the interior angles f of a polygon^ is equal to two 
right angles^ taken as many times less two, as the figure has 
sides. 

Let ABCDEFG be the proposed polygon. 
If from the vertex of any one angle A, diagonals jj^ 
AC, AD, AE, AF, be drawn to the vertices of 
all the opposite angles, it is plain that the' poly- 
gon will be divided into five triangles, if it has 
seven sides ; into six triangles, if it has eight; and, 
in general, into as many triangles, less two, as 
the polygon has sides ; for, these triangles may be considered 
as having the point A for a' common vertex, and for bases, tte 
several sides of the polygon, excepting the two sides which form 
the angle A. It, is evident, also, that the sum of all (he angles 
in these triangles does not diffei: from the sum of all the angles 
in the polygon : hence the sum of all the angles of the polygon 
is equsJ to two right angles, taken as many times as there are 
triangles in the figure ; in. other words, as there are units in th« 
number of sides diminished by two. 

' . Cor. 1. The sum of the angles in a quadrilateral is equal 
to two right angles multiplied by 4 — 2, which amounts to four • 
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right angles: hence^if all the angles of a (juadrilateral are 
equal, each of them will be a right angle ; a conclusion which 
sanctions the seventeenth Definition, where the four angles of 
a quadrilateral are asserted to be right angles, in the case of the 
rectangle and the square. 

Cor. 2. The sum of the > angles of a pentagon is equal to 
two right angles multiplied by 5: — 2, which amounts to six right 
angles : hence, when a pentagon is eauiangular, each angle 
is equal to the fifth pail of six right angles, or to f of one risbt 
angle. 

Cor. S. The sum of the angles of a hexagon is equal to 
2 X (^-^2,) OB eiglit right angles ; hence in the equiangular 
hexagon, eack angle is the -sixth part of eight right angles, or | 
of one. . ' 

Scholium. When this proposition is applied to 
polygons which have re-entrant angles, each re- 
entrant angle must be regarded as greater than 
two right angles. But, to avoid all ambiguity, we 
shall henceforth limit our reasoning to polygons 
vf'ith salient angles, which might otherwise be named convex 
polygoViS. Every convert polygon is such that a straight line„ 
drawn at pleasure, cannot meet the contour of the polygon in 
more than two points. 



MOPOSITION XXVII. THEOREM. 

If the sides of any polygon be produced out^ in the same dtrec^ 
. iion, the sum of*tJie extenpr angles will be equal to four right 
angles^ >* 

Let the sides of the polygon ABCD- 
FG, be produced, in the same direction ; 
then will the sum of the exterior angles 
«+ft+*c-f d+/4-^, be equal to four right 
angles. ' ^ 

For, each interior angle, plus its ex- 
terior angle, as.A+flJ, is equal to two 
right angfes.(Prop. I.). But there are 
as many exterior as interior angles, and as many of each as 
there are sides of the polygon : hence, the sum of all the inte- 
rior and exterior angles is equal to twice as many right angles 
as the polygon has sides. Again-, the sum of all the interior 
angles is equal to two«right angles, taken as many times, less 
two, as the poly^n has sides (Prop* XXVI.) ; that is, equal to 
twice a'J many aright angles as the figure has sides, wanting 
four right angles. Hence, the intierior angles plus four right 
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angles, U equal to twice as many right angles as the polygon 
has kfides, and consequently, equal to the sum of the interior 
angles plus the exterior angles. Taking from each the sum of 
the interior angles, and there remains the exterior angles, equal 
to four right angles. 



rnoposiTioN xxviii. theorem. 

4 

Tn every parallelogram^ the opposite sides and angles are equal. 

liet ABCD be a parallelogram : then will d 
AB=DC,AD=BC,A=C,andADC=ABC. 

For, draw the diagonal BD. The triangles 
ABD, DBC, have a common side BD ; and jt 
since AD, BC, are parallel, they have also the 
angle ADB=DBC, (Prop. XX. Cor. 2.) ; and since AB, CD, 
are parallel, the angle ABD=BDC : hence the two triangles 
are equal ^Prop. VI.) %• therefore the side AB, opposite the an- 

fie ADB, is equal to the side . DC, opposite the equal angle 
^BC ; and the third sides AD, BC, are equal: hence the op- 
posite sides of a parallelogram are equal. 

Again, since the triangles are equal, it follows that th^ angle 
A is equal to the angle C ; and also that the angle ADC com- 
posed of the two ADB, BDC, is jequal to ABC, composed of 
the two equal angles DBC, ABD : hence the opposite angles 
of a parallelogram are also equal. 

Cor. Two parallels AB, CD, included between two other 
parallels AD, BC, are equal ;. and the diagonal DB divides the 
parallelogram into two equal triangles. 



PROPOSITION XXJX. THEOREM. 

If^ the opposite sides of a quadrilateral are equals each to each^ 
the equal sides will he parallel^ and the figure will he a par^ 
allelogram. 

Let ABCD be a quadrilateral, having 
its opposite sides respectively equal, viz. 
AB=DC, and AD-BC ; then will these 
sides be parallel, and the figure be a par- 
allelogram. 

For, having drawn the diagonal BD, 
the triangles ABD, BDC, have all the sides of the one equal to 
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the corresponding sides of the other ; therefore they are equal, 
and tlie angle A&B, opposite' the side AB, is equal to DBC, 
opposite CD (Prop. X.) ; therefore, the side AD iis parallel to 
BC (Prop. XIX. Cor. 1.). For a like reason AB is. parallel to 
CD : therefore the quadrilateral ABCD is a parallelogram. 

PROPOSITION XXX. THEOREM. 

« 

If two opposite sides of a quadrilateral are equal tmd paraSet^ 
ilie remaining sides will also be equal and parallel, and the 
figure will }/e a paralklogram. 

Let ABCD be a quadrilateral, having 
the sides AB, CD, equal and parallel; 
then will the figure be a parallelogram. 

For, draw £e diagonal DB, dividing 
the quadrilateral into two triangles. Then, J- 
since AB is parallel to DC, the alternate 
angles ABD, BDC, are equal (Prop. XX. Cor. 2.) ; moreover, 
the side DB is common, and the side AB=:DC ; hence the tri- 
angle ABD is equal to the triangle DBC (Prop. V.) ; therefore, 
the side AD is equal to BC, the Imgle ADB=DBC, and conse- 
quently AD is parallel to BC ; hence, the figure ABCD is a 
parallelogram. 

PROPOSITION XXXI. THEOREM. 

. Tlie two diagonals of a parallelogram divide each other into equal 

parts, or mutually bisect each ctlier^ 

r 

Let ABCD be a parallelogram, AC and b 
DB its diagonals, intersecting at £, then will 
AE=EC, and DE=EB. 

Comparing the triangles ADE, CEB, we 
f^d the sideAD=CB (Prop..XXVIIL), 
the angle ADE=CBE, and the angle 
DAE=ECB (Prop. XX. Cor. 2.) ; hence those triangles are 
equal (Prop. VL) ; hence, AE, the side opposite the angle 
ADE, is equal to EC, opposite EBC ; hence also D£ is equal 
toEB. 

Scholium. In the case of the rhombus, the sides AB, BC, 
being equal, the triangles A£B, EBC, have all the sides of the 
one equal to the corresponding sides of the other, and are 
therefore equal : whence it follows that the andes AEB, BEQ, 
are equal, and thefofore, that the two diagontus of a rhombus 
cut each other at right angles. 

5 
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OF RATIOS AND PROPORTIONS. 

■ 

' Definitions. 

1. Ratio is the quot>ent arising from dividing one quantity 
by another quantity of the same kind. Thus, if A and B rep- 
resent quantities of the same kind, the ratio of A to B is ex- 

pressed by f . 

The ratios of magnitudes may be e]q)ressed by numbers, 
either exactly or approximatively; and in the latter case, the 
approximation may be brought nearer to the true ratio than 
any assignable difference. 

Thus, of two magnitudes, one of them, may be considered to 
be divided into some number of equal parts, each of the same 
kind as the whole, and one of those parts being considered as 
an unit of measure, the magnitude may be expressed by the 
number of units it contains. If the other magnitude contain 
a certain number of those units, it also may be expressed by 
the number of its units, and the two quantities are then said 
to be commensur'able. 

If the second magnitude do not contain the measuring unit 
an exact number of times, there may perhaps be a smaller unit 
which will be contained an exact number of times in each of 
the magnitudes. But if there is no unit of an assignable value, 
which shall be contained an exact number of times in each of 
the magnitudes, the magnitudes are said to be incommensurable. 

It is plain, however, that the unit of measure, repeated as 
many times as it is. contained in the second magnitude, would 
always*differ from the second magnitude by a quantity less 
than the unit of measure, since the remainder is always less 
than the divisor. Now, since the unit of measure may be ma *3 
as small as we please, it follows, that magnitudes may be rep- 
resented by numbers to any degree of exactness, or they will 
differ from their numerical representatives by less than any 
assignable quantity. 

Therefore, of two magnitudes, A and B, we may conceive 
A to be divided into M number of units, each equal to A'; 
thenA=:MxA': let B bedividedintoN number of equal units, 
each equal to A'; then B~N x A'; M and N being integral num- 
bers. Now the ratio of A to B, will be the same as the ratio 
of M X A' to N x" A'; that is the same as the ratio of M to N, since 
A' is a common unit. 
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In the same manner, the ratio of any otiier two magnitudes 
C and D may be expressed by P x C' to Q x C, P and Q being 
also inte^al numbers, and their ratio will be the same as that 
ofPtoQ. 

2» If there be four magnitudes A, B, C, and D, having such 

B U . 

values that -—is equal to-— , then A is said to have the same ratio 
A C 

to B, that C has toD, or the ratio of A to B is eqtcal to the ratio 

of C lo D. When four quantities have this relation to each 

other, they are said to be in proportion. 

To indicate that the ratio of A to B is equal to the ratio of 

C to D, the quantities are usually written thus, A : B :; G : D, 

and read, A is to B as C is to D. The quantities which ire 

compared together are called the terms of the proportion. The 

first and last terms are called the two extremes^ and the second 

and third terms, the two means. 

3. Of four proportional quantities, the first and third , are 
called the antecedents^ and the second and fourth the consc' 
quents ; and tlie last is said to be a fourth proportional to the 
other three taken in order. 

4. Three quantities are in proportion, when the first has the 
same ratio to the second, that the second h^s to the third ; and 
then the middle term is said to be a mean proportional between 
the other two. 

5. Magnitudes Are said to be in proportion by inversion^ or 
intzrsely^ when the consequents are taken as antecedent^ and 
the antecedents as consequents. 

6. Magnitudes are in proportion by alternation^tr alternately, 
when antecedent is compared with antecedent, and consequent 
with consequent. 

7. Magnitudes arc in proportion by composition, when the 
sum of the antecedent and consequent is coitipared either with 
antecedent or consequent. 

8. Magnitudes are said to be in proportion by division, when 
the difierence of the antecedent and consequent is compared 
either with antecedent or consequent. 

9. Equimultiples of two quantities are the products which 
arise 'from multiplying the quantities by the same number: 
thus, m X A, m X B, are equimultiple's of Aand B, the common 
inultiplier being m. ' 

10. Two quantities A and B are said to be reciprocally 
proportional or inversely proportional, when one increases in 
the same ratio as the other diminishes. ' In such case, either 
of them IS equal to a constant quantity divided by the other, 
imd their product ij^ constant, 
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PROPOSITION I. THEOkEM. 

'When four quantities are in proportion^ the product of thd 
tVDo extremes is equal to the product of the two means. 

Let A9 B, C, D, be four quantities in proportion, and M : N 
: : P : Q be their numerical representatives ; then will M x Q= 

N X P; for since the quantities are in proportion V7=^ there 

fore N=Mx§i,orNxP=MxQ. 

It 

Cor! If there are three proportional quantities (Def. 4.)f ^e 
product of the extremes will be equal to the square of the 
mean. 



PROPOSITION II. THEOREM. 

If the product of two quantities be equal to the product of two other 
quantities, two of them will be the extremes and the other two 
the means of a proportion. 

Let MxQ=NxP; then will M: N : : P : Q- 
For, if P have not to Q the ratio which M has to N, let P 
uave to Q', a number greater or less than Q, the same ratio 
that M has to N; that is, let M : N : : P : Q' ; then MxQ^= 

NxP (Prop, L) : hence, Q'= ZilL ; but Q= ^^^ ; con- 

M M 

sequently, Q=:Q' and the four quantities are proportional ; that 
is, M : N : : P : Q. 



PROPOSITION III. THEOREM. 

If four quantities are in proportion^ they will be in proportion 

when taken alternately. 

Let M, N, P, Q, be the numerical representatives of four 
quanties in proportion ; so that 

M:N::P2Q,thenwiIlM:P::N:Q. 

Since M : N 2 : P : Q, by supposition, M x Q=N x»P ; there- 
iore, M and Q may be, made the extremes, and N and P the 
*aeans of a proportion (Prop. IL) ; hence, M : P : : N : Q. 
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PROPOSITION IV. THEOREM. 

If there be four proportional quantities^ and four other propor- 
tional quantitieSj having the antecedents the same in ooth^-the 
consequents will he proportional. 

Let M:N::P:Q 

and M : R : : P : S 

then will N : Q : : R : S 

M N 

PS 
and M:P:2R; S, or T|=p- 

henc©' Iff"'=R » or N : Q : : R : S, 

' Cor. If there be two sets of proportionals, having an ante-* 
cedent .and consequent of the first, equal to an antecedent and 
consequent of the second, the remaining terms will be propor 
tional. 



For, by ^temation M : P : : N : Q, or 






PROPOSITION V. THEOREM. 



Iffourquantities be in proportion,they will be in proportion when 

taken inversely. 

Let M : N : : P : Q ; then will 

N : M : : Q : P. 

For, from the first proportion we have M x Q=N x P, or 
NxP=MxQ. 

But the products N x P and M x Q are the products of the 
extremes and means of the four quantities N, M, ^ P, and theso 
products being equal, 

N:M::Q:P(Prop.IL), 



PROPOSITION VI. THEOREM. 

If four quantities are in proportion^ they will he in proportion by 

composition^ or division. 



D 
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Let, as before, M, N, P, Q, be the numerical representatives 
of the four quantities, so that 

M : N : : P : Q ; then will 
MdbN:M::P±Q:P. 
For, from the first proportion, we haVe 

MxQ=NxP,orNxP=MxQ; 
Add each of the members of the last equation to, or subtract 
k from M.P, and we shall have, 

M.P=tN.P=M.P=fcM.Q; or 
. (MdbN)xP==(PdbQ)xM. 
But MdbN and P, may be considered the two extremes, and 
P=bQ and M, the tw o me ans of a proportion : hence, 

, MdbN : M : : PdbQ : P. 



PROPOSITION VII. THEORBIf. 

Equimultiples of any two quantities f* have the same ratio as the 

quantities themselves. 

Let M and N be any two quantities, and m any integral 
number ; then will 

m. M : m. N : : M : N. For 

m. MxN=m. NxM, since the quantities in 
each member are the same ; therefore, the quantities are pro- 
portional (Prop. 11.) ; or 

m. M : m. N : : M : N. 



PROPOSITION VIII. THEOREM. 

Of four proportional quantities^ if there he taken any equimuU 
tiples of the tvoo antecedents^ and any equimultiples of the two 
conse^UentSy the four resulting quantities will be proportional. 

Let M, N, P, Q; be the numerical representatives of four 
quantities in proportion ; and let m and n be any numbers 
whatever, then will 

m.- M : n. N : : ;w, P : n. Q. 
. For, since M : N : : P : Q, we have M.x Q=N x P ; hence, 
m, Mxn. Q=n. Nxm. P, by multiplying both members of the 
equation by m x n. But m. M and n, Q, may be regarded' as 
the two extremes, and n. N and m, P, as the means of a propor- 
tion ; hence, m. M : n. N : : m, P : w. Q. 
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PROPOSITION IX. THEOREM. 

Of four. proportional qtutntities, if the two consequents he either 
augmented or diminished hy quantities which have the same 
ratio as the antecedents, the resulting (Quantities and the ante- 
cedents will be proportional. 

Let M : N : : P : Q, and let al^o 

M : P : : m : n, then will 
M : P : : Ndbm : Qifcw. 
For,since M : N : : P : Q, MxQ=NxP. 

And since M : P : : m : n, Mxw=Pxwi 

Therefore, M x QdbM x 7i=N x P=i=P x m 

or, M X (Qrf=w) =? P X (Nzbm) : 

hence M : P : : N±m : Qdb/i (Prop. IL). 



PROPOSITION X. THEOREM. 

m 

If any number of quantities are proportionals, any one antece- 
dent will he to its consequent, as the sum of all the aniecgsdents 
to the sum of the consequents. 

Let M : N : : P ; Q ; ; R ; g, &c. then will 

M : N : : M + P + R : N+Q+S 
For, since M : N : : P : Q, we have MxQ=NxP 
And since M : N : : R : S, we have MxS=NxR 

Add MxN=MxN 

and we have, M.N+M.Q+M.S=M.N+N.P+N.R 
or Mx(N+ Q+S)=N x (M+P-i-R ) ' 
' therefore, M : N : : M+P+R : N+Q+S. 



PROPOSITION XL THEOREM. 

If two magnitudes he each increased or "diminished hy like parts 
of each, the resulting quantities will have the same ratio as th^ 
magnitudes themselves. 



* 
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Let M aojd N be aoy two magnitudes, and— and — be like 

m m 

parts of each : then will 

' M : N : : Md=M : N ±?L 

ffi m 

For, it is obvious that M x (Nrfc^N =N x (Mifc— \ since 

each is equal to M.N:t— l— . Consequently, the four quan- 
titles are proportional (Prop. II.). 



PROPOSITION XII. THEOREM. 

If four quantities are proportioTial^ their squares or cubes will 

also be proportionaL 

■% 

Lei M t N J P i (J, 

then will M« : JP : : P« : Q« 

and M' : N3 : : P : Q3 

For, MxQ=NxP, since M : N : : P : Q 

or, M^ X Q*=:N* X P, by squaring both numbers, 
and M' x Q'=rP x P^ by cubing both numbers ; 
therefore, M« : JP : : P* : Qs 
and M^ : IP : : P : Q3 

Cor. In the same way it may be shown that like powers or 
roots of proportional quantities are proportionals. 



PROPOSITION XIII. THEOREM. 

If there be two sets of proportional quantities^ the products oftht 
corresponding terms will be proportionaL 

Let M : N : : P : Q 

and R : S : : T : V 

then will MxR : NxS : : PxT : QxV. 

For since MxQ=NxP 

and R X V = S X T, we shall hare 

MxQ x RxV = NxP x8xT 

or MxRxQxV=NxSxPxT 



therefore, MxR : NxS : : FxT : QxV. 
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THE CIRCLE, AND THE MEASUIIEMENT OF ANGMS. 




Definitions, 

1. The circumference of a circk is a 
curved line, all the points of which are 
equally distant from a point within, 
called the centre. 

The circle is ihe space tcnninated by 
this curved line.* 

2. Every straight line, CA, CE, CD, 
drawn from the centre to the circum- 
ference, is x:alled a radiiis or semidiam' 
eter; every lin^ which, like AB, passes through the centre, and 
is terminated on both sides by the circumference, is called a 
diameter. 

From the definition of a circle, it follows that all the radii 
are equal ; that all the diameters are equal also, and each 
double of the radius. 

3. A portion of the circumference, such as FH6, is called 
an arc, 

' The chord, or subtense of an arc, is the straight line FG, which 
joins its two extremities.! 

4. A segment is the surface or portion of a circle, included 
between an arc and its chord. 

5. A sector is the part of the circle included between an 
arc DE, and the two radii CD, CE, drawn to the extremities 
of the arc. 

6. A straight line is said to be inscribed in 
a circlsy when its extremities are in the cir- 
cumference, as AB. 

An inscribed angU is one whieh,like BAC, 
has its vertex in the cirppmference, and is 
formed by two chords. 




* Note, In common language, the circle » tomeiimee eonfoimded with Ita 
•hrciun&ren'ce : but the correct expression may. always be easily recurred to if 
we bear in mind that the circle is a surface which has length and breadthi 
while the circumference is but a line. 

t Note* In all eases, the same chord F6 belongs to two ares, FGH, FEG» 
and consequently also to two segments : but the smaller one is always meant; 
«nless\lie contrary is expressed. 

D»6 
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An inscribed ttiangle is one which, like BAG, has its three 
angular points in the circumference. 

And, generally, an inscribed figure is one, of which all the 
angles have their vertices in the circumference. The circle is 
then said to circumscribe such a figure. 

7. A secant is a line which meets the circum- 
ference in two points, and lies partly within "^ 
and partly without the circle. AB is a secant 

8. A tangent is a Une which has but one 
point in common with the circumference. CD 
is a tangent. 

The jpoint M, where the tangent touches the ^ 
oircumferencO} is called the point of contact. 




In like manner, two circumferences touch 
Oach other when they have but one point in 
common. 



9. A polygon is circumscribed about a 
circle, when all its sides are tangents to 
the circumference : in the same case, the 
c^'cle is said to be inscribed in the po- 
lygon. 




PROPOSITION I. THEOREM. 



Every diameter divides the circle and its circumference into tWQ 

equal parts. 



Let AEDF be a circle, and AB a diameter. 
Now, if the figure AEB be applied to AFB, 
their common base AB retaining its position, 
the curve line AEB xnust fall exactly on the 
cmre line AFB, otherwise there would, in 
the one or the other, be points unequally dis- 
tant from the centre, which is contrary to 
tke definition of a circle. 
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PROPOSITION II. THEOREM. 

Every chord is kss than the diameter., 



Let AD be any chord. Draw the radii 
CA, CD, to its extremities. We shall then 
have AD<AC+CD (Book I. Prop. VII.*); 
or AD<AB. 



Cor. Hence the greatest line which can be in.jcribed in a 
circle is its diameter. 



pRoposmoN in. theorem. 

A straight Kne cannot meet tJie circvmference of a circle in more 

than two points. 

For, if it could meet it in three^ tliose thr^e points would be 
equally distant from the centre ; and hence, there would be 
three equal straight lines drawn from the same point to the 
same straight line, which is impossible (Book I. Prop. XY. 
Cor. 2.). 



PROPOSITION IV. THEOREM. 

In the same circle, or in equal circles, eqnal arcs are subtended by 
equal chords ; and, conversely, equal chords subtend eqtuil arcs. 



Nott. When reference is made from one prooosition to another, in, the 
Mone Book, the number of the proposition referred to is alone giTen; but when 
the propoaition la found in a different Book, the nombar of Sia Book ia aba 
fiTaa. 
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If the radii AC> £0, are 
equal, and also the arcs 
AMD, ENG; then the chord 
AD will be equal to the 
chord EG. 

For, since the diameters 
AB, £F, are equal, the semir 
circle AMDB maybe applied 
exactly to the semicircle ENGF, and the curve line AMDB 
will coincide entirely with the curve line ENGF. But the 
part AMD is equal to the part ENG, by hypothesis ; hence, the 
point D will faU on G ; thetefore, the chord AD is equalto the 
chord EG. 

Conversely, supposing again the radii AC, £0, to be equal, 
if the chord AD is equal to the chord EG, the arcs AMD, 
ENG will also be equal. 

For, if the ridij CD, OG, be drawn, the triangles ACD, 
EOG, will* have all their sides equal, each to each, namely, 
AC=-EO, CD=OG, and AD=EG; hence the triangles are 
themselves equal ; and, consequently, the angle ACD is equal 
EOG (Book 1. Prop. X.). Now, placing the semicircle ADB 
on its equal EGF, since the angles ACD, EOG, are equal, it is 
plain that the radius* CD will fall on the radius OG, and the 
peint D on the pomt G ; therefore the arc AMD is equal to the 
arc ENG. 



PROPOSITION V. THEOREM. 

In the same circle^ or in equal circles^ a greater arc is subtended 
by a greater chords and conversely, the greater chor^d subtends 
the greater arc. 

Let the arc AH be greater than 
the arc AD ; then will the chord AH 
be ffreater than the chord AD. 

For, draw the radii CD, CH. The 
two sides AC, CH, of the triangle 
ACH are equal to the two AC, CD, 
of the triangle ACD, and the angle 
ACH is greater than ACD ; hence, the 
third side AH is greater than the third 
side AD (Book I. Prop. IX.) ; there- . K 

fore the chord, which subtends the greater arc, i$ the greater. 
Conversely, if the chord AH is greater than AD, it will follow, 
OD comparing the same ti*iangles^ that , the angle ACH is 
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greater than ACD (Bk. I. Prop. IX. Scb.) ; and hence that 
the. arc AH is greater than AD; since the i^hote is greater 
than its part 

Scholium, The arcs here treated of are each less than the 
semicircumference. If they were grea.ter, the reverse pro- 
perty would have place ; for, as the arcs increase, the chords 
would diminish, and conversely. Thus, the arc AKBD is 
grefater than AKBH, and the chord AD, of the first, is less 
than the chord AH of the second. 



PROPOSITION VI. THEOREM. 

Tlie radius which is perpendicular to a chords bisects the chords 
and bisects also th^ subtended arc &fthe chord. , 

Let AB be a chord, and CG the ra- 
dius perpendicdar to it : then'will AD= 
DB, And the arc AG^GB. 

Eor, draw the r^dii CA, CB. Then 
the two right angled triangles ADC, 
CDB, will have AC=;:CB, and CD com- 
mon ; hence, AD is equal to DB (Book A 

I. Prop. xyn.). ^^ 

Again, since AD, DB, are equal, C6 
is a perpendicular erected from the mid- 
dle of AB ; hence every point of this perpendicular must be 
equally distant from its two extremities A and B (Book I. Prop. 
XVI.). Now, G is one of these points ; therefore AG, BG, are 
equal. But if the chord AG is equal to the chord GB, the arc 
AG will be equal to the arc GB (Prop. IV.) ; hence, the radius 
CG, at right angles to the chord AB, divides the arc subtended 
by that clior<J into two equal parts at the point G. 

Scholium. The centre C, the middle point D, of the chord 
AB, and the middle point G, of the arc subtended by this 
chord, are three points of the same line perpendicular to the 
chord. But two points are sufficient to determine -the position 
of a straight Jine ; hence every straight line which passes through 
two of the points just mentioned, will necessarily pass through 
the third, and be perpendicular to the chord. 

It follows, likewise, that the perpendicular raised from the 
middle of a chord passes through the centre of the circle^ and 
through the middle of the arc subtended by that chord. 

For, this perpendicular is the same as the one let fall frorn 
the centre on the same chord, since both of them pass through 
the centre and middle of tjie chord. 
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PROPOSITION VII. THEOREM. 

Through three given points not in the same straight line, one cir- 
cumference may always he made to pasSy and but ons^ 

m 

Let A, B, and C, be the given 
points. 

Draw AB, BC, and bisect these 
straight lines by the perpendiculars 
DE, FG : we say first, that DE and 
FG, will meet in some point O. 

For, they must necessarily cut 
each other, if they are not parallel. 
Now, if they were parallel, the line AB, which is perpendicular 
to DE, would also be perpendicular to FG, and the angle K 
would be a right angle (Book I. Prop. XX. Con I.). But BK, 
the prolongation of BD, is a different line from BF, because the 
three points A, B, C, are not in the same straight line ; hence 
there would be two perpendiculars, BF, BK, let fall from the 
same point B, on the same straight line, which is impossible 
(Book I. Prop. XIV.) ; hence DE, FG, wijl always meet in 
some point O. 

And moreover, this point O, since it lies in the perpendicular 
DE, is equally distant from the two points, A and B (Book 1. 
Prop. XVI.) ; and since the same point O lies in the perpen- 
dicular FG, it is also equally distant from the two points B and 
C : hence tiie tliree distances OA, OB, OC, are equal ; there- 
fore the circumference described from the centre O, with the 
radius OB, will pass through the three given points A, B, C. 
, We have now shown that one circumference can always be 
made to pass through three given points, not in the same 
straight line : we say farther, that but one can be described 
through them. 

For, if there were a second circumference passing through the 
three given points A, B, C, its centre could not be out of the 
line D£,*for then it would be unequally distant from A and B 
(Book I. Prop. XVI.); neither could it be out of the. line FG, for 
a like reason ; therefore, it would be in both the lines DE, FG. 
But two straight lines cannot cut each other in more than one 
point ; hence there is but one circumference which can pass 
through three given points. 

Cor. Two circumferences cannot meet m more than two 
pomts ; for, if they have three common points, there would be 
two circumferences passing through the same three points; 
which has been shown by flic proposition to be- impossible. 
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PROPOSITION YUL THEOREM. 

Two equal chords are equally distant from the centre ; andoftWQ 
unequal chords^ the less is at the greater distance from the 
centre. 




"First. Suppose the chord AB= 
DE. Bisect these chorda by the per- 
pendiculars CF, CG, and draw the 
radii CA, CD. 

In the right angled triangles CAF, 
DCG, the hypotiienuses CA, CD, are 
equal ; and the side AF, the half of 
AB, is equal to the side.DG, the half 
of DE : hence the triaqgles are equal, 
and CFis equal to CG (Book I. Prop. 
XVII.) ; hence, the two equal chords 
AB, DE, are equally distant from the centre. 

Secondly Let the chord AH be greater than DE. The 
arc AKH will be greater than DME g^rop. V.) : cut off from 
the former, a part ANB, equal to DME ; di-aw the chord AB, 
and let fall CF perpendicular to this chord, and CJ perpen4icu- 
lar to AH. It is evident that CP is greater than CO, and CO 
than CI (Book I. Prop. XV.) ; therefore, CP is still greater 
than CI. But CF is equal to CG, because the chords AB, 
DE, are equal : hence we have CG>Cl3 hence of two unequal 
chords, the less is the farther from the centre. 



PROPOSITION IX. THEOREM. 



A straight line perpendicular to a radius, at its extremity^ is a 

tangent to the circumference. 



Let BD be perpendicular to the S 
radius CA, at its extremity A ; then 
will it be tangent to the circumfe- 
rence. 

For, every oblique line CE, is 
longer than the perpendicular C A 
(Book \. Prop. XV.); hence the 




point £ is without the circle ; therefore, BD has no point but 
A common to it and the circumference ; consequently BD is a 
tangent (Def. 8.}. 
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Scholium. At a given point A, only one tangent AD can 
be drawn to the circumference ; for, if another comd be drawn, 
it would not be perpendicular to the radius CA (Book I. Prop. 
XIY. Sch.) ; hence in reference to this new tangent, the radius 
AC w#uld be an oblique line, and the perpendicular let fall 
from the centre upon this tangent would be shorter than CA ; 
hence this supposed tangent would enter the circle, and be a 
r»^«nt. 




PROPOSITION X. THEOREM. 

Two parallels intercept equal arcs on the circumference* 

There may be three cases. 

First, If the two parallels are se- 
cants, draw the radius CH perpendicu- 
lar to the chord MP. It will, at the 
same time be perpendicular to NQ 
(Book I.Prop.XX-Cor. 1 .) ; therefore, the 
point H will be at once the middle of 
the arc MHP, and of the arc NHQ 
(Prop. VI.) ; therefore, we shall have 
the arc MH=HP, and the arc NH= 
HQ; and therefore MH—NH=HP—HQ ; in other words, 

MN=:PQ. 

Second, When, of the two paral- 
lels AB, DE, one is a secant, the *^ 
other a tangent, draw the radius CH ^ 
to the point of contact H ; it will be 
perpendicular to the tangent DE 
(Prop. IX.), and also to its parallel 
If p. But, since CH is perpendicular 
to the chord MP, the point H must be 
the middle of the arc MHP (Prop. ^ 
VI.) ; therefore the. arcs MH, HP, in- 
cluded between the parallels AB, DE, arip equal. 

TAzVi If the two parallels DE, IL,T^re tangents, the one 
at H, the other at K, draw the parallel secant AB ; and, from 
what has just been shown, we shall have MH=HP, MK=KP; 
and hence the whole arc HMK=HPK. It is farther evident 
that each of these arcs is a semicircumference. 
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PROPOSITION XL THEOBEH. 

If two circles cut each other in two points f the Kne which passeji 
through their cefitrts^ will he perpendicular to the chora which 
joins the points of intersection^ and will divide it into two 
equal parts. , 

For, let the line AB join the points of intersection. It ^ill • 
be acomilion chord to the two circles. Now if a perpendicular 





be erected from the middle of this chord, it will pass through 
each of the two centres C and D (Prop, VI. Sen.). But no 
more than one straight line can be drawn through two points ; 
hence the straight line, which passes through w centres, wiB 
bisect die chord at right angles. 



PROPOSITION Xn. THEOREM. 

If the distance between the centres of two circles is less than ike 
sum of the radii^ the greater radius being^ at the same tifne 
less than the sum of die smaller and the distance between ike 
centres^ the two circumferenoes will cut each other^ 

For, to make an intersection 

Eossible, the triangle CAD must 
e possible. Hence, .not only 
must we have CD<AC+AD, 
but also the greater radius AD< 
AC+CD (Book I. Prop. VII.). 
And, wheneverlhe triangle CAD 
can be constructed j. it is plain, 
tfiat the circles described from the centres C and D» will oat 
each other in A and B. 
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PROPOSITION Xni. THEOREM. 



If the distance between the centres of two circles is equal to tne 
sum oft/tcir radii^ the two circles will touch each ot/ier exter- 
natty. 



hex C and D be the centres at a 
distance from each other equal to 
CA+AD. 

The circles will evidently have the 
point A common, and they will have 
no other; because, if they had two 
points common, the distance between 



their centres must be less than the sum' of their radii. 




PROPOSITIOX XIV. THEOREM. 

If the distance between the centres of two circles is equal to thr 
difference of their radii^ the two circ^lcs will touch each other 
internally. 

Let C and D be the centres at a dis- 
tance from each other equal to AD — CA. 

It is evident, as before, that they will 
have the point A common : they can have 
rto other; because, if they had, the greater 
mdius AD must be less than the sum of 
the radius AC and the distanceCD between 
the centres (Prop. XIL); which is contraiy 
to th^ supposition. 

Cor. Hence, if two circles touch each other, either extej 
nally or internally, thei/ centros and the point of contact will 
l)e in the same right line. 

« 

Scholium. AH circles whirh have their centres on the right 
line AD, and which pass through the point A, are tangent to 
each cither. For, they have only the point A common, and it 
through the point A, AE be drawn perpendicular to AD, the 
straiglit line AE will be a comoijon tangent to all the circles. 
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PKOPOSITION XV. THKOEKM. 

In the same circle, or in eqttal circles, equal angles, having then 
vertices at the ceiiire, intercept equal arcs on tlie circumference: 
and conversely^ if the ctrcs intercepted are equalythe angles 
contained by the radii will also be equal. 

Let C and C be the centres of equal circles, and the angle 
ACB=DCE. 

, First, Since tha.anglesAGB, 
DCE, are equal, they may be 
placed upon each other ; and 
since their sides are equal, the 
point A will evidently fall on D, 
and the point B on E. But, in 
that case, the arc AB must also 
fall on the arc DE ; for if the arcs did not exactly coincide, the^re 
would, in.the one or the other, be points unequally distant from 
the centre ; which is impossible : hence the arc AB is equal 
toDR 

Secondly. If we suppose AB=DE, the angle ACB will be 
equal to DCE. For, if these angles are not equal, suppose 
ACB to be the greater, and let ACI be taken equal to DCE. 
From what has just been shown, we shall have AI=i)E : but, 
by hypothesis, AB is equal to DE ; hence AI must be equal to 
AB, or a part to the whole, which is absurd (Ax. 8.) : hfence, 
the angle ACB is equal to DCE, 




PROPOSITION XVI. TflEORfiM. 

Jn tJie same circle^ or in equal circles, if two angles at the centre 
are to each otiler in the proportion of two whole number s, the 
intercepted arcs will be to each other in the proportion of the 
same numbers, and we shall have the angle to the angle, as the 
corresponding arc to the corresponding arc. 
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Soppote, for example, that the anglei ACB, DCE, are to 
each other ai 7 is to < ; or, which is the Bame thing, suppose 
that the angle M, which may serve as a-conmion meaaure, is 
eoattined 7 times in the angle. ACB, and 4 times in DCE 



Hie seven partial angles ACm, mCn, nCp, &.c., into which 
ACB is divided, being each ecjual to any of the four partial 
angles into which DCE is divided ; each of the partial arcs 
Am, m», vp, &c^ will be equal to each of the partial arcs D?, 
xy, &c. (Prop. XV.). Therefore the whole arc AB will be to 
the whole arc D£, as 7 is to 4. But the same reasoning would 
evidently apply, if in place of 7 and 4 any numbers whatever 
were employed ; henc6, if the ratio of the angles ACB, DCE, 
can be expressed in whole numbers, the arcs AB, J)£, wiU be 
to each other as the angles ACB, DCE. 

SchoHum. Conversely, if the arcs, AB, DE, are to each 
ether as two whole numbers, the angles ACB, DCE will be to 
each other as the same whole numbers, and we shall have 
ACB : DCE : ; AB : DE. For the partial arcs, A7»,mn,&c. 
and Dx, xy, ^., being equal, the partial angles ACm, mCn, 
&c and DCx, xCy, 3k, mil also be equal. 



FROFOSITION XVJI. THEOKEBL 

Whatever be the ratio i^tuo angles, they will always he to each 
oiJier as the arcs intercepted between their sides ; the arcs being 
described Jrom the vertices c^the angles as centres, vAth equal 
radii. ■ 

Let ACB be the greater and 
ACD the less angle. 

Let the less angle be placed 
on the neater. If ibe propo- 
sition II not true, the ai^le ^^ 
ACB will be to the angle ACD 
as the arc AB is to an arc 

G«ater or less than AD. Suppose this arc to be greater, and 
t it be represented by AO ; we shall thus have, the angle 
ACB : iugle ACD : ; arc AB : arc AO. Next conceive the aro 
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A6 to b^ idivided into equal parts) each of which is less than 
DO ; there will be at least one point of division between D and 
O ;, let I bo diat point ; and draw CI. The ares AB, AI, will be 
to each other as two whole numbers^ and by the precectinjj 
theorem, wo shall have, the angle ACB : angle ACI : : arc Al] 
: arc AI. Comparing these two proportions with each other/ 
we see that the antecedents are the same : hence, the conse- 
quents are proportional (Book II. Pi'op. IV.) ; and thus we find 
the angle ACD : angle ACI : : arc AO : arc A I. But the arc 
AO is greater than the arc AI ; hence, if this proportion is true, 
the angle ACD must be greater than the angle ACI : on the 
contrary, however, it is less ; hence the angle ACB cannot be 
to the angle ACD as the arc AB is to an arc greater than AD. 
By a process of reasoning entirely similar, it may be shown 
that the fourth term of the proportion cannot be less than AD ; 
hence it is AD itself ; Iher^fore we have 

Angle ACB : angle ACD : : arc AB : arc AD. 

• 

Cor. Since the angle at the centre of a circle, and the arc 
intercepted by. its sides, have such a connexion, that if , the oiie 
be augmented or diminished in any ratio, the other will be 
augmented or diminished in the same ratio, we are authorized 
to establi.sh the one of those magnitudes as the measure .of the 
other ; and we siiall henceforth assume the arc AB as the mea-, 
sure of the a>igle ACB. It is only necessary that, in the com- 
parison of angles with each other, the arcs which serve to 
measure them, be described with equal radii, as iis implied in 
all the foregoing propositions. 

Scholium 1. \i appears most, natural to measure a quantity 
by a quantity of the same species ; and upon this principle it 
would be c(uivenient to refer all angles to the right angle ; 
which, being made the unit of measure, an acute angle would 
bo expressed by some number between Oandi; an obtuse an- 
jple by •some number between I and 2. This mode of express- 
m<j: angles would not, however, be the most convenient in 
pra<:tice. It ha.? b3en found more simple to measuriE^ them by 
arcs of a circle, on account of the focihty with which arcs ctii 
be made equal to givea arcs, and for various other reaspos. At 
all events, if the measm*ement of angles by arcs of a circle 
is in any degree indirect, it is stilt equally eaty toobtaiin the 
dii'ect and absolute measure by this method; .aince^ on 
comparing the arc which serves as a measure to any an- 
gle, with the fourth part of the circumference, we find the 
ratio of the given angle to a right angle, which is the absolute 
measure. 
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BchMtm 8. AJU that bas been demonstrated in the last three 
pn>p08itioii8y concerning the comparison of angles with arcs, 
nolds tme equally* if applied to the comparison of sectors with 
ares ; for sectors are not only equal when their angles are so, 
but are in all respects proportional to their angles ; hence, two 
seizors ACB, ACD, taken in the same circle^ or in equal circks^ 
are to each other as tke arcs AB, AD, the bases of those sectors*, 
It is hence evident that the arcs of the circle, which serve as a 
measure of the different angles, are proportional to the dijSerent 
sectors, in the ssime circle, or in equal circles. 



PROPOSITION XTlil. THEOKEIL 




An "' riffed angle is measured by half the arc included betioeen 

its sides. 

Let BAD be an inscribed angle, and let 
US first suppose that the centre of the cir- 
cle lies within the angle BAD. Draw the 
diameter AE, and the radii CB, CD. 

The an^e BCE, being exterior to the 
triangle ^C, is equal to the sum of the 
two mterior angles CAB, ABC (Book I. ^ 
Prop. XXV. Cor. 6.) : but the triangle BAG 
beiw isosceles, the angle CAB is equal to 
ABC ; hence the angle BCE is double of BAG. Since BCE lies 
at the centre, it is measured by the arc BE ; hence BAC will be 
measured by the half of BE. For a like reason, the angle CAD 
will be measured by the half of ED ; hence BAC -f CAD, or BAD 
will bo measured by half of BE + ED, or of BED. 

^ Suppose, in the second place, that the 
eentre C lies without the angle BAD. Then 
drawing the diameter AE, the angle B AE 
will be measured by the half of BE ; the 
angle DAE by the half of DE : hence their 
dimrence BAD will be measured by the 
half ^ BE minus the half of ED,' or by the 
half of BD. 

Hence every inscribed angle is measured 
by half of the arc incladed between its sides. 
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. Cor. 1. All the angles BAC, BDC, 
B£C, inscribed in the same segment are 
{equal ; because they are all measured by 
the half of the same arc BOC. 




Coir. 2k Every angle BAD, inscribed in a 
semicirqle is. a right angle ; because it is mea- 
sured by half tl^ semicircumference BOD, 
that is, by the fourth part of the .wjiole cir* 
cumference. 



Cor. 3. Every angle BAC, inscribed iti a 
segment greater than a semicircle, is an acute 
angle ; for it is measured by half of the arc 
BOC, les§ than a semicircumference. 

And- every angle BOC, inscribed in a 
segment less than a semicircle, is an obtuse 
angle ; for it is measured by half of the arc B 
BACf greater than a semicircumference. 




Cor. 4. The opposite angles A and C, of 
an inscribed quadrilateral ABCI^ are to- 
gether equal to two right angles : for the an- 
gle BAD is measured by half the arc BCD, 
the angle. BCD is measured by half the arc 
BAD ; hence the-two angles BAD, BCD, ta- 
ken together, are measured by the half of the 
circumference ; hence their sum is. equal to two right angles. 




PROPOSITION XIX. THEOREBL 



fTie angle formed by tmo chords^ which intersect each other ^^ U 
meastired by half the sum of the arcs included between its sides. 
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Let AB, CD, be two chordu intersecting 
each other at E: then will the angle 
AEC, or DEB, be measured by half of 
AC+DB, 

Draw AF parallel to DC : then will 
the arc DP be equal to A(J (Prop. X.) ; 
aiul the angle FAB equal to the angle 
DEB (Book L Prop. XX. Cor. 3.). But 
the angle FAB is measured by half the 
arc VDli (Prop.XVIIL); therefore, DEB 
is measured by half of FDB ; that is, by half of DB+DP, or 
half of DB + AC. In the same manner it might be proved that 
•he angle AED is measured by half of AFD+BC. 




PROPOSITION XX. THEOREM. 

T/ie an^le formed hy two secants, is measured by half the diffe- 
rence oftlie arcs included between its sides. 



Let AB, AC, be two secants : then 
will the angle BAC be measured by 
half the difference of the arcs BEC 
and DP. 

Draw DE parallel to AC : then will 
the arc P2C be equal to DP, and the 
angle BDE equal to the ande BAC. 
But BDE is measured by half the arc 3 
BE ; hence, BAC is also measured by 
half the arc BE ; that is, by half the 
difference of BE(; and EC, or half tl>e 
difference of BEC and DP. 




PROPOSITION XXL THEOREM. 



The angle formed by a tangent and a chords is measured by Juilf 

of the arc included between its sides. 



BOOKip. 



KT 



Let BE be the tangent, and AC the chord. 

From A, the point of contact, dravT thie 
diameter AD. The anffle BAD iis a right 
ande (Prop. IX.), and is measured oy 
baU* the semicircumference AMD ; the 
angle DAC is measured by the half of 
DC: henfce, BAD+DAC, or BAC, is 
measured by the half of .AMD plus the 
half of DC, Qt by half the whole arc 
AMDC. 

It might be shown^ by taking the difference between the an* 
gles DA£, DAC, that the angle CA£ is measured by half the 
arc AC, included between its sides. 








PROBLEM^ RELATING TO UtiB FIRST AND THIRD BOOKS 

HtOBLEU I. 

To divide. a given straight KneitUo two equal parts. 

Let AB be the given straight linel« 

From the points A and B as centres, with 
a radius greater than the half of AB, describe ^ 
two arcs cutting each other in D ; the point 
D, will be equally distant from A and B. Find, 
in like manner, above or beneath the line AB, 4^-. 
a second point E, equally distant from the '^ 
points A and B ; through the two points D 
and E, draw the line DE : it will bi9ect the 
line AB in C. 

For, the two points D and E, being each equally distant from 
the extremities A and B, muist both lie in the perpendicular 
raised from the, middle of AB flBook I. Prop. Xvl. Cor.). But 
only one straight line can pass through two given points ; hence 
the line DE niust itself qo> that perpendicular, which divides 
AB into two equal parts at the point C. 
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PROBLEM II. 

At a given point, in a given Hraight line^ to erect a perpendicu^. 

lar to this line. 



:^ 



Let A be the given point, and £C tbe 
given line. 

Take the points B and C at equal dis- 
tances from A ; then from the points B and 
C as centres, with a radius greater than — tr — 
BA, describe two arcs intersecting each 
other in D ; draw AD : it will be the perpendiculafr required; 

For, the point D, being equally distant from B and C, must 
be in the perpendicular raised from the middle of BC (Book I. 
Prop. XVI.) ; and since two points determine a line, AD is that 
perpendicular. 

Scholium, The same construction serves for making a right 
angle BAD, at a given point A, on a given straight line BC 



PROBLEM in. 

From a given point, without a straight line, to let fall a perpen 

dictilar on this line. 



Let A be the point, and BD the straight 
line. 

From the point A as a centre> and with 
a radius sufficiently great, describe an 
arc cutting the line BD in the two points 
B and D ; then mark a point E, equally 
distant from the points B and I), and 
draw AE : it will be the perpendicular required. 

For, the two points A and E are each equally distant from 
the points B and D ; hence tbe line AE is a perpendicular 
passing through the middle of BD (Book L Prop. XVL Cor.). 




PROBLEM IV. 



M a point, in a given line, to miake an angle equal to a given 

nngk. 
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Let A be the given p^t, AB the given line, and IKL the 
given angle. 

From the vertex K, as a cen- 
tre, with any radius, describe the 
arc IL, terminating in the two 
sides of the angle. From the 
point A as a centre, with a dis* 
tance AB, equal to KI, describe the indefinite arc BO ; then 
take a radius equal to the chord LI, with which, from the point 
B as a centre, describe an arc cutting the indefinite arc BO, in 
D ; draw AD ; and tiie angle DAB will be equal to the given 
angle K. . 

For, the two arcs BD, LI, have equal radii, and equal chords ; 
hence they are equal (Prop. IV.) ; therefore th^ angles BAD« 
IKL, measured by them, are equal. 



* , PROBLEM V. 

To divide a given are^ or a given angk\ into two eqtml parts 

First, Let it be required to divide the 
arCAEB into two equal parts. From the 
points A and B, as centres, with the same 
radius, describe two arcs cutting each other 
in D ; through the point D and the centre 
C, draw CP : it will bisect the arc AB in Jl 
the point E. » 

For, the two points C and D are each 
equally distant from the extremities A and 
B of the chord AB ; hence the line CD bi- 
sects the chord at right angles (Book I. /Prop. XVI. Cor.) ; 
hence, it bisects the arc AB in the point E (Prop. VI.). 

Secondly. Let it be inquired to divide the angle ACB into 
two equal parts. We begin by describing, from the vertex C 
as a centre, the arq AEB ; which is fhen bisected as above.' It 
is plain that the Kne CD will divide the angle ACB into two 
equal parts. 

Scholium, By the same construction, each of the halves 
AE, EB, may be divided into two equal parts ; and thus, by 
suocessive subdivisions^ a given angle, or a given arc may 
be divided into four equal parts, into eight, into sixteen^ 

filJld so rk^^ • 
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TTirough a given pointy to draw a paraUel to a given etraighi 

line. 

Let A be the given pointy and BC 
the given line. 

From the point A as a centre, with 
a radius greater than the shortest dis- 
tance from A to BC, describe the in- 
definite arc EO ; from the point £ as 
a centre, with the same radius, describe the arc AF ; make 
ED=AF, and draw AD : this will'be the parallel required. 

For, drawing AE, the alternate angles AEF, EAD, are evi- 
dently equal ; therefore, the lines AD, £F, are parallel (Book L 
Prop. XIX. Cor; 1.). 







PROBLEM Vn. 



Two angles of a triangle being giveUf to find the third. 

Draw the indefinite line DEF; 
at anypoint as E, make the an- 
gle DEC equal to one of the 
given angles,' and the angle 
CEH equal to the other :me 
remaining angle HEF will be ._^ 
the third angle required ; be- 2> - 
cause those three angles are ^ 

together equal to two right angles (Book I. Vrop. 1. and 




PROBLEM Vjn. 

« 

Two sides of a triangle^ and the angle which they contain^ being 

giveny to describe the triangle. ^ 

Let the lines B and C be equal to tq tq 
&e given sides, >and A the given an- 
gle- 
Having drawn the indefinite line 
DE, at the point D, make the angle 
fiDF equal to the given angle A ; •*■ ^^ 
then take DG=B, DH=C, and draw GH ; DGH will be Oifi 
triaagle required (Book L Prop; V.). 
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and two anklet of a triangle being given, to describe the 

triangle. 

The two angles will either he both ad- 
jacent to the given side, or the one adja- 
cent, and the other opposite : in the lat- 
ter case, find the third angle (Prob. 
YII.) ; and the two adjacent angles will 
thus be known : draw the straight line ^ 
t DE equal to the given side : at the point D, make an angle 
£DF equal to one of the adjacent angles, and at E, im* angle 
PEG equal to the other ; the two lines DF, EG, will cut eadh 
other in H ; and DEH will be the triangle required (Book L 
Prop. VI.). 



. PROBLEM X. 

Hie three sides of a triangle being given, to describe the triangle. 

Let A, B, and C, be the sides. 

Draw D£ equal to the side A ; 
from the point E as a centre, with 
a radius equal to the second side B, 
describe an arc ; from D as a een-* 

tre, with a radius equal to the third _ 

side C, describe another arc inter- A.i— —————— 

secting the former in F ; draw DF, Bi 1 

EF ; and DEF will be the triangle ^^ ^ 

required (Book I. Prop. X.). 

Scholium. If one of the sides were greater than the turn of 
the other two, the arcs would not intersect each other : but th« 
solution will always be possible, when the sum of two sides, any 
bow taken, is greater than the third. 
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PROBI«EM XL - 

Two sides of a triangle^ and the angk opposite one ofthem^ heing 

given^ to describe the triangh. 

Let A and B be the giTen ndes, and C the given angle. 
There are two cases* 

First. When the angle C is a right 
angle, or when it is obtuse, make 
the angle EDF=C; take DE==A ; 
from me point E as a centre, 
with a radios equal to the given 
side B, describe an arc cutting DF ^ 
in F; draw £F : then DEF will be 
the triangle required. 

In this first case, the side B must 
be greater than A ; ifor the angle C, 
being a right angle, or an obtuse an- 
gle, is the greatest angle of the tri- 
angle, and the side opposite to it must, therefore, also be the 
greatest (Book I. Prop. XIII.)* 




Ai- 



Secofudly, If the angle C is 
acute, fmd B greater than A, the 
same construction will again ap- 
ply, and DBF will be the triangle 
required. 



But if the angle C is ^cut^, aiid 
the side B less than A, then the 
arc described from the centre E, 
with the radius EF=B, will cut 
the side DF in two points F and 
G, lying on the same side of D : 
hence there will be two triangles 
BEF, DEG, either of which will 
satisfy the conditions of the pro-f 
blem: 



3h 




Ah 




SckoUum, If the arc described with E as a centre, should 
be tangent to the line DG, the triangle would be right anjgled, 
and there would be but one solution. The problem would be 
impossible in all cases, if the side B were less than the perpen-* 
dicular }et fall from E on the liiie DF. 
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iPaOBLEM XIL 

The adjacent sides of a parallelogramy with the angle V)hi4sh they 
contain^ being given, to describe the parallelogram. 

Let A and B oe the given sides, and C the given angle. 

Draw the line DE = A ; at the ^^ ^^ ^ 

point D, make the angle EDF= '*' "" 

C ; take DF=fi ; describe two 
arcs, the one from F as, a cen- 
tre, with a radius FG=DE, the jy 





other from E as a centre, with ^ 

a radius EG=DF; to the point Ai — :-^ '~ — i 

G, where these arcs intersect b i h 



I 



each other, draw FG, EG; 

DEGF will be the parallelogram required. 

For, the opposite sides are equal, by construction ; hence the 
figure is a parallelogram (Book I. J^rop. XXIX.) : and it is 
formed with the given sides and the given angle. 

Cor. If the ^iven angle is a right angle, the figure wiH be 
a rectangle ; if, in addition to this, the sides are equal, it will 
be a square. 



PROBLEM Xllt 
To find the centre of a given circle or arc. 

Take three points, A, B, C, any 
where in the circumference, or the 
arc ; draw AB, BC, or suppose them 
to be drawn ; bisect those two lines 
by the -perpendiculars DE, FG : 
the point O, where these perpen- 
diculars meet, will be the centre 
sought (Prop. VL Sch.). 

Scholium. The same construc- 
tion serves for making a circum- _ 
ference pass through three given points A, B, C ; and also for 
describing a circumference, in which, a given triangle ABC 
shall be inscribed. . 




«. 
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PROBLEM XIV. 



Jirough a given pointy to draw a tangent to a given circle. 



If the given point A lies in the circum« ^ 
ference, draw the radius CA, and erect 
AD perpendicular to it : AD will be the 
tangent required (Prop, IX.). 



If the point A lies without the circle, 
ioin A and the centre, by the straight 
line CA : bisect CA in O ; from O as b 
centre, with the radius OC, describe a 
circumference intersecting the ^iven cir- 
cumference in B ; draw A£ : this will be 
the tangent required. 

For, drawing CB, the angle CBA be- 
ing inscribed in a semicircle is a right 
aBrie^(Prop. XVIII. Con S.) ; therefore 
Atf is a perpendicular at tl» extremity 
of the radius CB ; therefore it is a tan- 
gent. A 

Scholium. When the point A lies without the circle, there 
will evidently be always two equal tangents AB, AD, passing 
throueh the point A : they are equal, because the right angled 
Irian^es CBA, CDA, have the hypothenuse CA common, and 
the side CB=CD; hence they are equal (Book I. Prop. XVII.); 
hence AD is equal to AB, and also the angle CAD to CAB. 
And as there can be but one line bisecting the angle BAC, it 
follows, that the line which bisects the angle formed by two 
tangents, must pass through the centre,of the circle. 




PROBLEM XV. 



To inscribe a circle in a given triangle. 



Let ABC be the given triangle. 

Bisect the angles A and B, by 
the lines AO and BO, meeting in 
the point O ; from the point O, 
let fall the perpendiculars OD, 
OE, OF, on tne three sides of the 
triangle: these perpendiculars will 
all be equal For, by ccHistruc-? 
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lion, we have the angle DAO=^OAF, the right angle ADO= 
AFO ; hence the third angle AOD is equal to the third AOF 
(Book I. Prop. XXV. Gor. 2.). Moreover, the side AC is com- 
mon to the two triangles AOD, AOF ; and the angles adjacent 
to the equal side are equal: hence the triangles themselves are 
equal (Book I. Prop. VI.) ; and DO is equal to OF. In the same 
manner it may be shown that the twa triangles BOD, BOE, 
are equal ; therefore OD is equal to OE ; therefore the three 
perpendiculars OD, OE, OF, are all equal. 

Now, if from the point O as a centre, with the radius OD, 
a circle be described, this circle will evidently be inscribed in 
the triangle ABC ; for the side AB, being perpendicular to the 
radius lit its extremity, is a tangent ; and the samethipgis true 
of the sides BC, AC. 

Scholium* The three lines which bisect the angles of a tri« 
angle meet in the same point. 



PROBLEM XVI. 

On a given straight line to describe a segment that shall contain 
a given angle ; that is to say, a segment such, that all the an* 
gles inscribed in it, shall. be equal to the given angle. 

Let AB "be the given straight line, and C the given angle. 





Produce AB towards D ; at the point B,. make the angle 
DBE=C ; draw BO perpendicular to BE^and GOpefpen* 
dicular to AB, through the middle point G ; and from the point 
O, where these perpendiculars meet^ as a centre^ with a dis- 
tance OB,' describe a circle: the required segment will b^ 
AMB. 

For, since BF is a perpendicular at the extremity of the 
radius OB, it is a tangent, and the angle ABF is measured by 
half the arc AKB (Prop. XXI.). Also, the angle AMB, being 
an inscribed angle, ia measured by half the arc AKB : h^nce 
we have AMB=ABF=:£BD;;=C : hence all the angles iki- 
scribed in the segment AMB are equal to the given QJQfiliQ d 

F*9 ^.M 
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Sch0lium. If (he given angle were a right aoflle, the required 
meot WQuU be a Benucirae, described on Ao as a diameter. 



•egmeot 
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* P80BLEM y!\lL 

Td find the numerical ratio of two given straight lines, these hnes 
being supposed to have a common measure. 

Let AB and CD be the giren lines. A Q 

From the greater AB cut off a part equal to the less 
CD» as many times as possible ; for example, twice, 
with the remainder BE. 

From the line CD, cut off a part equal to the re- 
mainder BE, as many times as possible ; once, forex' 
ample, with the remainder DP. 

From the first remainder BE, cut off a part equal to 
the second DF, as many times as possible ; once, for 
example, with the remainder BG. 

From the second remainder DF, cut off a part equal 
to B6 the third, as many times as possible. 

Continue this process, till a remainder occurs, which 
is contained exactly a certain Qumber of, times in the preced- 
ing one. 

Then this last remainder will be the common measure of the 
proposed lines ; and regarding it as unity, we shall easily find 
the values of the preceding remainders; and at last, those of 
the two proposed lines, and hence their ratio* in numbers. 

Suppose, for instance, we find GB toJbe contained exactly 
twice in FD ; BG will be the common measure of the two pro- 
posed lines. Put BG= 1 ; we shall have FD=2 : but EB coor 
tains FD once, plus GB ; therefore we have EB=3 : CD* con- 
tains ER once, plusYJ); therefore we have CD=5: and, 
lastly, AB contains CD twice, plus EB ; therefore we have 
AB== 13 ; hence the ratio of the lines is that of 13 to 5. If the 
line CD were taken for unity, the line AB would be y ; if AB 
were taken for unity^ CD would be ^. 

Soholium. The method just explained is the same as that 
employed in arithmetic to find the common divisor ot two num* 
bers : it has.no need, therefore, of any other demonstration. 

How far soever the operation be continued, it is possible 
that no remainder may ever be found, which shall be'contained 
an exs^t number of times iti the preceding one. When this 
happen^ the. two lines have no common measure, wd are said 
to be ifiQommensurabk. An instance of thi» will be seen after- 
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wards, in the ratio of the diagonal to the aide of the aqoare. 
In those cases, therefore, the exact ratio in numbers cannot be 
found ; but, by neglecting the last remainder, an approximate 
ratio will be obtained, m&te or less correct, according as the 
operation has been continued a greater or less number of times. 




PBOBLEM XVIII. 

T\i)o angks being giveuy to find their common fneature,4fthet^ 
have one J and by means ofit^ their ratio in numbers. 

Let A and B be the given an- 
gles. 

^ With equal radii describe the 
arcs CD, £F, to serve as mea- 
sures for the angles : proceed 
afterwards in the comparison of ^ 
the arcs CD, EF, as in the last 

problem, since an arc may be^ cut off from an arc of the same 
radius, as a straight line n*om a straight lineJ Wq shall thu» 
arrive at the common measure of the arcs CD, EF, if they have 
one, and thereby at their ratio in numbers. This ratio will be 
the same as that of the given angles (Prop.-XVII.) ; and if DO 
is the tommon measure of the arcs, DAO will be that of the 
angles. 

Scholium. According to this method, the absolute value of 
an angle may be found by comparing the arc which measures 
it to the whole circumference. If the arc CD, for example, is 
to the circumference, as 3 is to 25, the angle A wil) be ^ of four 
right angles, or || of one right angle. 

It may also happen, that the arcs compared , have no conii* 
mon measure ; in which case, the numerical ratios of the angles 
^ill only be found approximatively with more or less correct- 
ness, according as the operation has been continued a greater 
or less number of times. 
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BOOK IV. 

OF THE PROPORTIONS OF FIGURES, AND THE MEASUREMENT 

OF AREAS. 




Definitions. 

1. Similar' figures are those which have the angles of the one 
equal to the angles of the other, each to each, and the sides 
about the equal angles proportional. 

2. Any two sides, or any two angles, which have like po- 
sitions in two similar figures, are called homologous sides or 
angles. 

3. In two different circles, similar arcSj sectors^ or segmerUSt 
are those which correspond to equal angles at the centre. 

Thus, if the angles A and O are equal, 
the arc BC will be simil* r to D£, the 
sector BAG to the sector DQE, and the 
segment whose chord is BC, to the seg-, 
ment whose chord is D£. 

4. The base of any rectilineal figure, is the side on which 
the figure is supposed to stand. 

5. The altitude of a triangle is the per- j^ 
pendicular let fall from the vertex of an 
angle on the opposite side, taken as a 
base. Thus, AD is the altitude of the 
triangle BAG 

6. The altitude of a. parallelogram is the 
perpendicular which measures the distance 
between two opposite sides taken as bases. 
Thus, EF is the altitude of the parallelo- ^ 
gram DB. 

7. The altitude of a trapezoid is the per- 
pendicular drawn between its two parallel 
sides. Thus,.EF is the altitude of the ti*ape- 
loid Dfi. 





E C 
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.8. The area and surf ace of a figure, are terms very nearly 
sjmonymous. The area designates more particularly the super- 
ficial content of the figure. The area is expressed numeri- 
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enXty by the number of times which the pgafe contains some 
other area, that is assumed for its measuring unit 

9. Figures have equal areas, \irhen they contain the same 
measuring unit an equal number of times. 

10. Figures which have equal areas are called equivaknt. 
The term eqtial, when applied to figures, designates those which 
are equal in every, respect, and which being applied to each 
other will coincide in all their parts (Ax. 13.) :. the term equi" 
DokfU implies an equality in one respect only : namely, an 
equality between the measures of fibres. 

We may here premise, that several of the demonstrations 
are grounded on some of the simpler operations of algebra, 
which are themselves dependent on admitted atioms. Thus, 
if we have A=B + C, and if each member is multiplied by the 
same quantity M, we may infer that A x M=B x M-f C xM ; 
in like manner, if we have, A=B+C, and D=E— -C, and if the 
equal quantities are added together, then expunging the +C 
and — C, which destroy each other, we infer that Ah-D=B+ 
E, and so of others. All this isevident enough of itself; but 
in cases of difficulty, it will be useful to considt some a^ebrai* 
cal treatise, and thus to combine the study of the two sciences. 



PROPOSITION I. THEOREM. 

Parallelograms which have equal bases and equal altitudes, are 

equivalei^t 

Let AB be the common base of d c "F E DP C JB 
the two parallelograms ABCD, V ^7 "7 "w T? 
ABEF : and since they are sup- \ /\ / \ / \ / 

posed to have the same altitude, Vl_v V V 

their upper bases DC, FE, will be -^ . ^ -^ ^ 

both situated in one straight line parallel to AB. 

Now, from the nature of parallelograms, we have AD=BC, 
andAF=BE; for the same reason, we have DC=AB, and 
FE=AB ; hence DC=FE : hence, if DC und FE be taken 
away from the same line DE, the remainders CE and DF will 
be equal : hence it follows that Ihe triangles DAF, CBE, are 
mutually eqilateral, and consequently equal (Book I. Prop. X.). 

But if from the quadrilateral ABED, we take away the tri- 
angle ADF, there will remain the parallelogram ABEF ; and 
if from the same quadrilateral ABED, we tdce away the equal 
triangle CBE, there will remain the parallelogram ABcD. 






ID GEOSfETRY. 

Hence these twcr paraUelograms ABCD, ABEF» which hav€ 
the same base and altitude, are equivalent. 

Cor. Every parallelogram is equivalent to the rectangle 
which has the same base and the same altitude. 



PROPOSITION II. THEOREM. 

jEveiy triangle is half the parallelogram which has the same base 

and the. same altitiide. 

Let ABCD be a parallel©- .;e h D G- C 

gram, and ABE a triangle, ;,^^;^^^^ I y 

having the same base AB, / XT/^^^v,^ I / 

and the same altitude : then / \ i / ^^^"^^^.^^^ ! / 

will the triangle be half the ^ ^ — ^^Hn 

parallelogram. FA- x3 

For, since the triangle and the parallefogram have the same 
altitude, the vertex E of the triangle, will be in the line EC, par- 
allel to the base AB. Produce BA, and from E draw EF 
S parallel to AD. The triangle FBE is half the parallelogram 
^C, and the triangle FAE half the parallelogram FD (Book I. 
Prop. XXVIII. Cor.). 

Now, if from the parallelogram FC, there be taken the par- 
allelogram FD, there will remain the parallelogram AC : and 
if from the triangle FBE, which is half the first parallelogram, 
there be taken the triangle FAE, hdf the second, there will re- 
main the. triangle ABE, equal to half the parallelogram AC. 

Cor 1 . Hence a triangle ABE is half of the rectangle ABGH, 
which has the same base AB, and the same altitude AH : for 
the rectangle ABGH is equivalent to the pai'allelogram ABCD 
(Prop. I. Cor.). 

Cor. 2. All triangles, which have equal bases and altitudes,, 
are equivalent, being halves of equivalent parallelograms. 



PROPOSITION ni. THEOREM. 

Two rectangles having the same altitude^ are to each other as their 

bases, * 
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LetABCD, AEFD,betwoTectaii« l> 
gles haviQg the common altitude AD: 
they are to each other as their bases 
AB,AE. 

Suppose, first,' that the bases aire it 
commensurable, and are to each other, 

for example, as the numbers 7 and 4. If AB be divided into 7 
ecfonl parts, AE will contain 4 of those parts : at each point of 
division erect a perpendicular to the base ; seven partial rect- 
angles will thus be formed, all equal to each <>ther, because all 
have the same base and altitude. The rectangle ABCD will 
contain seven partial rectangles, while AEFD will contain four i 
hence the rectangle ABCD is to AEFD as 7 is to 4, or as AB 
is to AE. The same reasonmg.may be applied to any other 
ratio equally with that of 7 to 4 : hence, whatever be that ratio, 
if its terms be commensurable, we shall have 

ABCD : AEFD :.: AB : AE. 

Suppose, in the second place, that the bases p 
AB, A£, are incommensurable: it is to- be 
shown that we shall still have 

ABCD : AEFD : : AB : AE. 

For if not, the first three terms continuing 
the same, the fourth must be greater or less 
than AE. Suppose it fo be greater, and that we have 

ABCD : AEFD : : AB : AO. 

Divide the line AB into equal parts, each less than EO. 
There will be at least one point I of division between E and 
O : from this point draw IK perpendicular to AI : the bases 
AB, AI, will be commensurable, and thus, from what is proved 
above, we shall have 

ABCD : AIKD : :'aB : AI. 

But by hypothesis we have 

ABCD : AEFD .- : AB : AO. 

In these two proportions the antecedents are equal ; hence 
the consequents are proportional (Book II. Prop. IV,) ; and 
we find 

« 

AIKD : AEFD : : AI : AO, 

But AO is greater than AI ; hence, if this proportion is cor- 
rect, the rectangle AEFD must be greater than AIKD : on 
the contrary, however, it is less ; hence the proportion is im- 
possible ; therefore ABCD cannot be to AEFD, as AB is to a 
line greater than AE. 
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Exactly in the same manner, it may be shown that the fixirth 
tenn of the proportion cannot be less than A£ ; therefore it ia 
equal to AE. 

Hence^ whatever be the ratio of the bases, two rectanfflea 
ABCD, AEFD, of the same altitude, are to each other as then 
bases AB, AE. 




PROPOSITION IV. THEOREM. 

Any two rectangles are to each other as the products of their bases 

multiplied by their altitudes. 

Let ABCD, AEGF, be two rectangles ; then will the rect 

*^ ^' ABCD : AEGF : : AB.AD : AF.AE. 

Having placed the two rectangles, h, 
so that the angles at A are vertical, 
produce the sides GE, CD, till they 
meet in H. The two rectangles ^ 
ABCD, AEHD, having the same al- 
titude AD, are to each other as their q 
bases AB, AE : in like manner the 
two rectangles AEHD, AEGF, having the same altitude AE, 
are to each other as their bases AD, AF : thus we have the 
two proportions, 

ABCD : AEHD : : AB : AE, 
AEHD : AEGF : : AD : AF. 

Multiplying the corresponding terms of these proportions 
together, and observing that the term AEHD may be omit- 
ted, since it is a multiplier of both the antecedent and the con* 
sequent, we shall have 

ABCD : AEGF : : ABxAD : AExAF. 

Scholium, Hence the product of the base by the altitude may 
be assumed as the measure of a rectangle, provided we under- 
stand by this product, the product of two numbers, one of 
which is the number of linear units contained in the base, the 
other the number of linear units contained in the altitude. This 

Eroduct will give the number of superficial units in the surface ; 
ecause, for one unit in height, there are as many superficial 
units as there are linear units in the base; for two units in 
height twice as many ; for three units in height, three times as 
many, &c. 
Still this measure is not absolute, but relative : it supposes 
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that the area of any other rectangle is computed in a similar 
manner, by measuring its sides with the same linear unit ; a 
second product is thus obtained, and the ratio of the two pro- 
ducts is the same as that of the rectscngles, agreeably to the 
proposition just demonstrated* 

For example, if the base of the rectangle A contains three 
qnits, and' its altitude ten, that rectangle will be represented 
by the number 3 x 10, or 30, a number whiah signifies nothing 
while thus isolated ; but if there is a second rectangle B, the 
base of which contains twelve units, and the altitude seven, this 
second rectangle will be represented by the number 12 x 7= 
84 ; and we shall hence be entitled to conclude that the twe 
rectangles are to each other as 30 is to 84 ; and therefore, if 
the rectangle A were to be assumed as the unit of measurement 
in surfaces, the rectangle B would then have |^ for its absolute 
measure, in other words, it would be equal to f| of a*supe> 
ficial unit. 

It is more common and more 
simple, to assume the square as 
the unit of surface ; and to se- 
lect that square, whose side is 
the unit of length. In this case 
themeasurement which we have 

regarded merely as relative, becomes absolute : the number 30, 
for instance, by which tb^ rectangle A was measured, now 
represents 30 superficiiif units, or 30 of those squares, which 
have each of their ««les equal to linity^ as thediaffram exhibits. 

In geometry the product of two lines frequently means the 
same thing as their rectan^1<iy and this expression has passed 
into- arithmetic, where it serves to designate the product of two 
unequal numbers, the expression square being employed t« 
designate the pro*ict of a number multiplied by itself. a 

The arithme^f^al squares of 1, 2, 3, 
&c. are 1,> &» *»• So likewise, the 

Seometri^sQU^L^ constructed on a 
oubte fine is evidently four times 
grexter than the square on a single one ; 
pa a triple line it is nine times great- 
er, &^. 
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PROPOSITION V. THEOSrai. 

The area of any paralklogram is equal to the product of its heae 

by its altitude. 

For, the parallelogram ABCD is equivalent p T) 
to the rectangle ABEF, which has the same 
base AB, and the same altitude BE fProp. I. 
Cor.) : but this rectangle is measurea by AB 
X BE (Prop. IV. Sch.) ; therefore, AB x BE A. 
is equal to the area of the parallelogram ABCD. 

Cor. Parallelograms of the same base are to each other as 
their altitudes ; and parallelograms of the same altitude are to 
ea^h other as their bases : for, let B be the common base, and 
C and D the altitudes of two parallelograms : 

theii> BxC : BxD ; : C : D, (Boek 11. Prop. VII.) 

And if A ^nd B be the bases, and C the common .altitude, 
we shall have ' 




AxG : BxC 



A : B. 



And parallelograms, geiverally, are to each other as the pro- 
docit of their bases and^ahitudes. - 



PROPOSITION VL THE&&EM 

The area of a triangle is equal to the product of its base by ha^ 

iti altitude. 

For, the triangle ABC is half of the par^ 
allefegram ABcE, which has die same base 
BC, and the same altitude AD (Prop. H.) ; 
but the area of the parallelogram is equal to 
BC X AD (Prop. V.) ; hence that of the trian- 
gle must be ^BC x AD, or B€ x i AD. 

Cor. Two triangles of the same altitude are to each otiier as 
their bases, and two triangles of the same base are to each 
other as their altitudes. And triangles generally, are to each 
other, as the products of their bases and altitudes. 
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PEOPOSITION VII. THEOREM. 

The area of a trapezoid is equal to its altitude multiplied by the 

half sum' of its parallel bases. 



Ijei ABCD be a trapezoid, EF its aiti- d TEC 
tude, AB and CD its parallel bases; then ''^ ^ 
will its rfrea be equal to EFx 1(AB + CD). jj; 

Through I, the middle point of the side 
BC, draw KL parallel to the opposite side 
AD ; and produce* DC till it rneets KL. "^ 




In the triangles IBL, ICK, we have the side IB=IC, by 
construction; the angle LIB =:CIK; and since CK and BL 
are parallel, the angle IBL=ICK (Book I. Prop. XX. Cor. 2.) ; 
hence the triangles are equal (Book I. Prop. Vl.); therefore, 
the trapezoid ABCD is equivalent to the parallelogram ADKL* 
and is measured by EF x AL. * 

But we have AL=:DK ; and since the triangles IBL and 
KCI are equal, the side BL=CK: hence, AB+CD~AL-^ 
DK=8AL ; hence AL is the half sum of the bases AB, CD ; 
hence the area of the trapezoid ABCD, is equal to the ahitude 
EF multiplied by the half sum of the bases AB, CD, a result 

*which is expressed thds : ABCD=EF x ^1±S?. 

Scholitim. If through I, the middle point of BC, the line tH 
be drawn, parallel to the base.AB, the point H will also be the 
middle of AD. For, since th6 figote AHIL is a parallelogram, 
as also DHIK, their opposite sides being parallel, we have 
AH=IL, and DH=IK; but since the triangles BIL,CIK,are 
equal, we already have IL=IK; therefore, AH=DH. 

It may be observed, that the line HI=AL is equal to 

-— t ; hence the area of the trapezoid may also be ex- 
pressed by EF X HI : it is therefore equal to the altitude of the 
trapezoid multiplied by the line which connects the middle 
points of its inclined side" 
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PROPOSITION VUL THEOREM. 

If a. line is divided into two parts^ the square described on ihe 
whole line is equivalent to the sum of the squares described on 
the partSf together with twice the rectangle contained by the 
parts. 

Let AC be the line, and B the point of division ; then, is 
AC« or (AB+BC)2=AB^+BC8+2AB x BC. 

Construct the square ACDE ; take AF= I S ? * P 

AB ; draw FG pardlel tq AC, and BH par- 
allel to A£. 7^ 

The square ACDE is made up of four parts ; 
the first ABIF is the square described on AB, 



since we made AF=;AB : the second IDGH is A B C 
the square described on IG, or BC ; for since we have AC= 
AE and AB=:AF, the difference, AC — ^AB must be equal to 
the difference AE-— AF, which gives BC=EF ; hui IG is equal 
to BC, and DG to EF, since the lines are parallel ; therefore 
IGDH is equal to a square described on BC, And those two 
squares being taken away from the whole square, there re- 
mains the two rectangles BCGI^ EFIH, each of which is mea- 
sured by AB X BC : hence the large square is equivalent to the 
two smaU squares, together with the two rectangles. 

Cor. If the line AC were divided into two equal parts, the 
two rectangles EI, IC, would become squares, and -the square 
described on the whole line would be equivalent to four times 
the square described on half the line. 

Scholium. This property is equivalent to the property de- 
monstrated in algebra, m obtaining the square of a binominal ; 
which is expressed thus : 

{a-\'b)^=i^+2ab+b\ 



PROPOSITION IX. THEORElVr. 

The sqttare described on tJie difference of two lines^ is equivalent 
to the sum of the squares described on the lines, miriMS twice 
the rectangle contained by the lines. 
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Let AB and BC be two lineg, AC their difference ; then is 
AC«, or (AB— BC)«= AB»-f BC^— 2AB x BC. 

Describe the square ABIF ; take AE j, p Q« x 

t= AC ; draw CG parallel to to BI, HK \~ 

parallel to AB, and complete the square jA » 

EFLK. "^^ 

The two rectangles CBIG, GLKD, 
are' each measured by AB x BC ; take 
them away from the whole figure ^ 

ABILKEAy which is equivalent to 
AB'+BC, and there will evidently remain the square ACDE; 
hence the theorem is true. 

Scholium. This proposition is equivalent to the algebraical 
formula, (a— 6)*=a^-^a64-6*. 
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PROPOSITION X. TH£OR]BM. 

The rectangle contained by the sum and the difference of twih 
lines, IS' equivalent to the difference of the squares of those 
lines. 

Let AB, BC, be two lines ; then, will 

(AB +BC) X (AB— BC) = AB'— BC*. 

On AB and AC, describe the squares 
ABIF, ACDE ; produce AB till the pro- 
duced part BK is equal to BC ; and £ 
complete the rectangle AKLE. 

The base AK of the rectangle EK, 
is the sum of the two lines AB, BC ; its 
altitude AE is the difference of the 
same lines ; therefore the rectangte 
AKLE is equal to (AB+BC) x (ABr- 
BC). But this rectangle is composed of the two parts ABHB 
+ BULK ; and the part BHLK is equal to the rectangle EDGE, 
because BH is equal to DE and BK to EF ; hence AKLE is 
equal to ABHE+ EDGE; These two parts make up the square 
ABIF minus the square DHIG, which latter is equal to a 
square described on BC : hence wc have 

(AB+BC) X (AB— BC)=AB?— BC«. 

Scholium. This proposition is equivalent to the algebraical 
formula, (a + 6) x {a—b) = a*— 6*. 
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PROPOSITION XI. THEOREM. 

The square described on the hypothenuse of a right angled tri- 
angle is equivalent to the sum of the squares described on the 
other two sides^ 

1/et the triangle ABC be right 
angled at A. Having described 
nquares on the three sides, let 
fall from A, on the hypothenuse, 
the perpendicular AD, which 
produce to E; and dravf the ^' 
diagonals AF, CH. 

The angle A6F is wside up 
of the angle ABC, together witn 
the right angle CBF ; the angle 
CBIi is made up of the same 
an^Ie ABC, together with the 
right anjzle ASH ; hence the , __ 

angle ABF is equal to HBC. But we have AB=Bn, being 
sicies of the same sauare ; and BF=BC, for the same reason : 
therefore the triangles ABF, HBC, have two sides atid the in- 
cluded ancle in each equal ; therefore they are themselves 
equal (Book I. Prop. V.). 

The triangle ABF is half of the rectangle BE,. because they 
have the sam^ base BF, and the same altitude BD (Prop. II. 
Cor. 1.). The viimgle HBC is in like manner half of tho 
square AH : for thfe angles BAC^BAL, being both right angles, 
AC and AL form oriexand. the same straight line parallel to 
HB (Book I. Prop. ni.)\and consequently the triangle HBC^i 
and the square AH, whic^have the common base BH, have 
also the common altitude A3;^ hence the triangle is half of the 
square* 

The triangle ABF has already l^en proved eqi;ml to the tri- 
angle HBC ; hence the rectangle BJ>EF, lyhich i» double of 
the triangle ABF, must be equivalent ip the square AH, which 
18 double of the triangle HBC. In the s^me mamier it may be 
proved, that the rectangle CDEG is equivalent to the square 
AI. But the two rectangles BDEF, Cl)!RG, taken together, 
make up the square BCGF ; therefore the s^pare BCGF, de- 
scribed on the hypothenuse, is equivalent to the. sum of the 
squares ABHL, ACIK, described on the two other sides ; in 
•ther wojds, BC«=ABHAC«. 



ttt\ ■*»■ 



BOOKIV. »t 

Cor. 1. Hence the square of one of the sides of a risfat an* 

Sled triangle is equivalent to the square of the h}rpothenu8e 
iminished by the square of the other side ; which is thus ex- 
pressed : AB»=BC<-ACl 

Cor. 2. It has just been shown that the square AH is equi- 
valent to the rectangle BDEF ; but by reason of the common 
altitude BF, the square BCGF is to the rectangle BD£F as the 
base BC is to the base BD ; therefore we have 

BC« : AB« : : BC : BD. 

H^nce the square of the hypothefiuse is to the square of one of 
the sides about the right angky as the hypothenuse is to the seg* 
ment adjacent to that side. The word segment here denotes 
that part of the hypothenuse, which is cut off by the perpen- 
dicular let fall from the right angle : thus BD is the segment 
adjacent to the side AB ; and DC is the segment adjacent to 
the side AC. 'We might have, in like manner^ 

BG« : AC2 : : BC : CD. 

Cor. B. The rectangles BDEF, DCGE, having likewise the 
same altitude, are to each other as their bases BD, CD. But 
these rectangles are equivalent to the squares AH, AI ; there- 
fore we have AB* : AC* : : BD : DC. 

Hence the squares of the tu)o sides containing the right angle^ 
are to each other as the segments of the hypothenuse which lie 
adjacent to those sides. 

Cor. 4. Let'ABCD be a square, and AC its jgr j 

diagonal : the triangle ABC being right an- 

fled and isosceles, we shall have AC*=AB*-f- 
IC*=2AB*: hence the square described on the -^ 
diagonal AC, is double of the square described 
on the side AB. 

This property may be exhibited more plainly, 
by drawing parallels to BD, throu^ the points A and C, and 
parallels to AC, through the points B and D. A new square 
EFGH will thus be formed, equal to the square of AC. ^ow 
EFGH evidently contains eight triangles each equal to ABE ; 
and ABCD contains four such triangles : hence EFGH is 
double of ABCD. 

Since we have AC* : AB' : : 2 : 1 ; by extracting th«^ 
square roots, we shall have AC : AB : : \/2 : 1 ; hence, the 
diagonal of a sqttdre is incommensurable with its side ; a pro- 
perty which will be explained more fully in another place. 
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PROPOSITION XII. THEOBEM. 

In every triangle, tJie square of a side opposite an acute angle is 
less than the sum of the squares oftJte other two sides, by twice 
the rectangle contained by the base and the distance from the 
acute angle to the foot of the perpendicular let fall from the 
opposite angle on the base, or on the base produced. 

Let ABC be a triangle, and AD perpendicular to the base 
CB ; then wiU AB«= ACHBC*— 2BC x CD. 

There are two cases. 

First. When the perpendicular falls within 
the triangle ABC, we have BD=:BC— CD, 
and consequently BD2=BC2+CD'— 2BC 
X CD (Prop. IX.). Adding AD« to each, 
and observing that the right angled trian- 
gles ABD^AJBc, give ADHBD2=ABl and 
ADHCD2=:AC^ we have AB«=BCH ^ 
AC^— 2BCxCD. B 



Secondly. When the peipendicular AD 
falls without the triangle ABC, we have BD 
=CD— BC ; and consequently BD«=CD«-f 
BC«— 2CDxBC (Prop. IX.). Adding AD» 
to both, we find, as before, AB2=BC2-fAG* 
— 2BCxCD. 





PROPOSITION XIII. THEOREM. 

In every obtuse angled triangle, the square of the side opposite the 
obtuse_ angle is greater than the sum of the squares of the other 
two sides by twice the rectangle contained by the base and the 
distance from the obtuse angle to the foot of the perpendicular 
let fill from the opposite angle on the base produced. 

Let ACB be a triangle, C the obtuse angle, and AD perpen- 
dicular to BC produced ; then will AB«=AC«+BC2+2BC x 
CD. 

The perpendicular cannot fall within the 
triangle ; for, if it fell at any point such as 
E, there would be in the triangle ACE, the 
right angle E, and the obtuse angle C, which ^ 
is impossible (Book I. Prop. XXV. Cor. 3.) : i c is 
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hence the perpendicular falls withoat ; and ^e have BD:=BC 
+ CD. From this there results BD«=BC« + CDH 2BC x CD 
(Prop. VUL). Adding AD^ to both, and reducing the sums as 
in the last theorem, we find AB«=BCH AC«+2BC x CD. 

Scholium. The right angled triangle is the only one in which 
the squares described on thQ two sides are together equivalent 
to the square described on the third ; for if the angle contained 
by the two Glides is acute, the sum of their squares will be 
greater than the square of the opposite side ; if obtuse, it will 
be less. 

PROPOSITION XIV. THEOREM. 

In any triangle^ if a straightline he drawn from the vertex to the 
middle of the base, twice the square, of this line, to^eilier with 
twice the square of half the base, is equivalent to the sum of the 
squares of the other two sides of the triangle. 



• • 

Let ABC be any triangle, and AE a line drawn to the mid- 
dle of the base BC ; then will 

2AEH2BE2=ABHAC2 
On BC, let fall the perpendicular AD. A 

Then, by Prop. XII. 

AC2= AEHEC^— 2EC X ED. 
And by Prop. XI 11. 

AB2i=AEHEB«+2EB x ED. r^f- rr^ 

Hence, by adding, and observing that EB and EC are e^ual, 
we have 

AB2 + AC2z=2 AE2 4- 2EB2. 

Cor. Hence, in every parallelogram the. squares of the sides 
are together equivalent to the squares of the diagonals. 

For the diagonals AC, BD, bisect each b- q 

other (Book L Prop. XXXI.) ; consequently 
t!ie triangle ABC gives 

ABN BC2=2AE«+2BE» 

The triangle ADC gives, in like manner. 

ADH DC2rz2 AEH 2DE^ 
Adding the corresponding members together, and observing that 
BE and DE are equal, we shall have 

AB*+ADHDC2+BC«=i4AEH4DE«. 
But 4AE* is the square of 2AE, or of AC ; 4DE2 is the square 
of BD (Prop. VIII. Con) : hence the squares of the sides are 
together equivalent to the squares of the diagonals. 

II 
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PROPOSITION XY. THEOREM. 

If a Kne be drawn parallel to the lose of a irianglef it wiU divide 

the other sides proportionally. 

Let ABC be a triangle, and DE a straight line draivn par* 
allel to the base BC ; then will 

AD : DB : : AE : EC. 

Draw BE andDC. The two triangles BDE, 
DEC having the same base DE, and the same 
altitude, since both their vertices lie in a line 
parallel to the base, are equivalent (Prop. II. 
Cor. 2.). 

The triangles ADE, BDE, whose common 
vertex is E, have the same altitude, and are to 
each other as their bases (Prop. VI. Cor.) ; 
hence we have 

ADE : BDE : : AD : DB. 

The triangles ADE, DEC, whose common vertex is D, have 
also the same altitude, and are to each other as their bases ; 

hevicfi 

ADE : DEC : : AE : EC. 

# 

But the triangles BDE, DEC, are equivalent ; and tlierefoie, 
we have (Book II. Prop. IV. Cor.) 

AD : DB : : AE : EC. 

Cor. 1. Hence, by composition, we have AD+DB : AD : : 
AE+EC : AE, or AB : AD : : AC : AE ; and also AB : 
BD : : AC : CE. 

Cor. 2. If between two straight lines AB, CD, any number 
of parallels AC, EF, GH, BD, &c. be drawn, those straight 
lines will be cut proportionally, and we shall have AE : CF : : 
EG : FH : GB : HD. 

For, let O be the point where AB and 
CD meet.' In the triangle OEF, the line 
AC being drawn parallel to the base EF, 
we shall haveOE : AE : : OF : CF,or 
OE : OF : t AE : CF. In the triangle 
OGH, we shall likewise have OE : EG 
: : OF : FH,orOE : OF : : EG : FH. 
And by reason of the common ratio OE : 
OF, those two proportions give AE : CF 
: : EG : FH. It may be proved in the 
same manner, that EG : FH : : GB : HD, and so on ; hence 
the lines AB, CD, are cut proportionally by the paradlels AC, 
EF, GH, &c. 
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PROPOSITION XVI. THEOREM. 

Conversely^ if two sides of a triangle are cut proportionally by a 
straight line, this straight line will be parallel to the third side* 

In the triangle ABC, let the line DE be drawn, making 
AD : DB : : AE : EC : then will DE be parallel to BC. 

For, if DE is not parallel to BC, drayr DO paral- 
lel to it. Then, by the preceding theorem, we shall 
have AD : DB : : AO : OC. But by hypothe.. 
sis, we have AD : DB : : AE : EC : hence we 
must have AO : OC : : AE : EC,orAO : AE 
: : OC : EC ; an impossible result, since AO, the 
one antecedent, is less than its consequent AE, 
and OC, the other antecedent, is greater thaaits 
consequent EC. Hence the parallel to BC, drawn from the 
point D, cannot differ from DE ; hence DE is that parallel. 

' Scholium, The same conclusion would be true, if the pro* 
portion AB : AD : : AC : AE were the proposed one. Few 
diis proportion would give AB — ^AD : AD : : AC — ^AE : 
AE, or BD : AD : : CE : AE. 

PROPOSITION XVII. THEOREM, 

The line which bisects the vertical angle of a triangle, divides the 
base into two segments, which are proportional to the adjacent 
sides. 

In the triangle ACB, let AD be drawn, bisecting the angle 
CAB ; then will 

BD : CD : : AB : AC. 

Through the point C, draw CE e 
parallel to AD till it meets BA 
produced. 

In the triangle BCE, the line AD 
is parallel to the base CE ; hence 
we h^ve the proportion (Prop. 
XV.), 

BD : DC : : AB : AE. 

But the triangle -ACE is isos- Ci I> 

celes : for, since AD, CE are parallel, we have the angle ACE 
-DAC, and the angle AECi^BAD (Book I. Prop. XX. Cor. 
S dt 3.) ; %{xi, by hypothesis, DAC=:BAD ; hence the zsf 
rie ACEmAEC, and consequently AErrAC (Book I. Pfop. 
All.)« In place of AE in' the above proportion, scftstitnte AC, 
and we shall have BD : DC : : AB : AC. 
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PROPOSITION XVIII. THEOREM. 

7W equiangtdar triangks have their homologous sides propor^ 

tionaly and are similar. 

Let ABC, CDE be two triangles which 
have their angles equal each to each, 
namely, BAC=CDE, ABC=DCE and 
ACB =: DEC ; then the homologous sides, 
or the sides adjacent to the equal angles, 
will be proportional, so that we shall 
have BC : CE : : AB : CD : : AC : 
DE. 

Place the homologous sides BC, CE in the same straight 
line ; and produce the sides BA, ED, till they meet in F, 

Since BCE is a straight line, and the ande BCA is equal to 

^ CED, it follows that AC is paraUel to DE (Book I. Prop. XIX. 

Cor. 2.). In like manner, since the angle ABC is equal to 

DCE, the line AB is parallel to DC. Hence the .figure ACDF 

18 a parallelogram. 

In the triangle BFE, the line AC is parallel to the base FE ; 
hence we have BC : CE : : BA : AF (Prop. XV.); or put- 
ting CD in the place of its equal AF, 

BC : CE : : BA : CD. 

In the same'triande BEF, CD is parallel to BF which may 
be considered as the base; and we have the proportion 
BC : CE : : FD : DE ; or putting AC in the place of its equal FD, 

BC : CE : : AC : DE. 

And finally, since both these proportions contain the same 
ratio BC : CE,- we have 

AC : DE : : BA : CD. 

Thus the equiangular triangles BAC, CED, have their ho- 
mologous sides proportional. But two figures are similar when 
they have their angles equal, each to each, and their homolo- 
gous sides proportional (Def. 1.) ; consequently the equiangu- 
uu* triangles BAC, CED, are two similar figures. 

Cor. For the similarity of two triangles, it is enough that 
tiiiey have two angles equal, each to each ; since then, the 
third will also be equal in both, and the two triangles wiU be 
equiangular. 
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Scholitim. Observe, that in similar triangles, the homolo* 
gous sides arc opposite to the equal angles ; thus the angle ACB 
being equal to DEC, the side AB is homologous to DC ; in like 
manner, AC and D£ are homologous, because opposite to the 
equal angles ABC, DCE. When the homologous sides are de- 
termined, it is easy to form the proportions : 

AB : DC : : AC : DE : : BC : CR 



PROPOSITION XIX. THEOREM. 

-■ Two trianghsy which have their homologous sides proportional 

are equiangular and similar. 

In the two triangles feAC, DEF, 
suppose we have BC : EF : : AB 
: DE : : AC : DF; then wUl the 
triangles ABC, DEF have their an- 

?les equal, namely, A=D, B=E, 
;=F. 

At the point E, make the angle 
F£iB=B, and at F, the angle EF6=C ; the thfaxl G will be 
equal to the third A, and the two triangles ABC, EFG will be 
equiangular (Book I. Prop. XXV* Cor. 2.). Therefore^ by the 
last theorem, we shall have BC : EF : : K& : EG ; but, by 
hypothesis, we have BCt: EF : : AB : DE ; henl^e EG=DE. 
By the same theorem, we shall also have BC : EF : : AC : 
FG; and by hypothesis, we have BC : EF : : AC : DF; 
hence FG=DF. Hence the triangles EGF, DEF, havmg their 
three sides equal, each to each, are themselves equal (Book I. 
Prop. X.). But by construction, the triangles EGF and 
K&il, are equiangular : hence DEF and ABC are also equiaib, 
gular and similar. 

Scholium 1. By the last two propositi()ns, it appears that la 
triangles, equality amon^ the angles is a consequence oCpro* 
portionaUty among the sides, and conversely ; so that either of 
those conditions' sufficiently determines the similarity oC two 
triangles. The case is different vnih regard to ^^ures of 
-more than three sides : even in auadrilaterals, the proportioa 
between the sides may be altered Without altering the an^eir 
or the anffles may be altered without altering the proportioa 
between the sides ; and thus proportionality among the sides 
cannot be a consequence of eouaiity among the angles of two 
quadrilaterals, or viceversa. it is evident for 'oKaoaijpIe, that 

H 
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by drawing EF parallel to BC, the angles of 
the quadrilateral AEFD, are made equal to 
tho«e of ABCD, though the proportion be- 
tween the sides is different ; and, in like man- 
ner, without changihff the Tour sides AB, BC, ^ 
CD, AD, we can ms^e the point B approach ^ -^ b 
D or recede from it, which will change the 
angles. 

8choKum2. The two preceding propositions, which in strict- 
ness form but one, together with that relating to the square of 
the hypothenuse, are the most important and fertile in results 
of any in geometry : they are almost sufficient; of themselves 
for every application to subsequent reasoning, and for solviilc 
every problem. The reason is, that all figures may be divided 
into triangles, and any triangle into two right anskd triangles. 
Thus the general properties of triangles include, by implica- 
tion, those of all figures. 



PROPOSITION XX. THEOREM. 



T\do triangles^ which have an angle of the one equal to an angle 
of the other^ and the $ides containing those angles proportional 
are similar^ 

• 

In the two triangles ABC, DEF, let ^ 
the ancles A and D be equal ; then, if 
AB : DE : : AC : DF, the two trian- 
gles will be similar. 

Take AG=DE, and draw GH paral- 
lei to BC. The angle A6H will be equal 
to the angle ABC (Book I. Prop. XX. 
Cor 3.) ; imd the triangles A6H, ABC, will be equiangular : 
hence we shall have AB : AG : : AC : AH. But by hypo- 
thesis, we have AB : DE : : AC : DF ; and by construction, 
AG=DE : hence AH=DF. The two triangles AGH, DEF, 
have an equal apgle included between equal sides; therefore 
they are equal ; but the triangle AGH is similar to ABC \ ther^- 
fore DEF is uso similar to ABC* 
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FKOPOSITION XXL THEOREM. 

Two triangleSf which have their homologous sides parallel^ or 
perpendicular to each other ^ are similar. 

Let BAG, EDF, be two triangles. 

First. If the side AB is parallel to DE, and 
BC to EF, the angle ABC will be equal to 
DEF (Book L Prop. XXIV.) ; if AC is parallel 
to DF, the angle ACB will be equal to DF£, 
and also BAC to EDF ; hence the triangles 
ABC, DEF, are eqwangular; consequently 
they ore similar (Prop. XVIIL). 




Secondly. If the side DE is perpen- 
dicular to AB, and the side DF to AC, 
the two angles I and H of the quadri- 
klcml AIDH v/i!l be right s^gles ; e«d 
since all the four angles are together 
equal to four right an^es (Book 1. Prop* 
XXVI. Cor. l.),the remaining two I AH,. 
IDH, will be together equal to two right B 
anffles. But the two angles EDF, IDH, are also equal to two 
right angles : hence the an^le EDF is equal to lAH or BAC. 
In like manner, if the third side £F is perpendicular to the third 
side BC, it may be shown that the an^e DFE is equal tp C, and 
DEF to B : hence the triangles ABC, DtJF, which have the 
sides of the one perpendicular to the corresponding sides of the 
other, are equiangular and similar. 

Scholium. In the case of the sides being parallel, the homolo- 
gous sides are the parallel ones : in the case of their being per- 
pendicular, the homologous sides are the peipendicular ones. 
Thus in the latter case DE is homologous with AB, DF with 
AC, and EF with BC. 

The case of the perpendicular sides might present a rela- 
tive position of the two triangles different from that exhibited 
in the diagram. But we might always conceive a triangle 
DEF to be constructed within the triangle ABC, and such that 
its sides should be parallel to those of the triangle compared 
with ABC ; and then the demonstration given in the text would 
apply. 
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PROPOSITION XXII. THEOREM. 

In any triangk^ if a Kne be drawn parallel to the base^ then^ all 
lines drawn from the vertex will divide the base and the par- 
allel into proportional parts^ 

Let-DE be parallel to the base BC, and 
the other lines drawn as in the figure ; 
then will 
DI : BF : : IK : FG : : KL : GH. 

For, since DI is parallel to BF, the 
triangles ADI and ABF are equiangu- 
lar; and we have DI : BF : : AI : 
AF ; and since IK is parallel to FG, :^ 
we have in like manner AI : AF : : 
IK : FG ; hence, the ratio AI : AF being common, we shall 
have DI : BF : : IK : FG. Jn the same manner we shall 
£sd !K i JFG I 4 KL : GH $ ^nd so wi&r4he other segmental 
hence the line D£ is divided at the points I, K, L, in the same 
proportion, as the base BC, at the points F, G, H. 

Cor. Therefore if BC were divided into equal parts at the 
points F, G, H, the parallel D£ would also be divided into equal 
parts at the points I, K, L. 




PROPOSITION XXIII. THEOREM. 

I * 

If from tlie right angle of a right angled triangle^ a perpendicu^ 
lar be let fall on the hypothenuse ; then, 

1st The two partial triangles thusfonnedf will be similar to ecuih 
other, and to the whole triangle. \ 

2d, Either side including the right angle will be a mean propor- 
tional between the hypothenuse and the adjacent segment. 

3d. The perpendicular will be a mean proportional between the 
two segments of the hypothenuse. * 

Let BAG be a right angled triangle, and AD perpendicular 
to the hypothenuse BC. 

First. The triangles BAD and BAG A 

have the common angle B, the right 
angle BDA=BAC, and therefore the 
third angle BAD of the one, equal to 
the third angle C, of the other (Book 
I. Prop[. XXV. Cor 2.) : hence those 'S^ 
two triangles are equiangular and 
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similar. In the same manner it may be shown that the trian- 
gles DAC and BAG are similar ; hence all the triangles are 
equiangular and simUar. 

Secondly, The triangles BAD, BAG, being similar, theur 
homologous sides are proportional. But BD in the small tri- 
angle, and BA in the large one, are homologous sides, because 
they lie opposite the equal angles BAD, BGA ; the hypothe- 
nuse BA of the small triangle is homologous with the hypo- 
thenuse BG of the large triangle : hence the proportion BD : 
BA : : BA : BG. By the same reasoning, we should find 
DC : AG : : AG : BG ; hence, each of the sides AB,,AG, is 
a mean proportional between the hypothenuse iEUid the segment 
adjacent to that side. 

Thirdly. Since the triangles ABD, ADC, are similar, by 
comparing their homologous sides, we have BD : AD : : AD 
: DC ; hence, the perpendicular AD is a mean proportional 
between the segments BD, DC, of the hypothenuse. 

Scholium. Since BD : AB : : AB \ BG, the product of the 
extremes will be equal to that of the means, or AB?=BD.BC. 
For the same reason we have AC^=DG.BC ; therefore AB^-f 
AG«=BD.BC + DG.BG= (BD + DG).BC=BG.BG=BG2; or 
the square described on the hypothenuse BG. is equivalent to 
the squares described on the two sides AB, AG. Thus we again 
arrive at the property of the square of the hypothenuse, by a 
path very different from that which formerly conducted us to 
it : and thus it appears that, strictly speaking, the property of 
the square of the hypothenuse, is a consequence of the more 
general property, that the sides of equian^lar triangles are 
proportional. Thus the fundamental propositions of geometry 
are reduced, as it were, to this single one, fliat equiangular tri- 
angles have their homologous sides proportional. 

It happens frequeritly, as in this instance, that by deducinff . 
consequences from one or more propositions, we are led back 
to some proposition already proved. In fact, the chief charac- 
teristic of geometrical theorems, and one indtft)itable proof of 
their certainty is, that, however we Combine them together, 
provided only our reasoning be correct, the results we obtain 
are always perfectly accurate. The case would be different, 
if any proposition were false or only approximately true : it 
would frequently happen that on comjbinmg the propositions 
together, the error would increase and become perceptible. 
Examples i>f this are to be seen m all the demonstrations, in 
which the reductio ad cAsurdum is'employod. In such denion* 
strations, where the object is to show that two quantities are 
equaJ, we proceed by snowing that if there existed the smallest 
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inequality between (he quantities, a train of accurate reason«> 
ins would lead us to a manifest and palpable absurdity; from, 
wnich we are forced to conclude that the two quantities are 
equied. 

Car. Iffrom a point A, in the circumference 
of a circle, two chords AB, AC, be drawn 

the extremities of a diameter BC, the triangle 

B AC will be right angled at A (Book III. Prop. ^ ^ C 

XVIII. Cor. 2.) ; hence, first, the perpendicular AD is a mean 
proportional between the two segments BD, DC, of the diameter^ 
or what is the san^e, AD'rrBD.DC. 

Hence also, in the second place, '<Ae chord AB is a meanpro^ 
portional between the diameter BC and the adjacent segmentSD^ 
or, what is the same, AB^=BD.BC. In like manner, we have 
AC«=CD.BC ; hence AB« : AC« : : BD : DC : and com- 

Earing AB« and AC, to BC, we have AB« : BC« : : BD : 
IC, and AC« : BC* : : DC : BC. Those proportions between 
the squares of the sides compared with each other, or with Xh% 
square of the hypothenuse, have already been given in the third 
and fourth corollaries of Prop. XL 



PROPOSITION XXIV. THEOREM. 

Two triangles having an angle in each equals are to each other 
as the rectangles of the sides which contain the equal angles. 

In the two triangles ABC, ADE, let the angle A be equal to 
the angle A \ then will the triangle 

ABC s ADE : : AB.AC : AD.AE. 

Draw BE. The triangles 
ABE, ADE, having the com^ 
moR vertex E, have the same 
Altitude, and consequentlv are 
to each other as their bases 
(Prop. Yl. Cor.) : that is, 

ABE : ADE s : AB : AD. 

In like manner, 

ABC i ABE : : AC t Afi. 

Multiply together the corresponding t^rms 6f these proportioni, 
omittmg the commQn term ABE ; we have ^ 

ABC : ADE : AB.AC : AD.AC. 
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Cor. Hence the two triangles wppld be equivalent, if the 
rectangle AB.AC were ecjual to the rectangle AD.AE, or if 
\re had AB : AD : : AE : AC ; which would happen if DC 
were parallel to BE. 




PROPOSITION XXV. THEOREM. 

Tkco similar triangles are to each other as the squares described 

on their homologous sides. 

Let ABC, DEF, be two similar trian- -A- 
gles, having the angle A equal to D, and 
the angle Bf=E. 

Then, first, by reason of the equal an- g 
gles A and D, according to the last pro- 
position, we shall have _ 

ABC : DEF : : AB.AC : DE.DF. ^ 
AlsOi because the triangles are similar, 

AB : DE : : AC : DF, 

And multiplying the terms of this proportion by the corres 
ponding terms of the identical proportion, * 

AC : DF : : AC : DF, 
there will result 

AB.AC : DKDF : : AC^ : DP. 

Consequently, 

ABC : DEP : : AC« : DP. 

Therefore, two similar triangles ABC, DEF, are to each 
other as the squares described on their homologous sides AC, 
DF, or as the squares of any other two homologous sides. 



PROPOSITION XXVI. THEOREM. 

Tufo similar polygons «re composed of the same number of tri- 
angles^ similar, each to each^ and similarly situated. 
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M G£OM£TRT. 

Let ABCDE, FGHIK, be two nmilar potygons. 

From any angle A, in * 
the polygon ABCDE, 3^ 
draw diagonals AC« AD 
to the other angles. From 
the homologous angle F, 
in the other polygon 
F6HIK, draw diagonals 
FH, FI to the other an- 
gles. 

These polygons heiuB similar, the angles ABC, FGH, which 
are homologous, must be equal, and £e sides AB, BC, must 
also be proportional to FG, GH, that is, AB : FG : : BC : 
GH (Def. L). Wherefore the triangles ABC, FGH, have each 
an equal angle, contained between proportional sides ; hence 
they are similar (Prop. XX.) ; therefore the angle BC A is equal 
to GHF. Take away these equal angles from the equal angles 
BCD, GHI, and there remains ACD=FHI. But since the 
triangles ABC, FGH, are similar, we have AC : FH : : BC : 
GH ; and, since the polygons are similar, BC : GH : : CD : 
HI ; hence AC : FH : : CD : HI. But the angle ACD, we 
already know, is equal to FHI ; hence the triangles ACD, FHI, 
have an equal angle in each, included between proportional 
sides, and are consequently similar (Prop. XX.). In the same 
manner it might be shown that all the remaining triangles are 
similar, whatever be the number of sides in the polygons pro^ 
posed : . therefore two similar polygons are composed of the 
same number of triangles, similar, and similarly situated. 

Scholium^ The converse of the proposition is equally true : 
If two polygons are composed of the sams number of triangles 
similar and similarly situated^ those two polygons mil be similar^ 

For, the similarity of the respective triangles !will give the 
angles, ABC =FGH, BCA=GHF, ACD=FHI : hence BCD= 
GHI, likewise CDE=HIK, &c. Moreover we shall have 
AB : FG : : BC : GH : : AC : FH : : CD : HI,&c.jhence 
the two polygons have their angles equal and their sides pro* 
portionaT ; consequently they are similar. 



PROPOSITION XXVII. THEOREM. 

7%e contours or perimeters of similar polygons are to each other 
as the homologous sides : and the areas are to each other as 
the squares described on those sides* 
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First. Since, by the 
nature of similar fimires, 3 
we have AB : FG : : 
BC : GH : : CD : HI, 
See. xve conclude from 
this series of equal ratios 
that the sum of the ante- 
cedents AB+BC + CD, 
&c., which makes up the perimeter of the fost polygon, is to 
the sum of the consequents F6+6H+HI, &c., which makes 
up the perimeter of the second polygon, as any one antecedent 
is to its. consequent ; and therefore, as the side ^B is to its cor- 
responding side F6 (Book II. Prop. X.). 

Secondly. Since the triangles ABC, F6H are similar, we 
shall have the triangle ABC : FGH : : AC^ : FH» (Prop. 
XXY.) ; and in like manner, from the similar triangles ACi), 
FHI, we shall have ACD : FHI : : AC^ : FH«; therefore, by 
reason of the common ratio, AC* : FH', we have 

ABC r FGH : r ACD ^FHI. ^ -. ., . 

By the same mode of reasoning, we should find 

ACD : FHI : : ADE : FIK; 

and so on, if there were more triangles. * And from this series 
iS£ equal ratios, we conclude that the sum of the antecedents 
ABC + ACD + ADE, or the polygon ABCDE, is to the sum of 
the consequents FGH + FHI + FIK, or to the polygon FGHIK, 
as one antecedent ABC, is to its consequent FGH, or as AB' 
is to FG' (Prop. XXV,)^; h^ce the areas of similar poly- 
gons are to each other as the squares described on the homolo- 
gous sides. 

Cor. If three similar figures were constructed, on the 
three sides of a right angled trianglo, the figure on the hypo- 
thenuse would be equivalent to the sum of £e other two : for 
the three figures are proportional to the squares of their 
homologous sides ; but the square of the hypothenuse is 
equivalent to the sum of the squares of the two other sides; 
hence, &c. 



PROPOSITION XXVni. THEOREM. 

The segments of two chords, which intersect each other in a circle, 

are reciprocally proportional. 
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Let the chords AB and CD intenect at O : then will 

AO : DO : : OC : OB. 

Draw AC and BD. In the trian^es ACO, 
BOD, the angles at O are equal, being verti- 
cal ; the angle A is equal to the angle D, be- 
cause both are inscribed in the same segment 
(Book III. ProD. XYIII. Cor. 1.) ; for the same 
reason the angle C=:=B ; the triangles are there- 
fore similar, and the homologous sides give the proportion 

AO : DO : : CO : OB- 

Cor. Therefore AO.OB=DO. CO: hence the rectangle 
inder the two segments of the one chord is equal to the rect* 
angle under the two segments of the other. 




PROPOSITION XXIX. THEOREM. 

Jf .frank the same' point without a circle^ two, secants be drcnon 
terminating in the concave arCy the whole secants will he recip" 
rocally proportional to their external segments. 

• 
. Let the secants OB, OC, be drawn from the point O : 
then will 

OB : OC : : OD : OA. 

For, drawing AC, BD, the triangles OAC, 
QBD have the angle O common ; likewise the 
angle B=C (Book III. Prop. XVIII.Cor. 1.); 
these triangles are therefore similar ; and their 
homologous sides give the proportion, 
OB : OC : : OD : OA. 

Cor. Hence the rectangle OA.OB is equal 
to the rectangle OC.OD. 

Scholium. This proposition, it may be observed, bears a 
great analogy to the preceding, and differs from it only as the 
two chords AB, CD, mstead of intersecting each other within, 
cut each other without the circle. The following proposition 
may also be regarded as a particular case of the proposition 
just demonstrated. 
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PROPOSITION XXX. THEOREM. 

m 

If from the same point loiihout a circle, a tangent and a secant 
be drawnj the tangent will be a mean proportional between the 
secant and its external segment. 

From the point O, let the tangent OA, and the secant OC be 
be drawn ; then will 

OC : OA : : OA : OD, or OAS^=OC.OD. 
, For, drawing AD and AC, the triangles O 
OAD, OAC, have the angle O.common ; also 
the angle OAD, formed by a tangent and a 
chord, has for its measm^e half of the arc AD 
(Book III. Prop. XXI.) ; and the angle C has 

the same measure : hence the angle OAD= ^r" 1^ 

C ; therefore the two triangles are similar, 
and we have the proportion OC :,0A : : 
AO : OD, which gives OA«=OC.OD. 



PROPOSITION XXXI. THEOREM. 

If either angle of a triangle be bisected by a line terminating in 
the opposite side, tlie rectangle of the sides including the bi" 
sected angle, is equivalent to the square of the bisecting line 

. together with the rectangle contained by the segments of the 
third side. 

In the triangle BAC, let AD bisect the angle A ; then wUl 

AB.AC=^AD^-hBD.DC. 

Describe a circle through the three points 
A, B, C ; produce AD till it meets the cir- 
cumference, and draw C£. 

The triangle BAD is similar to the trian* 
gle EAC ; for, by hypothesis, the angle 
BAD=£AC; also the angle B=E, since 
they are both measured by half of the arc 
ACf ; hence these triangles are similar, and 
the homologous sides give the proportion BA : AE : : AD : 
AC ; hence BA.AC=AE.AD ; but AE=AD+DE, and multi- 
plying each of these equals by AD, we have AE.AD=AD'+ 
AD.DE; now AD.DE=BD.DC (frop. XXVUL) ; hence, 
finally, 

BA.AC=ADHBD.DC. 
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PROPOSITION XXXII. THEOREM. 

In every triangle^ the rectangle contained by two sides is equiva^ 
knt to the rectangle contained by the diameter of the circum- 
scribed circle^ arid the perpendicular let faU upon the third 
side* 

In the triangle ABC, let A6 be drawn perpendicular to BC ; 
and let EC be the diameter of the circumscribed circle ; then 
wiU 

AB.AC=AD.CE. 

For, drawing AE, the triangles ABD, 
AEC, are right angled, the one at D, the 
other at A: dso the angle B=E; these tri- 
angles are therefore similar, and they give 
the proportion AB : CE : : AD : AC ; and 
hence AB.AC=CE.AD. 

Cor. If these equal quantities be multiplied by the same 
quantity BC, there will result AB.AC.BC=CE.AD.BC ; now 
AD.BC is double of the area of the triangle (Prop. VI.) ; there- 
fore the product of three sides of a triangle is equal to its area 
Wiultiplied by twice the diameter of the circumscribed circle. 

The product of three lines is sometimes called a solids for a 
reason that shall be seen afterwards. Its value is easily con- 
ceived, by imagining that the lines are i*educed into numbers, 
and multiplying these numbers together. 

Scholium. It may also be demonstrated, that the area of 
a triangle is equal to its perimeter multiplied by half the radius 
of the inscribed circle. 

For, the triangles AOB, BOC, 
AOC, which have a common 
vertex at O, have for their com- 
mon altitude the radius of the 
inscribed circle ; hence the sum 
of these triangles will be equal 
to the sum of the bases AB, BC, 
AC, multiplied by half the radius 
OD ;* hence the area of the triangle ABC is equal to the 
perimeter multiplied by half the radius of. the inscribed <urcle. 
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ntoroBmov xxxni> theorem. 

In every quadrilateral inscribed in a circle^ the rectangle if the 
two dtagofuxls is equivalent to ^e sum pf the rectangles of the 
opposite sides. 

In the quadrilateral ABCD, we shall have 

AC,BD=AB.CD+AD.Ba 

Take the arc CO=AD, and diraw BO 
meeting the diagonal AG in L 

IhQ angle ABD=CBI, since .the <Mie 
has for its measure half of the arc AD, 
and the other, half of CO, equal to AD ; 
the angle ADBs=BCI, because diey are A\ 
both inscribed in tfie same se^ent ' 
AOB ; hence the triangle ABD is simillur. 
to the triangle IBC, and we have the 
proportion AD : CI : : BD : BC i hence AJ>.BC=CL6D 
Again, the triangle ABI is similar to the triangle BSiC ; for the 
arc AD being equal to CO, if OD be added to each of them* 
we shall have the arc AO=DC ; hence the angle ABI is equal 
to DBC ; also the angle BAI to BDC, because they are in- 
scribed in tba same segment ; hence the triangles Am, DBC, 
are similar, and the homologous sides give the proportion AB -* 
BD : : AI : CD ; hence iCB.CD=AlBD. 

Adding the two results obtained, and observing that 

AI.BD + GI.BD = (AI + CI).BD=: ACBZ^, 

we shall have 

AD.BC + ARCD= ACBD. 
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PROBLEMS RELATING TO THE FOURTH B06K. 




PROBLEM I. 

To divide a giveH straight line into any number of equal parts, 
or into parts proportional to given Unes. 

First. Let it be proposed to diyide the line 
AB into five equal parts. Through the ex- 
tremity A, draw the indefinite straight line 
AG ; and taking AC of any magnitude, apply 
it five times upon A6 ; join the last pomt 
of division G, and the extremity B, by the 
straight line GB ; then draw CI parallel tb 
GB: AI will be the fifth part of the line 
AB ; and thus, by applying AI five times 
upon AB, the line AB will be divided into 
five equal parts. 
, For, since CI is parallel to GB, the sides AG, AB, are cut 
proportionally in C and I (Prop. XV.). But AC is the fifth 
part of AG, hence AI is the fifth part of AB, 

"Set^^rf/y. Let it be pro- 
posed to ^vide the line AB 
mto parts ^KQDortional to 
the given line> :p, Q, R. 
Through A, draw thu indefi- 
nite line AG ; make AC = 
P, CD=c=Q, DE-R ; join B^» 
the extremities E and B ; 
and through the points C, 
p, draw CI, DP, parallel to EB ? the line AB will be divided 
into parts AI, IF, FB, proportional to the given lines P, 
Q, R. 

For, by reason of tlie paraLlJs CI, DF, EB, the parts AI, 
IF, FB, are proportional to the parts AC, CD» DE ; and by 
construction, these are equal to the given lines P, Q9 R. 
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PROBLEM 11. 



To find a fourth proportional to three given lines^ A,3, C. 

Draw the two indefi- 
nite lines DE, DF, form- 
ing any angle with each 
other. Upon DE take 
DA=A, and DB=B ; 
upon DF take DC=C ; j^ 
draw AC ; and through -^ 
the point B, draw BX 
parallel to AC ; DX will be the fourth proportional required ; 
for, since BX is parallel to AC, we have the proportion 
DA : DB : : DC : DX ; now the first three terms of this pro- 
portion are equal to the three given lines : consequently DX is 
the fourth proportioned required. 

Cor. A third proportional to two given lines A, B, may be 
found in the same manner, for it will be the same as a fourth, 
proportional to the three lines A, B, B, ' 




PRt>BLEM IIL 




To find a mean proportioned between two given lin^s A and B. 

Upon the indefinite line DF, take 
DE= A, and EF=B ; upon the whole 
line DF, as a diameter, describe the 
semicircle DGF; at the point E, 
erect upon the diameter the perpen- 
dicular EG meeting the circumfe- 
rence, in G ; EG will be the niean 
proportional required. 

For, the perpendicular EG, let fall from a point in the cir- 
cumference upon the diameter, is a mean proportional between 
DE, EF, the two segments of the diameter (Prop. XXIII. 
Cor.) ; and these segments are equal to the given lines A 
and B. 
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PROBLEM IV. 



To divide a given line into two parts, such that the grea^rpart 
shall he a mean proportional between the whole line and the 
other part* 
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Let AB be the given line. 

At the extremity B of the line 
ABy erect the perpendicular BC 
equal to the half of AB ; fiom the 
point C, as a centre, with the ra- 
dius CB, describe a semicircle; 
draw AC .cutting the circumfe- 
rence in D ; anatake AF=:AD : 
the line AB will be divided at the point F in the manner re 
quired ; that is, we shall have AB : AF : : AF : FB. 

For, AB being perpendicular to the radius at its extremity, 
is a tangent ; and if AC be produced till it again meets the 
circumterence in E, we shall have A£ : AB : : AB : AD 
(Prop. XXX.); hence, by division, A£ — ^AB : AB : : AB— 
AD : AD. nut since the radius is the half of AB, the diame- 
ter DE is equal to AB, and consequently A£ — ^AB.=:AD=AF'; 
also, because AF=AD, we have AB — ^AD=:FB; hence 
AF : AB : : FB : AD or AF ; whence, by exchanging the 
extremes for the means, AB : AF ; ; AF : FB, 

fic^tttifi. This sort of division of the line AB is called di- 
vision in extreme and mean ratio : the use of it veill be per- 
ceived in a future part of the work. It may further be 
observed, that the secant AE is divided in extreme and mean 
ratio at the point D ; for, since AB^PfS, we Imve AE : DE 
; : DE : AD. 



PROBLEM V. 

IT^augh a given points in a given aiigle^ to draw a lint so thai 
the segments comprehended between Vie point and the two sides 
of the angkf shall be equal. 

Let BCD be the ^ven angle, and A the given point. 

Thrpuffb the point A, draw AE paral* q 

lei to CD, make BE:±=CE, and tiirough 
the points B and A draw BAD ; this will 
be the line required. 

For, AE bemg parallel to CD, we have 
BE : EC : : BA : AD; but B£=EC; 
therefore BA=AD. 
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PROBLEM VI. 



Fo describe a square ^t shall be eqtdvalent to a given paralklo^ 

granif or to a given triangle. 

First. Let ABCD be 
iie given parallelogram, 
kli its base, DE its alti- 
tude : between AB and 
UE find a mean propor- 
tional XY ; then will the 
square described upon 
XY be equivalent to the parallelogram ABCD. 

For, by construction, AB : XY : : XY : DE ; therefore, 
XY^= AB.DE ; but AB.DE is the measure of the parallelogram, 
and XY* that of the square ; consequently, they are equiva- 
lent. 





« 



Secondly. Let ABC be the 
given triangle, BC its base, 
AD its altitude : find a mean 
proportional between BC and 
the half of AD, and let XY be 
that mean ; the square de- 
scribed upon XY will be equi- 
valent to the triangle ABC. 

For, since BC : XY : : XY : lAD, it follows that XY«= 
BC-iAD ; hence the square descnbed upon XY is equJNralent 
to the triangle ABC. 

PROBLEM VIL 

Upon a given line, to describe a rectangle that shall be . equiva- 
lent to a given rectangle. 



Let AD be the line, and ABFC the given rectangle. 



X 



JJ 



C 



^F 



B 



^ 



Find av fourth propor 
tional to the three lines 
AD, AB, AC, and let AX 
be that fourth propor- 
tional ; a rectangle con- 
structed with the lines 
AD and AX will be equi- 
valent to the rectangle ABFC. ^^ . ^ ,, .u * ir^ av 
* For, since AD : AB : : AC : AX, it follows that AD.AX^ 
AB. AC ; hence the rectangle ADEX is equivalent to the rect- 
angle ABFC. \ 
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3V Jind tnw Kme$ wk^se ruiio JtmU he ike same as tie ratio ef 
twor9eiamglucomiameiijfgiveBkne9. 

Let A J, CD, be tbe rectaii^es oontained by the given lines 
A, B, C, and D. 

Find X# a fourth proportional to tlie tturee ^ 
lines By Cy D ; then wiU die two lines A and 
X hsTe the same ratio to each other as the ^ 



reetan^s A3 and C.D. ^ ^ 



For,since B : C: : D : X, it follows that ^^ 
C.D=B.X 5 hence AJi ; C.D : : A^ : &X Xi " 

Car. Hence to obtain the ratio of the sqoares described 
upon the ffiTcn hnes A. and C, 6nd a third proportional X to 
the lines A and C, so that A : C : : C ; X i yon will thcQ 
have 

A.X=C, or A*^=:A.(? ; hence 

A « V' « « A • An 
fROBLEM K. 

ft 

To find a triangle that shall be equivaknt to a given pofygon^ 

Let ABCD£ be the given polygon. 
Tk9^ first the diagonal C£ catting off 
the triangle CDE ; through the point 
D, draw PF parallel to CE, and meet- 
ing AE produced ; draw CF; the poly- 
gon ABCDE will be equivalent to the 
polygon ABCF, which has one side 
less than the original polygon. 

For, the triangles CDE, CFE, have the base'CE common, 
they have also the same altitude, since their vertices D and F, 
are situated in a line DF parallel to the base :. these triangles are 
tiierefore equivalent (Prop. II. Cor. 2.). Add to each of them 
'the figure ABCE, and there will result the polygon ABCDE» 
equivalent to. the poljrgon ABCF. 

The an^Ie B mOT'in like .manner be cut off, by substituting 
for the tnangle ABC the equivalent triangle A6C, and thus 
the pentagon ABCDE will be dvuiged into an equivalent tri- 
anirte GGF. 

The same process may be applied to every other figure ; 
for, by successively diminislnng the number of its sides, one 
being retrenched at eaeh step of the process, the equivalwt 
trian^e will at last be found. 
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Scholium. We have- already seen that eveiy triimgle may 
be changed into an equivalent square (Prob. YI.) ; and thus a 
square may alwiqrs be found equivalent to a given rectilineal 
figure, ^hich operation is cdled squaring the -rectilineal figure, 
or finding the quadrature of it. 

The problem of the quadrature of the circle^ consists in find- 
ing a square equivalent to a circle whose diameter is given. 
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PROBLEM X. 

To find the side of a square which shall he equivalent tajLhe sum 
. or the difference of two given squares^ 

Let A an4 B be the sides of the 
given squares. 

First. If it is required to find a 
square equivalent to the sum of 
these squares, draw the two indefi- 
nite lines ED, EF, at right angles 
to each other; take ED =^ A, and 
EG=B ; draw DG ; this will be the side of the square re- 
quired. 

For the triangle DEG being right angled, the square de- 
scribed upon DG is equivalent to the sum of the squares upon 
ED and EG. 

Secondly. If it is required to find a square equivalent to the 
difference of the given squares, form in the same manner the right 
angle FEH ; take GE equal to the shorter of the ^des A and 
B ; from the point G as a centre, with a^adius GH9 equal to 
the other side, describe an arc cutting EH in H : the square 
described upon EH will be equivalent to the difference of the 
squares described upon the lines A and B. 

For the triangle GEH isr right angled, the bypothenuse 
GH==A, and the side GE=:B; hence the squai^ described 
upon EH, is equivalent to the difference of the squares A 
andB. 

> 

Scholium, A square may thus be found, equivalent tB the 
sum of any number of squares ; for a similar construction which 
reduces two pf theni to one, vrill reduce three of tbem to two, 
and these two to (me, and b6 of others. It w6uld be the same, 
if any of the squares were to be subtracted firom the sum of 
the others. 
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PROBLEM XI. 

To find a square which shall be to a given square as a given 

line to a given line. 

Let AC be the given D 
square, and M and N the 
given lines. 

Upon the indefinite 
line EG, take EF=M, 
and FG=N ; upon EG 
as a diameter describe ^ _ 

a semicircle, and at the *point F erect the perpendicular FH. 
From the point H, draw the chords HG, HE, which produce 
indefinitely : upon the first, take HK equal to the side AB of 
the given square, and through the point K draw KI parallel to 
EG ; HI will be the side of the square required. 

For, by reason of the parallels KI, GE, we have HI : HK 
: : HE : HG; hence, AP : HK^ : : HE^ : HG^: but in the 
right angled triangle EHG, the square of HE is to the square 
c/ HG as the segment EF is to the segment FG (Prop. XI- 
Cor. 3.), or as M is to N ; hence HP : HK^ : : M : N. But 
HK= AB ; therefore the square described upon HI is to the 
square described upon AB as M is to N. 

PROBLEM XIL 

Upon a given linCf to describe a polygon similar to a given 

. polygon. 

Let FG be the given 
Kne, and AEDCB the 
given polygon. 

In the given polygon, 
draw the diagonals AC, 
AD; at tfie point F 
make the angle GFH= 
BAC, and at the point 
G the angle FGH=ABC ; the lines FH, GH will cut each 
oth^ in H, and FGH will be a triangle similar to ABC. In 
the same manner upon FH, homologous to AC, describe the 
triangle FIH similar to ADC ; and upon FI, homologous to AD, 
describe the triangle FIK similar to ADE. ,The polygon 
FGHIK will be similar to ABCDE, as required. 

For, these two polygons are composed of the same number 
of triangles, which are similar and similarly situated (Prop. 
XXVLSch.). 
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PROBLEM Xin. 

Tu)0 similar figures being given^ to describe a similar figure 
which shall be equivalent to their sum -or their difference. 

Let A and 6 be two homologous sides of the given figores. 

Find la square equivalent to Sie 
sum or to the difference of the 
squares de8cribe4 upon A and B ; 
let X be the side of that square ; 
then Mrill X in the figure required, 
be the side which is homologous 
to the sides A and B in the given 
figures. The figure itself maythen 
be constructed. on X, by the last problem. 

For, the simUar figures are as the squares of their homolo- 
gous sides ; now the isquare of the side X,is equivalent to the 
sum, or to the duSerence of the sqiiaresdescribed upon the 
Jiomologous sides A and B ; therefore the figure described upon 
the side X is equivalent to die sum, or to the difference of tht 
nmilar figures described upon the sidegirA and B. 




PROBLEM XIV. 



, To describe a figure similar to a given figure^ and bearing to it 

the given ratio ofMtoN. 



Let A be a side of the given figure, X 
the homologous side of the figure required. 
/Rie square of X must be to the square of 
A, as M is to N : hence X will be found by 
(Prob. XI.), and knowing X, the rest will be 
iccomplished by (Prob. XII.). 
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.PROBLEM XV. 

To construct a figure similar to the figure P, and equivalent to 

the figure Q, 

. Find M, the side of a square 
equivalent to the figure P, and 
N, the side of a square equiva- 
lent to the figure Q. Let X be 
a fourth proportional to the three 
given lines, M, N, AB;.upon 
the side X, homologous to AB, 
describe a figure similar to the figure P ; it will also be equiva- 
lent to the figure Q. 

For, calling Y the figure described upon the side X, we "have 
P : Y : : AB^ : X^; but by construction, AB :*X : : M : N, 
or AB« : X2 : : M« : N^ ; hence P : Y : : M« : W. But by 
construction also, M^=P and N^=Q ; theretoioP : Y : : P : 
Q ; consequently Y=Q ; hence the figure Y is similar to the 
figure P, and equivalent to the figure Q. 




PROBLEM XVI. 



To construct a rectangle equivalent to a given square^ and having 
the sum of its adjacent side& equal to a_given line. 

Let C be the square, and AB equal to the sum of the sides 
of the required rectangle. 

Upon AB as a diame- 
ter, describe a semicir- 
cle ; draw the line DE 
parallel to the diameter, 
at a distance AD from it, 

equal to the side of the A. 1?B 

given square C ; from the point E, where the parallel cuts the 
circumference, draw EF perpendicular to the diameter ; AF 
and FB will be the sides of the rectangle required. 

For their sum is equal to AB ; and their rectangle AF.FB is 
equivalent to the square of EF, or to the square of AD ; hence 
that rectangle is equivalent to the given square C. 

Scholium. To render the problem possible, the distance AD 
must not exceed the radius ; that is, the side of the square C 
must not exceed the half of the line AB. 
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PROBLEM XVIL 

To construct <i rectangle that shall be equivalent to a given 
square, and tlie difference of whose adjacent . sides shall be 
equal to a given line, - 

' . ■ ■• • ■ - . 

Suppose C equal to the given square, and AB the difference 
of the sides. 

Upon the given line AB as a diame- 
te^, describe a semicircle : at the ex- 
tremity of the diameter draw the tan- 
gent AD, equal to the side of the square 
C ; through the point D and the centre 
O draw the secant DF; then will DE 
and DF be the adjacent sides of the 
rectangle required. 

For, first, the diffei'ence of these sides 
is equal to the diameter £F or AB ; 
secondly, the rectangle DE, DF, is 
equal to AD^ (Prop. XXX.); hence that rectangle is equivalent 
to the given square C. ^ 




PROBLEM XVIII. 



To find tJie common measure, if there is one, between the diagonal 

and the side of a square. 

Let ABCG be any square what- 
ever, and AC its diagonal. 

We must first apply CB upon 
CA, as often as it may be contained 
there. For this purpose, let the 
semicircle DBE be described, from ' 
the centre C, with the radius GB. 
It is evident that CB is contained 
once in AC, with the remainder 
AD ; the result of the first operation 
is therefore the quotient 1, with the remainder AD, which lat- 
ter must now be compared with BC, or its equal AB. 

We might here take AJP= AD, and actually apply it upon 
AB ; we should find it to be contained twice with a remain- 
der : but as that remaincjer, and those which succeed it, con- 
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tinue diminuhiiigy and would soon 
elude oor comparisons by their mi- 
nuteness, this would be but an imper- 
fect mechanical method, from which ^ 
no conclusion could be obtained to 
determine whether the lines AC, CB, 
have* or have not a common measure. 
There is a very simple way, however, 
of avoiding these decreasing lines, J^ 
and obtainmg the result, by operating 
only upon lines which remain always of the siune mepiitude. 

The angle ABC being a right angle, AB is a ta^pt, and 
A£ a secant drawn from the same point ; so that AD : AB : : 
AB : AE (Brop. XXX.). Hence in the second ^)eration, when 
AD is compared with AB, the ratio of AB to A£ may be takes 
instead of that of AD to AB; now AB, or its equal CD, isccmin 
tained twice in AE, with the remamder AD ; Uie result of the 
second operation is therefore the quotient 2 with the i^maii^ 
der AD, which must be compared with AB. 
^ Thus the third operation ag|ain consists in conq>ariiq; AD 
with AB^ and ma^ be reduced in the same manner to the com- 
parison of AB or Its equal CD with AE ; from which there will 
again be^^btained 2 for the quotient, and AD for the re- 
mainder.** 

Hence, it is evident that the process will never terminate ; 
and therefore there is no common measure between the diago- 
nal and the side of a square : a truth which was already known 
by arithmetic, since these two lines are to each other : : V2 : 1 
(Prop. XI. Cor. 4.), but which acc^uires a greater degree oT 
clearness by the geometrical investigation. 
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BOOK V. 

BEGULAR POLYGONS, AND THE UEASUfiEMENT OF THS 

CIBCLE. 

De/inUion. 

A Polygon, which is at once equUateral and equiangular, u 
called a regular polygon. 

Regular polygons may have any number of sides :.the equi- 
latercu triangle is one of three sides ; the square is one of four. 

PROPOSITION I. THEOREM. 

Two regular polygons of the same number of sides are similar 

figures. 






Suppose, for example, 
that ABCDEF, ahcdef, 
are two regular hexa-> 
gbns. The sum of all the 
angles is the same in both 
iigures,beingineach equal 
to eight right angles (Book I. Prop. XXVI. Cor. 3.). The angle 
A is the sixth part of that sum ; so is the angle a : hence tne 
angles A and a are equal ; and for the same reason, the angles 
JB and ft, the angles C and c, &c. are equal. 

Again, since the polygons are regular, the sides AB, BC, CD,. 
&c. are equal, and likewise the sides a&, &c, cd^ &c. (Def.) ; it is 
plain that AB i ab i i BC i he ; i CD : cd^ &c. ; hence the 
two figures in question have their angles equal, and their ho- 
mologous sides proportional ; 'consequently they are similai 
(Book IV. Def. I.), ^ . ^ . _J 

Cor. The perimeters of two regular j>olygons of the same 
number of sides, are to each other as their homologous side8» 
and their surfaces are to each other as the squares of those sides 
(Book IV. Prop. XXVn.). 
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PROPOSITION n. THEOREM. 

Any regular polygon may be inscribed in a circk^ and circum^ 

scribed about one. 

Let ABCDE &c. be a regular poly- 
gon : describe a circle through the three - 
points A, B, C, the centre* being 0» and 
OP the perpendicular let fall from it, to 
the middle poinit of BC : draw AO wd 
OD. 

If tbe quadrilateral OPCD be placed 
Vifon the quadrilateral OPBA» they will 
coincide ; for the side OP is common ; 
the angle 0PC=2=0PB, each being a right angle ; hence the 
side PC will apply to its equal PB, and the point C will fall on 
B : besides, from the nature of the polygon, the an^le PCD= 
PBA ; hence CD will take the direction BA ; and smce CD= 
BA, the point D will fall on A, and the two quadrilaterals will 
entirely coincide. The distance OD is therefore equal to AO ; 
and consequently the circle which passes through die three 
points A, B, C, will also pass through the point D. By the 
same mode of reasoning, it might be shown^ that the circle 
whiflh passes through the three points B, C, D, will also pass 
through the point £.; and so of all the rest : hence the circle 
which passes through the points A, B, C, passes also through 
the vertices of all the angles in the polygon, which is therefore 
inscribed in this circle. 

Again,- inreference to this circle, all the sides AB, BC, CD, 
&c. are equal chords ; they are therefore equally distant from 
the centre (Book III. Prop. V!H;) :-hence, if from the p<Mnt O. 
with the distance OP, a circle be described, it will touch, the 
ftidb BC, and all the other sides of the polygon, each in its mid- 
dle point, and the circte will be inscribed in the polygon, or the. 
polygon deseribed about the circle. 

Scholium 1. ' The point O, the common centre of the in-? 
scribed and circumscribed circles, may also be regarded as the 
centre of the polygon ; and upon this principle the angle AOB 
is called the angle at the centre^ bein^ formed by two radii 
drawn to the extremities of the same side AB. 

Since all the chords AB, BC, CD, &^. are eqiial, all the an- 
gles at the centre must evidently be equal likewise ; and there- 
fordf the valtte c^ each will be found by dividing four rigt^ an- 
gles *by* %» nmiber of sides of die polygon. . 
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Scholium 2^ To inscribe a regu- 
lar polygon of a certain number of 
sides in a ^vei^ circle, we h^ve only 
to divide Sie oircumfereBce into as 
itianjr equal piaits hm tin^ polygon 
has flidiss : for the ares b^ing equal, 
the chords AR, BC, CD, &c. will . 
also be equal ; hence likewise the 
triangles AOB, BOC, COD, must 
foe equal, because the sides are equfd each to each ; hence all 
the angles ABC^ BCD^ CDE, &o. will be equal; hedce the 
figure ABCIXEH, wUt be a regular polygdn. 




PROPOSITION in. PROBLEM. 
^0 inscribe a square in a giten circle. 



Draw two diameters AC, BB, cut- 
ting each other at right angles; join 
their extremities A, B, C, D: the figure 
ABCD will be a square. For the an- 
gles AOB, BOC, &c* being equal, the A 
chords AB, BC, &c. are also equal : 
and the angles ABC, BCD, &c. being 
in semicircTes, are right angles. 



SchoKum. Sitkc^ the triangle BCO is i%ht ai^^^ iind im>9- 
oeles, we have BC : BO : : V2 : I (Book IV. Prqp. XL 
Cor. 4.) ; hence ^ side of the inscribe square is to the tadiits$ 
as the square root of 2, is to unity. 




PROPOSITIOK IV. PROBLEM. 

fit a given circle^ to inscribe a regular hexagon and an equHate- 

raltriangk, 
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Sappose the problem solved, 
and that AB is a side of the in- 
scribed hexagon ; the radii AO, 
OB beinff drawn, the triangle 
AOB will be equilateral. 

For, the angle AOB is the sixth 
part of four right angles ; there- 
fore, taking the right angle for 
unity, we shall have AOB=| =: 
}; and the two other aQ|;les 
ABO, BAO, of the same trian- 
gle, are together equal to 2 — | 
=1 ; and being mutually equal, 
each of them must be equal to | ; hence the triangle ABO is 
equilateral ; therefore the side of the inscribed hexagon is equal 
to the radius. 

Hence to inscribe a regular hexagon in a given circle, the 
radius must be applied six times to the circumference ; which 
will bring us rouiKl to the point of- beginning. 

And the hexagon ABCDEF being inscribed, the equilateral 
triangle ACE may be formed by joining the vertices of the 
* alternate angles. • 

Scholium* The figure ABCO is a parallelogram and even 
a rhombus, since 'AB3=BC=CO==AO ; hence the sum of the 
squares o/ the diagonals AC^+BO^ is equivalent to the sum of 
the squares of the sides, that is, to 4AB^ or 4B0^ (Book lY. 
Prop aIV. Cor.) : and taking awi^ BO^ from both, there will 
remain AC^r^SBO* ; hence AC^ ; BO* : : 3 : l,orAC : BO 
: : i/3 : 1 ; hence the side of the inscribed equilateral triangU 
is to the radius as the square root of three is to unity. 



PROPOSITION V, PROBLEM. 



In a given circle^ to inscribe a regular decagon; then apentagan^ 
and also a regular polygon of fifteen sides. ' 
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* Divide the . radias AG in 
extreme and mean ratio at 
the point M (Book IV; Prob. 
IV.) ; take the chord AB equal 
to OM the greater segment ; 
AB will be the side of the 
re^lar decagon, and will re- 
quire to be applied ten times 
to the circumference. 

For, drawing MB, we have 
by construction, AG : GM 
; : GM : AM ; or, since AB 
=GM, AG : AB : : AB : 
AM ; since the triangles ABG, AMB, have a common angle A, 
included between proportional sides, they are similar (Book 
IV. Prop. XX.). Now the fi*iang1e GAB being isosceles, AMB 
must be isosceles also, and AB=BM ; but AB=GM ; bencq 
also MB=GM ; hence the triangle BMG is isosceles. 

Again, the angle AMB bping exterior to the isosceles trian- 

le fiJVf G, is double of the interior angle G (Book I. Prop. 

y. Cor. 6.) : but the angle AMB=:MAB ; hence the trian- 

gle GAB is such, that each of the angles GAB dr GBA, at its 
ase, is doubly of G, the angle at its vertex ; hence the three 
angles of the triangle are together equal lo five times the angla 
O, which consequently is the fifth part of the two right angles, 
or the tenth part of four ; hence the arc AB is the tenth part 
of the circumference, and the chord AB is the side of the reg« 
ular decagon. 

2d. By joining the alternate corners of the regular decagon* 
the pentagon ACEGI will be formed, also regular. 

3d.' AB being still the side of the decagon, let AL be the 
side of a hexagon ; the arc BL will then, with ireference to 
the whole circumference, be J — j-V, or ^ ; hence the chord BL 
will be the side of the regular polygon of fifteen sides, or pente- 
decagon. It is evident also, that the arc CL is the third of CB. 

Sckoliunu Any regular polygon being inscribed, if the arcs 
subtended by its sides be severally bisected, tlie chords of those 
semi-arcs will form a iiew regular polygon of^ double the num- 
ber of sides : thus it is plain, that the square will enable us to in- 
scribe successively regular polygons of 8, 16, 32,&c. sides^ And 
m like tnaniier, by means of the hexagon, regular polygons of 
12, 24, 48, &c. sides may be inscribed ; by means of the deca^ 
gon, polygons of 20, 40, 80, &c. sides ; by me;aiis of the pente- 
decagon, polygons of 30, 60, 120, &c. sides.. 

It is further evident, that any pf the inscribed polygons will 
be less than the inscribed polygon of double uie niunber of 
sides, since a part is less than the wholQ« 

K* 15 
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PROPOSITION VI. PROBLEM. 




A regular inscribed polygon being given, to circumscribe a sim 

ilar polygon about the same circhi 

Let CBAFED be it regular polygon. 

At T, the middle point 
of the arc AB, apply the 
tangent GH» which will 
be parallel to AB (Book 
III. Prop. X.) ; do the . 
■ame at the middle point 
of each of- the arcs BC, 
CD, &c. ; these tangents, I 
by theii* intersections, 
will form the regular 
circumscribed polygon 
6HIK &c. similar to 

the one inscribed. _.-«.,«_^_^ 

k: Q Ir 

Since T is the middle point of the arc BTA, anil N the mid- 
dle point of the equal arc BNC, it follows, that BT=BN ; or 
that the yertex B of the inscribed polygon, is at the middle 
point of the arc NBT. Draw OH. The line OH will pass 
through the point B. 

For, the right angled triangles OTH, OHN, haying the com- 
mon hypothenuse OH, and the side OTr=:ON, must be equal 
(Book I. Prop. XVIL), and consequently the angle TpH=: 
HON, wherefore the line OH passes through the middle point 
B of the arc TN. For a like reason, the point I is in the pro- 
longation of OC ; and so with the rest. 

But, since GH is parallel to AB, and HI to BC, the angle 
GHI=:ABC (Book I. Prop. XXIV.) ; in like manner HIK= 
BCD ; and so with all the rest : hence the angles of the cir- 
cumscribed polygon are equal to those of the inscribed one^ 
And further, by reason of these same parallels, we have GH ; 
AB : : OH : OB, and HI : BC : : OH : OB ; therefore GH : 
AB : : HI : BC. But AB=BC, therefore GH=HI. For the 
same reason, HI =IK, &c.; hence the sides of the circum- 
scribed polygon are $11 equal ^ hence this polygon is regular, 
and similar to the inscribed one. 

Cor.' 1. Reciprocally, if the circmhscribed polygon GHIK 
dtc, were given, and the inscribed one ABC &c. were re- 
quired to be deduced from it, it would only be necessary Co 
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draw from the angles G, H, I, &c. of the given polygon, straight 
lines OG, OH, &c. meeting the circun^erence in the points 
A, B, C, &c. ; then to join those points by the chords 
AB, BC, &c. ; this would form the inscribed 'polygon. An 
easier solution of this problem would , be simply to join the 
points of contact T, N, P, &c. by the chords TN, NP, &c. - 
which likewise would form an inscribed polygon similar to 
the circumscribed one. 

Cor. 2. Hence we may circumscribe about a circle any 
regular polygon, which can be inscribed within it, and con- 
versely. . 

Cor. 3. It is plain that NH+HT=r:HT+TG=HG, one of 
the equal sides of the polygon. 

PROPOSITION VII. PROBLEM. 

A circle and regular circumscribed polygon being given, it is 
required to circumscribe the circle by another regular polygoh 
^having douhle the number of sides. 

Let the circle whose centre is P, be circumscribed by the 
squiare CDEG : it is required to find a regular Circumscribed 
octagon. 

Bisect the arcs AH, HB, BF, 
FA, and through the middle 
points c, d, a, 5, draw tangents to 
the circle, and produce them till 
they meet the sides of the square : 
then will the figure ApHc^B &c. 
be a regular octagon. 

For, having drawn Vdy Pa, let 
the quadrilateral P^^B, be ap- 
plied to the quadrilateral PB/a, 
ao that PB shall fall on PB. 
Then, since the angle rfPB is 
equal to the angle BPa, each being half a right angle, the line 
Prf will fall on its equal Pa, and the point (2 on the .point a. But 
the angles Vdg, Pa/, are right angles (Book HI. Prop. IX.) ; 
hence the line dg will take the direction af. The angles PB^, 
PB/I are also right angles ; hence B^ will take' the direction 
Bf; therefore, the two quadrilaterals will coincide, and the 
point g will fall at/; hence, B^i=B/, dg=afi and the angle 
<^B=B/a, By applying in a similar manner, the quadrilate- 
rals PBfa, PPAa, it may be shown, that af=:zah, /BnFA, and 
the angle B/ar=aAF. But since the two tangents /a, /B, are 
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equal (Book IIL Prob. XIY. Beh.), it follows ttial fk, which ii 
Iwice^ is equal to Jg^ which is tmcfifB, 

In ar similar mauner it may be shown that hfzrJii, and the 
angle Yit^Yha^ or that any two sides or any two angles of the 
octagon are equal : hence the octagon is a regular polygon (D^). 
The construction which has been made in the case of the square 
and the octagon, is equally appUcable to other polygons. 

Cor It is evident that the circumscribed square is greater than 
the circumscribed octagon by the four triangles, Cnp^ kDg^ 
KEfy Git ; and if a regular polygon- of sixteen sides be circum^ 
scribed about the circle, we may prove fn a similar way, that 
the figure having the greatest number of sides will be the least ; 
and the same may be shown, whatever be the number of sides 
of the polygons : hence, in general, any circumscribed regtdar 
polygon, will be greater than a circumscribed regular polygon 
having double the number of sides* 



PROPOSITION VIII. THEOREM. 

Two regular polygons, of the same number of sides, can alwteys 
be formed, the one circumscribed about a circle, the other in* 
scribed in it, which shall differ from each other by less than 
any assignable surface. 

Let Q be the side of a square 
less than the given surface. 
Bisect AC, a fourth part of 
the circiimference, and then br 
sect the half of this fourth, and 

Croceed in this manner, always 
isecting one of the arcs formed 
by the last bisection, until an 
arc is found whose chorcl AB is 
less than Q. As this arc will 
be an exact part of the circum- 
jference, if we apply chords AB, 
BC, CD, <fec. each equal to AB, the last will terminate at A, 
and there will be formed a regular polygon ABCDE &c. in 
th|B circle. 

Next, describe about the circle a similar polygon (dyede &c. 
(Prop. VI.): the difference of these two polygons will be less 
than the square of Q. ' 

For, from the points a and fe, draW the lines aO, bO, to the 
centre O : they will pass through the pointy A and B, as wai 
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shown in Prop. VI. Draw alsio OK to the point of contact 
K : it will bisect AB in I, and. be perpendicular to it {Book HI. 
Prop. VI. Sch.). Produce AO to E, and draw BE. 

Let P represent the circumscribed polygon, and f the in^ 
scribed polygon : then, since the triangles aO^, AOB, are Uke 
parts of P and p, we shall have 

aQh : AOB : : P : je> (Book II. Prop. XL) : 

But the triangles being similar, ■ - *- 

aOb : AOB : : Oa^ : OA^, or OK^ 

Hence, P : ^ : : Oo^ : OK^. 

Again, since the triangles OaK, EAB are similar, having 
their sides respectively parallel, 

Oa* : OK^ : : AE^ : EB^ hence, 

P : o : : AE^ : EB^, or by division, 

P : P— p : : AE» : AE^— EB^ or AB^. 

But P is less than the square described on the diameter AE 
(Prop. VII. Cor.) ; therefore P — p is less than the square de- 
scribed on AB ; that is, less than the given square on Q : hence 
the difierence between the circumscribed and inscribed poly- 
gons may always be made less than a given surface. 

Cor. 1. A circumscribed regular polygon, having a given 
number of sides, is greater than the circle^ because the circle 
makes up but a part of the polygon : and for a like reason, the 
inscribed polygon is less than the circle. But by increasing 
the number of sides of the circumscribed polygon,-the polygon 
is diminished (Prop. VII. Cor.), and therefore approaches to 
an equality with the circle ; and as the number of sides of the 
inscribed polygon is increased, the polygon is increased (Prop.. 
V. Sch.), and therefore approaches to an equality with the 
circle. . 

Now, if the number of sides of the polygons be indefinitely in- 
creased^ the kngthofeach side will be indefinitely small, arid the 
polygons will ultimately become equal to each other, and equal 
also to the circle. 

For, if they are not ultimately equal, let D represent their 
smallest difference. 

Now, it has been proved in the proposition, that the diffe- 
rence between the circumscribed and inscribed polygons, can 
be made less^than any assignable quantity: that is, less than 
D : hence the difference between the polygons is equaLto D, 
and less than D at the same time, which is absurd : therefore, 
the polygons are ultimately equalt But when they are equal 
to each other, each must also be equal to the circle, since the 
circumscribed polygon cannot fall within the circle, nor the 
inscribed polygon without it. ,, 
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Cor. 2. SiBce &e ciiicuinscrjbed polygon has the saose nain- 
ber of sides as the corresponding inscribed pplyffon, and since 
ttie two polygons are regular, they will be similar (Prop. I.) ; 
and therefore when they become equal, they will exactly coin- 
cide, and haye'a common perimeter. But as the sides of the 
circumscribed polygon cannot fall within the circle, nor the 
sides of the inscribed polygon without it, it follows that the 
perimeters of the polygons will unite on the circumference of the 
circhy and become eqnal to it. 

Cor, 3. When the number of sides of the inscribed polygon 
is indefinitely increased, and the polygon coincides with the 
circle, the line OI, drdwn from the centre O,^ perpendicular to 
the side of the polygon, will become a radius of the circle, and 
any portion of the polygon, as ABCO, will become the sector 
OAKBC, and the part of the perimeter AB + BC, will become 
the arc AKBC. 



PROPOSITIOIf IX. THEOREM, 

The area of a regular polygon is equal to its perimeter j mvM- 
piled by half the radius of the inscribed circle. 

Let there be the regular polygon 
GHIK, and ON, OT, radii of the in- 
scribed circle. The triangle GOH 
wiU be measured by GH x iOT ; the 
triangle OHI, by HIx^ON: but 
ON=OT; hence the two triangles 
taken together will be measured by 
(GH+HI)xiOT. And, by con- 
tinuing the same operation for the 
other triangles, it will appear that 
the sum of them aH, of the whole 

polygon, is measured by the sum of the bases GH,' HI, &c. 
or the perimeter of the polygon, multiplied into |0T, or half 
the radius of the inscribed circle. 

Scholium. The radius OT of the inscribed circle is nothing 
else than the perpendicular tet fall from the centre on one of 
the sides : it is sometimes named the apothem of the polygon. 
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FROPOSITION X. THEOREM. 




The perimeters of two regul(^r polygons, having the same num- 
ber of sides, are to each other as the radii, of the circumscribed 
circles J and also, as the radii of the inscribed circles ; and their 
areas are to each other as the sqtiares of those radii. 

Let AB be the side.of the one poly- 
gon, O the centre, and consequently 
UA the radius of the circumscribed 
circle, and OD, perpendicular to AB, 
the radius of the inscribed circle ; let 
ab, in like manner, be a sid^ of the 
other polygon, o its centre, oa and od 
the radii of the circumscribed and the 
inscribed circles. The perimeters of 
the two poly^ns are to each other as the sides AB end ab- 
(Book IV. IVop. XXVII.) : but the angles A and a are equal, 
being, each half of the angle of the polygon ; so also are the 
an^es B and b ; hence the triangles ABO, oho are similar, 9l» 
are likewise the right angled triangles ADO, ado; hence 
AB : ah : : AO : ao : : DO : do ; hence the perimeters of the 
polygons are to each other as the radii AO, ao of the circum- 
scribed circles, and also, as. the radii DO, do of the inscribed 
circles. 

The surfaces of these polygons are to each other as the 
squares of the homologous sides AB, ab ; they are therefore 
likewise to each other as the squares of AO,ao,the radii of the 
circumscribed circles, or as the squares of OD, od,the radii of 
the inscribed circles. 



PROPOSITION XI. THEOREM. 



The circumferences of circles are to each other as their radii, 
and the areas ar» to each other as the squares of their radii* 
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Let us designate the circumference of the circle whose radius 
is CA by circ. CA ; and its area, by area CA : it is then to be 
shown that 

circ. CA : circ. OB : : CA : OB, and that 

area CA : area OB : : C A« : 0B«. 




Inscribe within the circles two regular polygoniy of the same 
number of sides. Then, whatever be the number of sides, 
their perimeters will be to each other as the radii CA and OB 
(ftop. X.). Now, if the arcs subtending the sides of* the poly 
gons be continually bisected, until the number of sides of the 
polygons shall be indefinitely increased, the perimeters of the 
polygons will become equal to the circumferences of the cir- 
cumscribed circles (Prop. VIII. Cor. 2.), and we shall have 

circ. CA : arc. OB : : CA : OB. 

Again, the areas of the inscribed polygons are to each other 
as CA^ to OB^ (Prop. X.). But when the number of sides of 
the polygons is indefinite]y*increased, thearea^of the polygons 
become equal to the areas of the circles, each to each, (Prop. 
VIIL Cor.. 1.) ; hence we shall have 

area CA : area OB : : CA^ : 0B«. 

Cor. The similar arcs AB, 
DE are to each other as their 
radii AC, DO ; and the similar 
sectors ACB, DOE, are to each 
other as the squares of their 
radii. 

For, since the arcs are simi- 
lar, the angle C is equal to the angle O (Book IV. Def. 3.) ; 
but C is to four right angles, as the arc AB is to the whole cir- 
cumference described with the radius AC (Book III. Prop. 
XVII.) ; and O is to the four right aisles, as the arc DE is to 
the circumference described with the radius OD : hence the 
von AB, DE, are to each other as the circumferences of which 
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they form part : 'but these circumfereiioes are (o each other as 
their radii AC, DO ; hence . ' 

arc AB : arc DE : : AC : DO. 

For a like reason, the sectors ACB, DOE are to each other 
as the whole circles ; which again are as the squares of their 
radii ; therefore ' 

zed. ACB : zecL DOE : : AC« : D0»- 




PROPOSITION XII. THKORM. 

The area of a circle is equal to the product of its circumference bi/ 

half the radius.* 

Let ACDE be a circle whose 
centre is O and radius OA : then 
will 

area OA=iO Ax circ. OA* 

For, inscribe in the circle any 
regular polygon, and draw OF 
perpendicular to one of its sidest 
Then the area of the polygon 
will be equal to ^OF, multiplied 
by the perimeter (Propi. IX.}. 
Now, let the number of sides of the polygon be indefinitely 
increased by continually bisecting the arcs which subtend the 
sides : the perimeter will then become equal to the circumfe- 
rence of the circle, Jhe perpendicular OF will become equal to 
QA, and the area of the polygon to the area of the circle 
(Prop. YIIL Con 1. & 3.). But the expression i^or the area 
will then become 

i # area OA^r^OA x circ. OA : 

consequently, the area of a circle is equal to the product of 
half the radius into the circumference. 

^ Cor^ L The area of a sector is equal 

to the arc of that sector multiplied by half 

its radius. 
? For, the sector ACB is to the whole 

circle as the arc AMB is to, the whole 

circumference ABD (Boole III. Prop. 

XVn. Sch. 2.), or as AMB x iAC is to 

ABDx^AC, But the whole circle i0 

equal to ABD x ^AC ; hence the sector 

ACB is measured by AMB x | AC. 
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Oct. 2. Let the circumference of the 
circle whose diameter is unity, beilenoted 
by n : then; because circumferences are 
to each other as their radii or diameters^ 
we shall have the diameter I to its cir- 
cumference TT, as the diameter 2CA is 
to the circumference whose radius is C A, 
that is, 1 : »r : : 2CA : circ. CA, there- 
fore drc. CA=wx 2CA. Multiply both 
terms by |CA ; we have |C A x circ. CA 
=rt X CA*, or area CA=7» x CA* : hence the area of a circle is 
equal to the product of the square of its radius by the constant 
number ^ which represents the circumference whose diameter 
is 1, or the ratio of therfjircumference to the diameter. 

In like manner, the area of the circle, whose radius is OB, 
will be equal to ttxOB*; but ttxCA* i.^xOB* : : CA«:OB«; 
hence the areas of circles are to each other as the squares of 
their radiiy which agrees witii the preceding theorem. 

Scholium. We have already observed, that the problem of 
the quadrature of the circle consists in finding a square equal 
in surface to a circle, the radius of which is known. Now it 
has just been proved, that a circle is equivalent to the rectangle 
contained by its circumference and half its radius ; and this 
rectangle may be changed into a square, by finding a mean 

froportional between its length and its breadth (book IV. 
^rob, in.). To square the circle, therefore, is to find the cir 
cumference when t}ie radius is given ; and for effecting this, it 
is enough to know the ratio of mie circumference to its radius, 
or its diameter. 

Hitherto the ratio in question has -never been determined 
excfept approximatively ; but the approximation has been car- 
ried so far, that a knowledge of the exact ratio would afibrd 
no real advantage whatever beyond that of the approximate 
ratio. Accordingly, this problem, which engaged geometers 
SOT deeply, when their methods of approximation were less peR- 
feet, is now degraded to the rank ot those idle questions, with 
which no one possessing the slightest tincture of geometrical 
science will occupy any portion of his time. . 

Archimedes showed tVlat the ratio of the circumference to 
the diameter is included botween 3|^ and 3^t ; hence SJ or 
V affords at once a pr^ty accurate ajiproximaticm. to the nom* 
Jbler above designated by n; wad the simplicity of this first ap^ 
proi^imation has brouspt it in^ v«ry general qse. MeUus^ 
for the same nuinber, wund the much m(»e accurate value f f f. 
At last the value of ^, devek^d to a certain <»tler of dectraalty 
wasfound by other c^culators to be 8.14159Jlt6685887M2y dse. \ 
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tod some have had patience enough to continue these decimals 
to the hundred and twentT^^eVenth, or even to the hundred 
and fortieth place. Such an approximation is evidently equi- 
valent to penect correctness : the root of an impeifect power 
is in* no case more accurately known. 

~ The following problem will exhibit one of the simplest ele- 
mentary methods of obtaining those approximations. 
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PROPOSITION XIII. PfiOBLEM. 

The surface of a regular inscribed polygany and that of a simi- 
lar polygon circumscribed^ being given ; to find the surfaces of 
the regular inscribed and cuxumscribea polygons hemng 
double the number of sides. 

Let AB be a side of the given 
inscribed polygon ; EF, parallel to 
AB« a side of the circumspribed 
polygon ; C the centre of the cir- 
cle. If the chord AM and the 
tansents AP, BQ, be drawn, AM . 
will be a side of the inscribed 
polygon, having twice the num- 
ber of sides ; and AP + PM = 2PM 
or PQ, will be a side of the simi- 
lar circumscribed polygon (Prop. 
■VL Con 3.)^ Now, as the same 
construction will take place at each of the angles equal to 
[ACM, it will be sufficient to consider ACM by itself, the tri- 
angles connected with it being evidently to each other as the 
whole polygons of which thev form part. Let A, then, be 
the surface of the inscribed polygon whose side is AB, B that 
' of the similar circumscribed polygon ; A' the surface of the 
polygon whose side is AM, B' that of the similar circumscribed 
polygon : A and B are given ; we have to find A' and B'. 

Pirst. The triangles ACD, ACM, having the common ver* 
tex A, are to each other as their bases CD^ CM ; they are like* 
wise to each other as the polygons A and A', of which they 
form part : hence. A : A' : ; CD : CM. Again, the triangles 
CAM, CME, having the common vertex M, are to each ouier 
as their bases CA, CE \ Ifa^ are likewise to eadk ottiet ai tlM 
polygons A' and B of which they finvn pari ^ heiice A' : B : t 
CA : C£. But , since AD and ME are parallel, we have 
CD : CM : : CA : C£^ hence A : A' : : A' : B ; hence the 
polygonA^oneof those required, isamean proportional b etween 

the two given polygons A and B,and consequently A' =s VAxB. 
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Secondly- The altitude CM be- 
ing common, the triangle CPM is 
to the triangle CPE as PM is to 
PE ; but since CP bisects the an- 

fie MCE, we have PM : PE : : 
;M : CE (Book IV. Prop, 
XVIL)::CD ; CA : : A : A' ; 
hence CPM : CPE : : A : A' ; 
and consequently CPM : CPM+ 
CPE or CME : : A : A+ A'. But 
CMPA, or 2CMP, and CME are 
to each other as the polygons B' 
and B, of which they form pari : hence B' : B : : 2A : A+A\ 
Now A' has been already (^termined ; this new proportion will 

serve for determining B', and give us B'=-j — —. ; and thus by 

A+A' 

means of the polygons A and B it is easy to find the polygons. 
A' and B'^ which AtaSl have double the number of sides.. 




PEOPOSmON XIV. PROBLEM. 

Ta find the approximate ratio of the circumference to the 

diameter. 

Let the radKus of the circle be I ; the side of the inscribed 
square, will be' \/2 (PiX)p. III. Sch.), that of the circumscribed 
square will be equal to the diameter 2 ; hence the surface of 
the inscribed square is 2, and that of the circumscribed square 
is 4. Let us therefore put A=2, and B:=4 ; by the last pro- 
position we shall find the inscribed octagon A'= V 8=2.8284271, 

and the circumscribed octagon^ B'=:2^7—Tg= 3.31 37085. The 

inscribed and th6 circumscribed octagons being thus deter- 
mined, we shall easily, by means of them, determine tfee poly- 
gons having twice the number of sides^ We have only in tms 
case to put A=2.8284271, B ^3.3137085 ; we shall find A'c= 

2A B 
=3.0614674, and B'=^j37^,= 3. 1825979. These poly- 
gons of 16 sides will in their turn enable us to find the polygons 
of 32 ; and the process may be continued, till there remains 
no longeir any difference between the inscribed and the cir- . 
eumscribed polygon, at least so far as that place of decimals 
where the computation stops, and so far as the seventh place, 
in this example; Being arrived al this point,^ we shall infer 
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that the last result expresses the area of the circle, which, 
since it must always lie between the inscribed and the circum- 
scribed polygonfand since those polygons agree as far as a 
certain place of decimals, must also agree wim both as far as 
the same place. 

We have subjoined the computation of those polygons, car- 
ried on till they agree as far as the seventh place of decimals. 

tfombtt (iCmd60 iMcribaA yoijg«i> CHreomieribad po1yg<Mi 

4 .... . 2.0000000 .... 4.0000000 

8 .... . 2.8284271 .... 8.3187085 

16 .... . 3.0614674 .... 3.1825979 

32 .... . 8.1214451 .... 3.1517249 

64 . . . . . 3.1365485 .... 3.1441184 

128 .... . 3.1403311 .... 8.1422236 

256 3.1412772 .... 34417504 

512 ... . . 3*1415138 . . . . 3.1416321 

1024 3.1415729 .... 3.1416025 

2048 ..... 3.1415877 .... 3.1415951 

4096 3.1415914 .... 3.1415933 

8192 ..... 3.1415923 .... 3.1415928 

16384 3.1415925 .... 3.1415927 

32768 3J415SI26 .... 3.1415926 

The area of the circle, we infer therefore, is equal to 
3.1415926. £llome doubt may exist perhaps about the last de- 
cimal figure, owing to errors'proceeding from the parts omitted ; 
but the calculation has been carried on with an, additional 
figure, that the final result here given might be absolutely cor* 
reel even to the last decimal place. 

Since th^ area of the circle is equal to half th<3 circumfe- 
rence multiplied by the radius, the half circumference must be 
3.1415926, when the radius is 1 ; or the whole circumference 
must be 3.1415926, when the diameter is 1 : hence the ratio 
of the circumfei'ence to the diameter, formerly expressed by ^t 
is equal to 3.1415926. The number 3.1416 is the ooe gene- 
rally used. 
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PLANES AND SOLID ANGLJBS*. 



I/efinitionSi 

1. A straight line is perpendicular to a plane, when it is per* 
pendicular to all the straight lines which pass through its foot 
in the plane. Conversely, the plane is perpendicular to the 
line. 

The^bo^ of the perpendicular is the point in which the per- 
pendicular line meets the plane. 

2. A liae is parallel .to a plane, when it cannot, meet tlyat 
plane, to whatever distance both be produced. Conversely, 
the plane is parallel to the line. 

3. Two planes wre parallel to each other, when they cannot 
meet, to whatever distance both ha produced. 

4. The angle or mutual inclination of two planes is the quan^- 
^*ty, greater or less, by which Jhey separate froni each other ; 
this angle is measured by the angle contained between two 
lines, one iaeach plane, and both perpendieular to the common 
intersection at the same point 

This angle may be acute, obtuse, or a right angle. 
If it is a right angle, the two planes are perpendicular to 
each other. 

/ 5. A solid angle is the angular space in-^ 
eluded between several planes which meet 
at the s^me point. 

Thus, the solid angle S, is formed by^ 
the union of the planes ASB, BSC, CSD, 
DSA. 

Three planes at least, are requisitis to 
form a solid angle. 
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PROPOSITION i: THEOUEnvf. 

A straight line cannot he partly in a plane, and partly out of it 

For, by the definition of a plane, when a straight line has 
two points common with a plane, it lies wholly in that plane / 

Scholium. To discover whether a stil'face is plane, it is ne^ 
cessary to apgly a straight line in different ways to that sur- 
face, and ascerHkin if it touches the surface throughout its whole 
extent* 

r 

PHoposiTioisr n. . theorem. 

Two straight lines,^ which intersect each other, lie in the same 

plane, and determine its position. 

Let AB, AC, be two straight lines which 
intersect each other in A ; a plajne may be 
conceived in which the straight Kne A6 is 
found ; if thie plane be turned round AB, until 
it pass through the point C, then the line AC, 
which has two of its points A aad C, in thi^ 
plane, Hes wholly in it ; hence the positfoa of . 
the plane is determined by the single, conditio^ of containing 
the two straight lines AB, AC. 

Cor. 1. A triangle ABC, or three pomts A, B, C, not in a 
straight Kne, determine the position of a plane. 

Cor. 2. Ilehce also two parallels 
AB, CD, determine the position of a 
plane ; for, drawing the secant EP, 
the plane of the two straight lines 
AE, EP, is that of the parallels 
AB,CD. 





PROPOSITION m. THEOREM. 

If two planes cut each other^ their common iniersecfftm will be a 

straight Une. 
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Let the two planes AB, CD, cut c 
each other. Draw the straight line 
EF, joining any two points E and F in A 
the common section of the two planes. 
This line will lie wholly in the plane 
AB, and also wholly in the plane CD 
(Book I. Def* 6.) : therefore it will be 
in both planes at once, and conse- 
quently is their common intersection. 





PROPOSITION IV. THEOREM. 

Jlfa straight line he perpendicular to two straight lilies at their 
point of intersection, it will be perpendicular to th^ plfine of 
those lines. 

Let MN he the plane of the 
two lines BB, CC, and let AP 
be perpendicular to them at 
their point of intersection P ; 
then will AP be perpendicular 
to every line of the plane pass- 
ing through P, and consequently 
to the plane itself (Def. 1.). 

Through P, draw in the plane 
MN, any straight line as PQ, 
and through any point of this 
line, as Q, drawBQC, uo that BQ shall be equal to QC (Book 
iV. Prob. V.) ; draw AB, AQ, AC. 

The base BC being divided into two equal parts at the point 
Q, the triangle BPC will give (Book IV. Prop. XIV.), 

PC2+PB2=:2PQH2QC«. 

The triangle BAC will in like manner give, 

AC2+ AB2=i2AQH 2QC«. 

Taking the iirst equation from the second, and observing 
that the triangles ' APC, APB, which are both right angled at 
P, give 

AC2— PC2= AP^ and AB^— PB2=AF ; 
we shall have 

AF+AP8=2AQ2— 2PQ'. 

1!herefor% by taking the halves of both, we have 
AP^= AQ«— PQ^ or AQ2= AP8+ PQ« ; 
hence the t.^angle APQ is right angled at P ; hence AP is per* 
pendicular to PQ. 
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Scholium. Thus it is evident, not only that a straight line 
may be perpendicular to all the straight lines which pass 
through its foot in a plane, but that it always must be so, when- 
ever it is perpendicular to two straight lines drawn in the 
plan3 ; which proves the first Definition to be accurate^ 

Cor. 1. The perpendicular AP is shorter than any obKque 
line AQ ; therefore it measures the true distance from the point 
A to the plane TViN. ' 

Cor. 2a At a given point P on a plane, it is impossible to 
erect more than one perpendicular to that plane ; for if there 
could be two perpendiculai*s at the same point P, draw through 
theiste two perpendiculars a plane, whose intersection with the 
plane MN is PQ ; then these two perpendiculars Would be per- 
pendicular to the line PQ, at the same point, and in the same 
plane, which is impossible (Book I. Prop. XIV. Sch.). " 
, It is also impossible to let fall froiii a given point out of a 
plane two* perpendiculars to that plane ; for let AP, AQ, be 
these two perpendiculars, then the triangle APQ would have 
4wo right angles APQ, AQP, which is impossible.. 

r- ■ ■ ■ , . 

PROPOSITION V. THEOREM. 

If from a point witJiout a plane, a perpendicular be drawn to the 
plane, and oblique lines be drawn to different points, 

1st. Any two oblique lines equally distant from the^perpendicular 
mill be equal. 

2d. Of any two oblique lines unequally distant firom the perpen- 
dicular, the more distant will be the longer. 

» 
Let AP be perpendicular ta 

the plane MN ; AB, AC, AD, 

oblique lines equally distant 

from the perpendicular, and 

AE a Kne more remote : then 

will AB=AC=AD; and AE 

will be greater than AD. 
For, the angles APB, APC, 

APD, being right angles, if we 

suppose the distances PB, PC, 2$if: 

PD,^ to be equal to each other, the triangles APB, APC, APD, 

will have in each an equal angle contained by two equal sides.; 

therefore they will be equal ; hence the hypothenuses, or the 

oblique lines AB, AC, AD, will be equal to each other. In like; 
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tnanner, if the distance P£ is greater than PD or its- equal -PB, 
the oblique line AE will evidently be greater than AB, or its 
equal AD. 

Cor. AH the equal oblique 
lin^s, AB, AC, AD, &;c. termi- 
nate in the circumference BCD, 
described from P the foot of the ^ 
perpendicular as a centre ; 
therefore a point A being given 
out of a plane, the point P at 
which the perpendicular let fall 
fr(Hn A would meet that plane, 
may be found by marking upon 
that plane three points B, C, D, equally distant from the pomi A, 
and then finding the centre of the circle whfech passes through 
these points ; this centre will be Pf the point sought. 

Scholium. The angle ABf is called the inclination of the 
iMitpjie line AB to the plane MN ; which incUnatioa is evidendy 
equal with respect to all such lines AB, AC, AD, as are e<pally 
distant from the perpendicular ; for all the triangles ABF^ ACPf 
ADP, &c. are equal to each oUier. 




PROPOSITION VI. THEOREM. 

If from a point without a plane, a perpendicular be let fall on the 
plane, and from the foot of the perpendicular a perpendicular 
he drawn to any line of the plane, and from the point of inter* 
section a line be drawn to the first point, this latter line will be 
perpendicular to the line oftlie plane. 

* Let AP be perpendicular to the 
plane NM, and PD perpendicular to 
BC; then will AD be also perpen- iftj 
dicular to BC. 

Take DB=DC. and draw PB, PC, 
AB, AC. Since DB=DC, the ob- 
lique line PB=PC: and with regard 
to the perpendicular AP^ since PB= 
PC, the oblique line AB=AC (Prop. 
V. Cor.) ; therefore the line AD has 
two of its points A and D equally .distant from the exti^mities 
B and C ; therefore AD is a perpendicular to BC, at its middle 
point D (Book I. Prop. XVI. Cor.). 
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Cor. It is evident likewii^ that BC is perpendicular to die 
plane APD, since BC is at once perpendicular to the t¥ro 
straight lines AD, PD. 

Scholium^ The two lines AE, BC, afford an instance of two 
lilies which do hot meet, because they are not situated in the 
same plane. The shortest distance between, these lines is the 
straight line PD, which is at once perpendicidar to the line AP 
and to the line BC. The distance PD is the' shortest distance 
between them, because if we join any other two points, such 
as A and B, we shall have AB>AD, AD>PD; therefore 
AB>PD. 

The two lines AE, CB, though not situated in the same plane, 
are conceived as forming a right angle with each other, because 
AE and the line drawn through one of its points parallel to 
BC would make with each other a right angle. In the same 
manner, the line AB and the line PD, which represent any two 
straii^ht lines not situated in the same plane, are supposed to 
form' with each other the same ansle, which would be formed 
by AB and a straight line parallel to PD drawn through one 
of the points of AB. 



PROPOSITION VT[I. THEOREM. 

If one of two parallel lines be perpendicular to a plane, the other 
will also be perpendiculaMo the same plane. 

Let the lines ED, AP, be A 

parallel; if AP is perpen- 
dicular to the plane NM, ^ 
then will ED be also per- 
pendicular to it. 

Through the parallels AP, 
DE, pass a plane ; its inter- 
section with the plane M N 
will be PD ; in the plane MN 
draw BC perpendicular to PD, and draw AD. 

By the Corollary of the preceding Theorem, BC is perpefri 
dicular to the plane APDE ; therefore the angle BDE is a right 
angle ; but the angle EDP is also a right angle, since AP is 
perpendicular to PD, and DE parallel to AP (Book I. Prop. 
AX. Cor. I.) ; therefore the line DE is perpendicular to the 
tnvo straight lines DP, DB ; consequently it is perpendiculiyr tp 
then* plane MN (Prop. !¥.)« 
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Cor. 1. Conversely, if the A' 

straight' lines AP, D£, are 
perpendicular to the same ^ 
plane MN, they will be par- ■ — 
ailel ; for if they be not so, 
draw through the point D, a 
line parallel to AP, this par- 
allel will be perpendicular 
to the plane MN ; therefore 
through the same pomt D more than one perpendicular might 
be erected to the same plane, which is impossible (Prop. JV* 
Cor. 2.). • 

Cor. 2. Two lines A and B, parallel to a third C, are par- 
allel to each other ; for, conceive a plane perpendicular to the 
line C ; the lines A and B, being parallel to C, will be perpen- 
dicular to the same plane ; therefore, by the preceding Corol- 
lary, they will be parallel to each other. • 

The three lines are supposed not to be in the same plane ; 
otherwise the proposition would be ah-eady known (Book L 
Prop. XXII.). 



PRQPOSITION VIII. THEOREM. 

If a straight line is parallel to a straight line drawn in a plan£f 

it will be parallel to that plane. 




B 



Let AB be parallel to CD 
of the plane NM ; then will 
it be parallel to the plaHe nu|- 
NM. ^ 

For, if the line AB, which 
lies in the plane ABDC, 
could meet the plane MN; 
this could only be in some 
point ^f the line CD^ the common intersection of the two 
planes: but AB cannot meet CD, fmce they are parallel; 
hence it will not meet the plane MN ; hence it is parallel to 
that plane (Def. 2.). 
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PROPOSITION IX, THEOREM. 



TtDo planes which are perpendicular to the same straight hn9$ 

are parallel to each other. 
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Let the planes NM, QP, be per- 
pendicular to the line AB, then will 
they be parallel. 

For, if they can meet any where, 
let O be one of their common 
points, and draw OA, OB ; the line 
AB which is perpendicular to the 
plane MN, is perpendicular to the 
straight line OA drawn through its foot in that plane ; for the 
same reason AB is perpendicidar to BO ; therefore (M and OB 
are two perpendiculars let fall from the same point O, upon 
the same straight line ; which i? impossible (Book I. Prop. XIV.); 
therefore the planes MN, PQ, cannot meet each other ; coni^e- 
quently they are parallel. 




PROPOSITION X. THEOREM. 

if a plane cut two parallel planes, the lines of intersection wiH be 

parallel* 

Let the parallel planes NM, " 
QP, be intersected by the plane 
EH ; then will the lines of inter- 
section EF, GH, be parallel. 

For, if the lines EF, GH, Jjing 
in the same plane, were J^ot par- 
allel, they would mee^^ach other p 
when produced ><iierefore, the^ 

f)Ianes MN, PQt in which those * 
ines lie, would also meet ; and 
hence the planes would not be ^ 
parallel. 
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If tm planes ar^pofrf'* « straight line which is perpendicular 
fy> cn^^^ P^endicular to the other. 
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Let MN, PQ, be two parallel 

1>ianes, and let AB be perpendico* 
ar to NM ; then will it also be per- 
pendicular to QP. . 

Having drawn any liiie BC in 
the plane PQ, through the lines AB 
and BC, draw a plane ABC, inter- 
secting the plane MN in AD ; the* 
mtersection AD will be parallel to BC (Prop. X-) ; but the line 
AB, bein^ perpendicular to the plane MN, is perpendicular to 
the straight line AD ; therefore also, to its parallel BC (Book 
L Prop. XX. Cor. 1.): hence the line AB being perpendicular 
to any line BC, drawn through its foot in the plane PQ, is con- 
sequently perpendicular to that plane (Def. 1.). 




raOPOSITION Xll. rasoREM- 

The paraEeb comprehended .between two parcdlel planes dre 

equal. 

Let MN, PQ, be two parallel 

tlalies, and FH, GE, two paral- 
d lines : then will EG=PH 

For, through ihe parallels EG, 
FH, draw the plane EGHF, in- . 
tersecting x\\e parallel planes in 
•EF and GH. The intersectionsr 

EF, GH, are pardtel to each 
other (Prop. X.) ; so likewise are 

EG, FttS therefore Hie figurb 
EGHF is a r^rallelogram ; con- 
sequently, EG— T?H, 

Cor,' Hence it folio w^^ ^^^ ^^ parallel planes are everf 
where equidistant: for, «#kr-<e EG were pemendicular to the 
plane PQ ; the parallel FH wut j ^feo be perpendicular to it 
(Prop. Va), and ^^e two paralleTs .^^jj likewise be perpen^ 
dicular to the plane MN (Prop. XI.) ; ^^^ ^,^j^g parallel, they 
ViU be equal, as shown by the Proposition. ^ • *? *^^ ' 




BOOK Vt 



1% 



PROPOSITION XIU. THEOREM. 

If tw6 angles^ not situated in the same plane, ha^ their sides 
parallel and lying in the same direction^ those angles mil be 
equal and their planes will be parallel. 

Let the angle* be C AE and DBF. 

Make AC=BD, AE= j^\ 
BF; and draw CE, DF, 
AB, CD, EF. Since AC 
is equal ^nti parallel to 
BD, the figure ABDC is 
a parallelogram ; therefore 
CD is equal and parallel 
to AB. For a similar rea- • 
son, EF is equal and par- 
allel to AB ; lienee also CD 
19 equal and parallel to 
EF ; hence the figure 
CEFD is a parallelogram, 
and the side CE is equal 
and parallel to DF ; therefore the triangles CAE, DBF, hav« 
their corresponding sides equal ; therefore the wide CAE= 
DBF. n , s 

Again, the plane ACE is parallel to the plane BDP. . For 
suppose the plane drawn through the point A, paiallel to BDF, 
were to meet the lines CD, EF', in points different from C and . 
E, for mstance in G and H ; then, the three lines AB, GD, FH, 
would be equal (Prop. XII.) : but the lines AB, CD, EF, are 
already known to be equal; hence CD=GD, and FH=EF, 
which is absurd ; hence the plane ACE is parallel to BDFr 

Cor. If two parallel planes MN, PQ are met by two other 
planes CABD, EABF, the angles CAE, DBF, formed by the 
mtersections of the parallel planes will be equal ; for, the inter* 
section AC is parallel to BD, and AE to BF (Prop. X.) ; there- 
fore the angle CAE =DBF. 




PROPOSITION XIV. THEORiaf. ^ 

// three straight lines, not situated in the same plane, are etpud 
and parallel, the opposite triangles formed by joining the ea- 
tremities ofthe^e Hius will be equal, and their planes wiU be 
parallel 
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Let AB, CD, EF, be the ^ 

lines. 

Since AB is equal and 
parallel to CD, the figure 
ABDC is a pcrallelogram ; 
hence the side AC is equal 
and parallel to BD. For a 
like reason the sides A£, 
BF, are equal and parallel, 
as also CE, DF ; therefore 
the two triangles ACE, BDF, 
are equa^ ; hence, by the last 
Proposition^ their planes are 
paralleK 




PROPOSITION XV. THEOREM. 

fftwo Straight lines becritby three parcdlel planes^ they will he 

divided proportionally. 

Suppose the line AB to meet 
the parallel planes MN, PQ, 
fiS, at the points A, E, B ; and 
the line CD to meQt the same 
planes at the points C, F, D : 
we are now t* show that 
AE : EB : : CF : FD. 
Draw AD meetiiijg the plane 
PQ in G, and draw AC, EG, 
GF, BD ; the intersections EG, 
BD, of the parallel planes PQ, 
RS, by the plane ABD, are 
parallel (Prop. X.) ; therefore 

AE : EB : : AG : GD; 
in like manner, the intersections AC, GF, being parallel, 

AG : GD : : CF : FD ; 
the ratio AG : GD is the same in both; hence 

AE : EB : : CF : FD. 




PROPOSITION XVI. THEOREM. 



If a line is perpendicular to a plane^ every plane passed through 
the perpendicular^ unll also be perpendicular to the plane. 
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Let AP be perpendicular to the 
plane NM ; then will every plane 

fmsaing through AP be perpendicu- 
ar to NM. 

Let BC be the intergection of the 
planes AB, MN ; in the plane MN, 
draw DE perpendicular to BP: then 
the line AP, i>eing perpendicular to 
the pluie MN, will be perpendicu- 
lar to each of the two straight lines *" 
BC, DE ; but the angle AFD, formed by the two peipendicu- 
lars PA, PD, to the common intersection BP^ measures the 
angle of the two planes AB, MN (Def. 4.) ; therefore, since that 
angle is a right angle, the two planes ere per^ndicular to eacb 
other. 

Scholium. When three straight lines, such as AP, BP, DP, 
are perpendicular to each other, each of those lines is perpeti- 
dicular to the pjane of the other two, and the three planes we 
perpendicular [o each odier. 



PROPOSITION XVn. THEOREM. 

If two planes are perpendicular to each other,a Hne drawn t% 
one of them perpendicular la their common interiection, will 
be perpendicular to the other plane. 

Let the plane AB be perpen- 
dicular to NM ; then if the line 
AP be perpendicular to the inter- 
section BC, it will also be perpen- 
dicular to the plane NM. 

For, in the plane MN draw PD 
perpendicular to PB ; then, be- 
cause the planes are perpendicu- 
lar, the angle APD is a right an- 
gle; therefore, the -line AP is 
perpendicular to the two, straight 

lines PB, PD ; therefore it is perpendicular to their plane MN 
(Prop. IV.). 

Cor. If the plane AB is perpendicular to the plane MN, and 
if at a point P of the common intereection we erec* a perpen- 
dicular to the plane MN, that perpendicular will be in thepUne 
AB i for, if not, then, in the plane AB we mi^t dmt AP peiw 
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pendicular to PR the commoa intersection, and this AP, at the 
tame time, would be perpendicular to the plane MN; therefore 
at the same point P there would be two perpendicidars to the 
plane MN, which is impossible (Prop. lY. Cor. 2.). 



FKOFosrrioN xviii. theorem. 

If iWB planes are perpendicular to a third plane, their common 
intersection will also be perpendicular to the third plane. 



Let the planes AB, AD, be per- 
pendicular to NM ; then will their 
mtersection AP be perpendicular 
to NM. 

For, at the point P, erect a per- M, 
pendicular to the plane MN ; that 
perpendicular must be at once in 
the plane AB and in the plane AD 
(Prop. XVII. Cor.) ; therefore it 
IS theii common intersection AP. 




PROPOSITION XIX. THEOREM. 

If a solid angle is formed by three plane angles, the sum of any 
two of these (angles will be greater than the third. 

The proposition requires demonstra-^ 
tioh only when the plane angle, which 
is compared to the sum of the other 
two„is greater than either of them. 
Therefore suppose the solid angle S to 
be formed by three plane angles ASB^ 
ASC, BSC, whereof the angle ASB is A^ 
the greatest; we are to show 'that 
ASB<ASC+BSC. 

In the plaoe ASB make the angle 6SD= BSC, draw the 
straight line ADB at pleasure ; and having taken SC=SD, 
draw AC^ BC. 

The two sides BS, SD, are equal to the two BS, SC ; the 
angle. BSD=BSC ; therefore the triangles BSD, BSC, art 
equal; therefore BD=BC. But AB<AC-f BC ; taking BD 
irom the one side^ and from the other its equal BC, there T«t 
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mains AD < AC. The two sides AS, SD, are equail to the 
two AS, SC ; the third side AD is less than the third side AC ; 
therefore the angle ASD<ASC (Book I. Prop. IX. Sch.>; 
Adding BSD=BSC, we shall have ASD+BSD or ASB< 
ASC+BSC. 



PROPOSITION XX. THEOREM. 

ne stem of the plane angles which form a solid angle is always 

less than four right angles, • 

Cut the solid angle S by ^ny plane S 

ABCDE ; from O, a point in that plane, /^ 

draw to the several angles the straight /// l\ 

lines AO, OB, OC, OD, OE. J //'/ \V 

The sum of the angles of the triangles / / / 1 \ 

ASB, BSC, &c. formed about the vertex /^U^h — \\t> 

S, is eqoal to the sum of the angles oif an /y^'' X /\\ 
equal number of triangles AOB, BOC, &c. A^? — T-">;^ 1 / 
formed about the point O. But at the ><// \V 

point B the sum of the angles ABO» OBC, ^g^ ^ 

equal to ABC, is less than the sum of the 
angles ABS, SBC (Prop. XIX.) ; in the same manner at the 
point C we have BCO+OCD<BCS + .SCD; and so with all 
the angles of the polygon ABCDE : whence it follows, that the 
sum of all the angles at the bases of the triangles whose vertex 
is in O, is less than the sum of the angles at the bases of the 
triangles whose vertex is in S ; hence to make up the defi- 
ciency, the sum of the angles formed about the point O, is 
greater than the sum of the angles formed about the point S. 
ut the sum of the angles about the point O is equal to four 
right angles (Book L Prop. IV. Sch.) ; therefore the sum of the 
plane angles, which form the solid angle S, is less than four 
right angles. " • 

Scholium. This demonstration is founded on the supposition 
that the solid angle- is convex, or that the plane of no one sur- 
face produced can ever meet the solid angle ; if it were other- 
wise, the sum of the plane angles would no longer be limited,, 
and might be of any magnitude. , 

PROPOSITION XXI. THEOREM. 

If two solid angles are contained by three plane angles which are 
equal to each other, each to each, the planes of the equal angles 
wilt be equally inclined to each other. 
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Let the angle ASC=DTF,the 
angle. ASB:^ DTE, and the an- 
gle BSC=ETF; then will the 
inclination of the planes ASC, 
ASB, be equal to that of the 
planes DTF, DTE. 

Having taken SB at pleasure, / i^ 

draw BO perpendicular to the jP iP 

plane ASC ; from the point O, at which the perpendicular 
meets the plane, draw OA, OC perpendicular to SA, SC; 
draw AB, BC ; next take TE=SB ; draw EP perpendicular to 
the plane DTF ; from the point P draw PD, PF, perpendicular 
respectively to TD, TF ;* lastly, draw DE, EF. 

The triangle SAB is right angled at A, and the triangle TDE 
at D (Prop. VI.) : and since the angle ASB=DTE we have 
SBA=TED. Likewise SB=TE; therefore the triangle SAB 
isequal to the triangle TDE ; therefore SA=TD, and AB=DE. 
In like manner, it may be shown, that SC=TF, and BC==EF. 
That granted, the quadrilateral SAOC is equal to the quadri- 
lateral TDPF : for, place the angle ASC upon its equal DTF; 
because SA=TD, and SC=TF, the point A will fall qn D, 
and the point C on F ; and at the same time, AO, which is per- 
pendicular to SA, will fail on PD which is perpendicular to 
TD, and in like manner OC on PF ; vi^herefore the point O 
will fall on the point P, and AO will be equal to DP. But the 
triangles' AOB^ DPE, are right angled at O and P ; the hypo- 
themise AB==DE, and the side AO=DP: hence those trian*- 
gles are equal (Book I. Prop. X\- IL) ; and consequently, the 
angle OAB=Pl)E, The angle OAB is the inclination of the 
two planes ASB. ASC ; and the angle PDE is that of the two 
pianes DTE, DTF ; hence those two inclinations are equal to 
each other. 

It miist, however, be observed, that the angle A of the right 
angled triangle AOB is properly the inclination of the two 
planes ASB, ASC, only when the perpendicular BO falls on 
the same side of SA, with SC ; for if it fell on the other -side, 
the angle of the two planes would be obtuse, and the obtuse 
angle together with the angle A of the triangle OAB would 
make two right angles. But in the same case, the angle of the 
two planes TDE, TDF, would also be obtuse, and the obtuse 
angle together with the angle D of the triangle DPE, would 
make two right angles ; and the angle A being thus alwayn 
equal to the angle at D, it would follow in the same manner that 
the mclination of the two planes ASB, ASC,'must be equal to 
Ihat of the two planes TDE, TDF. 

Scholium. If two solid angles are contained by three plane 
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angles, respectively equal to each other, and if at the same timei 
the equal or homologous angles are disposed in the same man* 
ner in the two soUd angles, these angles will be equal aqd they 
will coincide when applied the one to the other. We have 
already seen that the quadrilateral SAOC may be placed upon 
its equal TDPF ; thus placing SA upon TD,-SC falls upon TP^ 
and the point O upon the point P. But because the triangles 
AOB, DPE, are equal, OB, perpendicular to the plane ASC, 
is equal to PE, perpendicular to the plane TDF ; besides, those 
perdendiculars lie in the same direction ; therefore, the point 
B Will fall upon the point E, the line SB upon TE, and the two 
solid angles will wholly coincide. 

This coincidence^ hawever, takes place jonly when we sup- 
pose that the equal plane angles are arranged in the same maiu 
ner in the two solid angles ; for if they were arranged in an in^ 
verse order^ or, what is the same, if the perpendiculars OB, PE^ 
instead of fying in the same direction with regard to the planes 
ASC, DTP, lay in opposite directions, then it would be impos- 
sible to make these solid angles coincide with one another. It 
would not, however, on this account, be less true, as our Theo- 
rem states, that the planes containing the equal angles must 
still be equally inclined to each other; so that- the two solid an-' 
gles would )>e equal in all their constituent parts, withotit, 
however, admitting of superposition. _ This sort of equality, 
which is not absolute, or such as admits of isuperposition, de-^ 
serves to be distinguished by a particular name : we shall call 
it equality by symmetry. 

Thus those two solid angles, which are formed by three 
plane angles respectively equal to each other, but disposed in an 
inverse order, will be called angles equal by symmetry^ or simply 
symmetrical angles. 

The same remark is applicabje to solid angles, which are 
formed by more than three plane angles : thus a solid angle^ 
formed by the plane angles A, B, C^ D, £» and another solid 
angle, formed by the same angles in an inverse order A, E, D, 
C, B, may be such that the planes which contain the equal an- 
gles are equally inclined*to each other. Those two solid angles, 
are likewise equal, without being capable of superposition, and 
are called solid angles equal by symmetry , or symmetrical solid 
angles. • 

Among plane figures, equality by -sjonmetry does not pro- 

f>erly exist, all figures which might take this name being abso* 
utely equal, or equal by superposition ; the reason of which is, 
that a plane figure may be inverted, and the upper part taken 
indiscriminately for the uiider. This is not the case with solids ;. 
in which the third dimension may be taken in two different 
directions. 
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Defaatioms. 

1. Tkk name solid polyedran, or simpk poiyednm, is gnrea 
to ereiy solid tenniDated by planes or plane faces; ivliich 

E lanes, it is evident, will themselves be^ terminated by straight 
nes. 

2* The conmion intersection of two iadjaoent faces of a 
polyedron is called the side^ or edge of the polyedron. 

3. The prism is a scdid bounded by several parallelogTama, 
which are terminated at both ends by equal and parallei 
polygons. 
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To conBtruct this solid, let ABCDE be any polygon ; then 
if in a plane parallel to ABCDE, the lines FG, GH, HI, &c« be 
drawn eqtial and parallel to the sides AB, BC, CD, &c. thus 
forming the polygon FGHIK equal to ABCDE ; if in the next 
place, the vertices of the angles in the one plane be joined with 
the homologous vertices in the other, by straight lines, AF, BG, 
CII, ice. the faces ABGF. BCHG^ &c. will be parallelograms, 
and ABCDE-K, the solid so formed, will be a prism. 

4. The equal and pj^rallel polygons ABCDE, FGHIK, are 
called the bases of the prism; the parallelograms taken together 
constitute the lateral or convex surface of the prism; the equal 
straight lines AF, BG, CII, &c. ate called the sides^ or edges of 
the prism, 

5. The altitude of a prism is the distance between its two 
bases, or the perpendicular drawn from a point in the nppei 
base to the plane of the lower base. 
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6. A prism is right, when the sides AF, BG, CH, &;c. are 
|)erpendicular to the pl&nes of the bases ; and then each of them 
IS equal to the attitude of the prism. In every other case the 
prism is oblique, and the altitude less than the side. 

7. A prism is 'triangular, quadrangular, pentagottal, hex 
agonal, &,c, when the base is a triangle, a quadrilat'°.ral, a 
pentagon, a hexagon, &c. 

8. A prism whose base is a parallelogram, and 
which has all its faces parallelograms, is named a 
paralUhpipedon. . 

The paralhhpipedon is rectangular when all 
its faces are rectangles. 

" 9. Among rectangular parallel opipedons, we 
distinguish the cuhe, or regular hexaearon, bounded 
by six equal squares. 

10. A pyramid is a solid formed by 
several triangdarplanes proceeding from 
the same point 8, and terminating in the 
diflerent sides of the same polygon 
ABCDE. 

The polygon ABCDE is called the 
base of the pyramid, the po'nt S the 
vertex ; and the triangles ASB, BSC, 
CSD, &x. form its convex or /afera/ sur- 
face. 

11. If from the pyramid S-ABCDE, 
the pyramid S-a6c(£e be cut off by a 
plane parallel to the base, the remaining 
solid ABCDE-(^ is called a truncal^ 
pyramid, or the frustum of a pyramid. 

12. The altitude of a pyramid is the 

perpendicular let fall from the vertex upon the plane of thr 
base, produced if necessary. 

13. A pyramid is triangular, quadrangular, &c. according 
as its base is a triangle, a quadrilateral, &c. 

14. A pyramid ia regular, when its base is a regular poly- 
g6B, and when, at the same time, the pei^ndicular let fall 
irom the vertex on the plane of l^e base passes through die 
centre of the base. That pcrpcndicalar is then called the axil 
pf the pyramid, 

15. Any line, as SP, drawn from the vertex S of a regular 
pyramid, perpendicular to eiilicr side of the, polygon which 
forms its base, is called the slant height of Ib^ pyramid. 

16. The c^iV^nna/ of a polyedron is a straight line joining 
iba vertices of two solid angles which arc not adjacent to euui 
liOiep, 



144 



GEOMETRY. 



17. Two polyedrons are similar when they are contained 
by the same number of similar planes, similarly situated, and 
having Uke inclinations with each other. 



PROPOSITION I. THEOREM. 

The convex surface of a right prism is equal to the perimeter of 

its base multiplied by its altiiude. 

Let ABCDE-K be aright prism : then 
will its convex surface be equal to 
(AB + BC + CD+DE+EA)xAF. 

For, the convex surface is equal to the 
sum of all the rectangles AG, BH, CI, 
DK, EF, which compose it. Now, the 
altitudes AF, BG,'CH, &c. of the rect- 
angles, are equal to the altitude of the 
prism. Hence, the sum of these rectan- 
gles, or the convex surface of the prism, 
IS equal to (AB + BC + CD + DE-+ E A) x 
AF ; that is, to the perimeter of the base of the prism multi* 
plied by its altitude. 

Cor. If two right prisms have the same altitude, their con.* 
Tex surfaces will, be to each other as the perimeters of their 
bases. 




PROPOSITION II# THEOREM. 

In^very pnsmy the sections formed by parallel planes^ are equal . 

polygonL 

Let the prism AH be intersected by 
the parallel planes NP, SV ; then are the 
polygons NOPQR, STVXY equal. 

For, the sides ST, NO, are parallel, 
being the. intersections of two parallel 
planes with a third plap<3 ABGF; these 
satne sides, ST, NO, an? included between 
the parallels NS, OT, which are sides of 
the prism: henpe NO is equal to ST. 
For like reasons, the sides OP, PQ, QR, 
&c. of the section NOPQR, are equal 
to the sides TT, VX, XY, &c. of the sec- ^ 
lion SlTXYi each to each. And since 




^ 
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tiie equal sides iie at the same time parallel, it follows tbat the 
angles NOP, OPQ, a^c. of the first section, are eqtial to the 
angles STV.TVX, &c. of the second, each to each (Book VI. 
Prop. XIII.). Hence the two sections NOPQR, STVXY, are 
equal polygoHs^n 

Cor. Eveiysection in a prism.if drawn parallel to the base, 
IS also equal to the base. 



PROPOSITION in. THEOREM. 

Ifapyramid be cut by a plane parallelto its base, 

I St. The edges and the altitude will be divided proportionally. 

3d. The section will be a polygon similar to the btue. 

Let the pyramid S-ABCD£. 
of which SO is the altitude, 
be cut by the plane abcde ; 
"then will Sa : SA : : So : SO, 
and the. same for the other 
edges : and the polygon tAcde, 
will be similar to the base 
ABCDE. 

First. Since the planesABC, 
t^, are parallel, their interEec-^ 
. tioDS AB, ab, by a third plane 3 

SAB will also be parallel 

(Book VI. Prop. X.) ; hence the tritmgles SAS, Sab are siai- 
lar, and we have SA : Sa : : SB : S& ; for a similar reason, 
. we have SB : S& : : SC : Sc ; and so on. Hence the edjms 
S A, SB, SC, &c. are cut proportionally in a,b, c, &c. Tbs 
altitude SO is likewise cut m the same proportion, at the pMDt 
o; for BO and bo are parallel, therefore we have 
80 : So : : SB : Sb. 
Secondly. Since a& is parallel to AB, be toSC, od to GD, te- 
tbe angle abc is equal to ABC, the angle I^a to BCD, aDd «> on 
(BookVl. Prop. XIII.). Also, by re*8on of the simflBr trianT 
gles SAB, SoA, we have AB : qb^ : SB. : S£ ; and bf rMHo 
of tbo similar triangles SBC, ^, w» hoFe SB : S& t : BG : 
he ; l^ncci AB '. ab : : B^ = be ;, we- raifH^ L2ktwiiiB have 
BC : (c: : CD : c{^ aa^ 86,0a. ISesoa th« polygona ABCfi£> 
'flJcifc h«ve Ihfflr afijfJ** r«iq)^«8ly5 eqiud and ^hm hoowte- 
goua gides pc^portional; hence they are.wniUr. 
N19 
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Cor. I. Let S-ABCDE, 
S-XYZ b« two pynunidB, hav- * 

ing a coDunon vertex and the 
same altitude, or baring tbeir 
baaes situated in the same 
plane ; if these pyramids are 
cut by a plane parallel to the 
plane of their bases, giving the 
sectioas abcde, xyz, then will 
the sectiona abcde,xyz,beto each 
other as the baset ABCDE, 
XYZ. 

For, the polygons ABCDE, <^de, being similar, tbeir sur- 
faces are as the squares of the homologous sides AB, ab ; but 
AB : aft': : 8A : Sa; hence ABCDE : abcde : : 8A» : Sa». 
For the same reason, XYZ ■ xyx : : SX* : S^^. But smce 
abc and xyz are in one plane, we have likewise SA : Sd : : 
SX : Sa: (Book VI. Prop. XV.) ; hence ABCDE : abcde : : 
XYZ ; xyx ; hence the sections abcde, xyz, are to each other 
as the bases ABODE, XYZ. 

Cor. 2. If the bases ABCDE, XYZ, are equivalent, any sec- 
tions abcde, xyx, made at equal distances from the bases, will 
be equiva1ei)t likewise, 



PROPOSITION IV. l-HEOREM. 

The^ convex surface of a regular pyramid is equal to ike perime 
ter of its base multiplied by half the slant height. 

For, since the pyramid is regular, the g 

pointOiin which the axis meets the base, 
IS the centre of the polygon ABCDE 
(Def. 14.) i hence the Imes OA, OB, OC, 
&c. drawn to the vertices of the base, 
are equal. 

IntherightangledtTl8ngleBSA0,SB0, 
the bases and perpendic^ars are equal ; 
H-^nce the hypothennsea are equal ; and 
1 may be proved in the same way that 
aRtbe sides of the right pyramH are 
equal. The triangles, therefore, whV^h 
form the convex surface of the priam are 
aO equal to each other. But the area of 
Htlier of these triangles, as ESA, is equal 
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(o its base EA multiplied by half the perpendicular SF, which 
is the slant height of the pyramid : hence the area of all the tri- 
angles, or the convex surface of the pyramid, is equal to Hie 
perimeter of the base multiplied by half the slant height. 

» 

• 
Cor. The convex surface of the frustum of a regular pyra- 
mid is equal to halftfie perimeters <f, its upper and lower bases 
multiplied by its slant height. 

' For^ since the section abcdt is similar to the base (Prop. III.)» 
and since the base ABODE is a regular polygon (Def. 14.), it 
follows that the sides ea^ ab, bc,cd and de are all equal to each 
other. Hence the convex surface of the frustum ABCDE-rf 
is formed by the equal trapezoids EAae, ABfra, &c. and the 
perpendicular distance between the parallel sides of either of 
•these trapezoids is equal to Ff the slant height of the frustum. 
)3ut the area of either of the trapezoids, as AEea, is equal to 
^(EA+ea) x F/ (Book IV. Prop. VII.) : hence the area of all 
of them, or the convex surface of the frustum, is equal to half 
the perimeters of the upper and lower bases multiplied by the 
slant height 

PROPOSITION V. THEOREM. 

If the threeplanes which form a solid angle ofaprism^ are equal, 
to the three planes which form the solid angle of another prism, 
each to each, and are like^ situated, the two prisms will be equal 
to each other. 

Let the base ABCDE be equal to the base abcde^ the paral- 
lelogram ABGF equal to the parallelogram ab^, and the par- 
allelogram BCHG equal to bchg; then will the prism ABCDE-K 
be equal to the prism abcde-k. 



h 




For, lav the base ABCDE upon its equal abcde ; these two 
bases will coincide. But the three plane angles wUch form 
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the solid angle B, are recpectively equal to the three plane 
angles, which fonn the solid angle b, namely, ABC=a6c, 
ABGrzoft^, and GBC=:^&c ; they are also similarly situated r 
hence Uie solid angles B and^fr are equal (Book YI. Prop. XXI. 
Sch.) ; and therefore the side BG will fall on its equal bg. It 
is likewise evident, that by reason of the equal parallelograms 
ABGF, abgf, the side GF will fall on its equal gf, and in the 
same manner GH on gh : hence, the plane of the upper base, 
FGHIK will coincide with the plane fghik (Book VI. Prop. II.). 

K 7c 




» ~~J3 O C 

But the two upper bases being equal to their corresponding 
lower bases, are equal to each other: hence HI will coincide 
with Ai, IK with *, and KF with Ttf\ and therefore the lateral 
faces of the prisma will coincide : therefore, the two prisms 
coinciding throughout are equal (Ax. 13.). 

Cor. Two right prisms^ which have equal bases and equal aU 
titudes, are equalf For, since the side AB is equal to ab, and 
the altitude BG. to bg, the rectangle ABGF will be equal to 
abgf; so also will the rectangle BGHC be equal to bghc ; and 
thus the three planes, which form the solid angle B, will be 
equal to the three which form the solid angle, &, Hence the 
two prisms ^e equal. 



PROPOSITION VL THEOREM. 



In every paralklopipedon the opposite planes are dqual and 

parallel. 



By the definition of this solid, the bases 
ABCD, EFGH, are equal parallelograms, 
and their sides are parallel : it remains 
only to show, that the same is true of any 
two (^posite lateral faces, such as AEHD, 
BFGC. Now AD is equal and parallel 
to BC, because Jhe %ure ABCD is a par- 
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allelogram ; for a like reason, AE is parallel to BF : hence the 
angle DAE is equal to the angle CBF, and the planes DAE, 
CBF, are paridlei (Book VI. Prop. XIII.) ; hence also the par- 
allelogram DAEH is 'equal to the parallelogram CBFG. In the 
same way. it might be shown that the opposite parallelograms 
ABFE, DCGH, are equal and parallel. 

Cor. 1. Since the parallelopipedon is a solid bounded by six - 
planes, whereof those lying opposite to each other are equal 
and parallel, it follows that any face and the one opposite to it, 
may be assumed as the bases of the parallelopipedon. 

Cor. 2. The. diagonals of a ^paraUelopipedon bisect each 
other. For, suppose two diagonds EC, AG, to be drawn both 
through opposite vertices : since AE is equal and parallel to 
CG, the figure AEGC is a parallelogram ; hence the diagonals 
EC, AG will mutually bisect each other. In the same manner, 
we could show that the diagonal EC and another DF bisect 
each other ; hence the four diagonals will mutually bisect each , 
»ither, in a point which may be regarded as the centre of the 
parallelopipedon. 

Scholium. If three straight lines AB, AE, AD, passing 
through the same point A, and making given angles with each 
other, are known, a parallelopipedon may be formed on thosi^ 
lines. For this purpose, a plane must be passed through the ' 
extreinity of each line, and parallel to the plane of the other 
two ; that is, through the point B a plane parallel to DAE^ ' 
through D a plane parallel to BAE, and through E a plane 

S' rallel to 3AD. The mutual intersections of these planes will 
'm the parallelopipedon required. 



PROPOSITION VII. TH£OKEM. 

The two trianguldt prisms into which a parallelopipedon is dn- 
' tided by a plane passing through its opposite Agonal edges, 
are equivalent. 



N 
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Let the parallelopipedon ABCD-H be 
dmded by the plane BlJHFpassing through 
its diagonal edges : then will the triangular, 
prism ABD-H be equivalent to the trian- 
gular prism BCD-H. 

Through the vertices B and F, draw the 
planes BadCf Fehg^ at right angles to the 
«de BF» the former meeting AE, DH, CG, 
the three other sides of the pai*allelopipe- ^ 
don^ in the points c^d^o, the latter in e^ h, 
g : the sections ^adc, Fehg^ will be equal _ 
parallelograms. They are equal, because ■" 
they are formed by planes perpendicular to the same straight 
line» and consequently parallel (Prop. II.) ; they are parallelo- 
grams, because aB, dc, two opposite sides of the same section* 
are formed by the meeting of one plane with two parallel 
planes ABFE. DCGH. 

For a like reason, the figure B^z^F is a parallelogram ; so also 
are BF^c, cdhg^ adhe^ the other lateral faces of the soUd ^adog ;. 
hence that solid is a prism. (Def. 6.) ; and that prism is right, 
because the side BF is perpendicular to its base. / 

Put the right prism "Radc-g is divided by the plane BH into 
two equal right prisms Baef-A, Bc(2-A ; for, the bases Bad, Bc(/„ 
uf these prisms are equal, being halves of the same parallel- 
iogram, and they have the common altitude BF> hence they are 
equal (Prop. V. Cor.). 

It is now to be proved that (he oblique triangular prism 

' ABI^H will be equivalent to the right triangular prism Boei-A ; 

and since those prisms have a common part ABD-A, it will 

only be necessary to prove that the- remaining parts, namely,^ 

the solids BaAD^, FeEHA, are equivalent 

Now, by- reason of the parallelograms ABFE, «BFc, the 
sides A£, oe, being equal to their parallel BF, are equal to each 
other ; and taking away the common part A«, there remains 
AanEe. In tlie same manner we could prove De;f=?HA* 

Next, to bring about the superposition of the two solids 
BaAD4 FeEH^ let us. place the base Fe^ on its equal Bad ; 
the point e falling on a, and the point h on d^ the sides e£, ^H, 
will fall on their equals aA, (fD, oecaiise they are perpendicu^ 
lar to the same plane Wad. Hence the two solids in question 
will coincide exactly with each other ; hence the oblique prism 
BAD-H, is equivalent to the right one Bad[-A« 

In the same manner might the obUque prism BCD-H, be 
pr6ved equivalent to the right prism BeJ-A. But the two righl 
prismjsi Boi^A, Bci-^, are equal, since they have the same alti- 
tude BF, and since their bases Bcu^ B<^, are halves of the 
same parallelogram (Pn>p. Y Cor^). Hence the Iwo tribsh 
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gular prisms BAD-H, BDG-6, being equivalent to the equal 
right prisms, are equivalent to each other, 

_ 9 

"V • 

Cor. Every triangular prism ABD-HEF is half jof the paral- 
lelopipedon AG described with the same solid angle A, and 
the same edges^ AB, AD, AE. 



PROPOSITION VIII. THEOREM. 

* ■ . 

Ifttjoo parallelopipedons have a icommon base, and their upper 
bases in the same plane and between the same parallels, they 
will be equivalent. 

Let the parallelopipe- 
dons AG, AL, have the 
common base AC, and . 
their upper bases EG, 
MK, in the same plane, 
and between the same 
parallels HL, EK ; then ^.j 
will they be equivalent. 

There may be three 
case?, according as EI i^ 

S eater, less than» or equal to, EF; but the demonstration ui 
e same for all. In the first place, then we shall show that 
the triangular prism AEI-MDlT, is. equal to the triangular 
prism BFK-LCG. < 

Since AE is parallel to BF, and HE to GF, the angle AEI 
=^BFK:, HEI=GFK, and HEA=GFB. Also, since EF and 
IK are each equal to AB, they^are equal to each other. To 
each add FI| and there will result EI equal to FK : henoe the 
triangle AEt is e^uffl to the triangle BFK (Bk. h Prop. V), and 
the paralellogram EM to the parallelogram FL. But the par- 
allelogram AH is equal to the parallelogram CF (Prop. Vl) : 
hence, the three planes which form the solid angle at fl are 
respectively equal to the three which form the solid angle at 
F, and being like placed, the triangular prism AEI^ is equal 
to the triangular prism BFK-I/. 

But if the prism AEI-M is taJk^n awav from tlie solid AL» 
there will remain the parallelopipedon dADC^ ; and if the 
prism BFK-L is taken away from the same solid^ there will 
remain the parallelopipedon BADC-G ; hence those two paral-^ 
Iek)pipedbn» BADC-L» BADC-G, are equivalents. 




FBOfOSITION IX. THEOKEar. 

TIpo parallelnpipedoiu, having the same bate and the tame alti- 
tude, are e^ivaleiU. 

LetABCDbetbecom- 

mon baae of th& two par- 

allelopipedoDs AG, AL ; n 

since they have the same 

altitude, their upper bases 

EFGH,IKLM,willbei0 

the saiAe plane. Also the 

pides EP and AB will be 

equal and parallel, as well 

as IK and AB; hence £F 

f> equal and parallel to 
K; for a like reason, GF 
i« equal and parallel to _^^ _ 

LK. li/et the Bides £F, GH, be produced, and likewise KL, 
IM, till bv their intersections they form the parallelogram 
NOPQ ; this parallelogram will evidently be equal to either 
of the bases EFGH,IKLM, Now if a. third parallelopipedMi 
be conceived, having for its lower base the parallelogram 
ABCD, and NOPQ for its upper, the third parallelopipedon 
will be equivalent to the parallelopipedon AG, since with the 
^ame lower base, their upper bases lie in the same plane 
ttiid between the same parallels, GQ, FN (Prop. VlII.)- 
For the same reason, this third parallelopipedon will also be 
«<]uivalent to the parallelopipedon AL -, hence the two paral- 
lelopipedons AG, AL, which have the same base aiid the 
same altitude, are equivalent. 




PROPOSITION 3 



Avy parallelopipedon may he changed into an equivalent reekai- 
gular parallelopipedon having the same aUiiuda and q% 
equivalent base. 



Let AG be the par- 
allelopipedon proposed. 
From the points A, B, C, 
D,drawAI,BK,CL,DM, 
perpendiculartothe plane 
of Uie base ; you will thus 
form the paraltelopipe- 
don AL equivalent to 
AG, and haviiig its late- 
ral faces AK, BL, &c. 
rectangles. Hence if the 
base ABCD is a rectan- 
gle, AL will be a rectan- 

fular parailelopipedoo equivalent to AG, and consequently, 
le parallelopipedon required. Bat if ABCD is not axectangic. 




draw AO and BN perpendicular to CD, and mQ 



OQ an(^ NP perpendicular to the base ; you ^ 
wirtben have the solid ABNO-IKPQ, which ^- 
will be a rectangular parallelopipedon : for 
by construction, the bases ABNO, and IKPQ 
are rectangles ; so also are the l&teral faces, 
the edges AI, OQ, &c. being perpendicular 
to the plane of tl\e base ; hence the solid AP 
b a rectan^lar parallelopipedon. But the S 
two parallelopipedons AF, AL may be con- 
ceived as having the same base ABKI and 
the same altitude AO : hence the parallelopipedon AG, which 
was at first changed icto an equivalent parallelopipedon AL* 
is again changed into an equivalent rectangular parallelopipe* 
don AP, having the same altitude AI, and a base ABNO eqiii- 
valent to the base ABCD. 



PKOPOSmON XI. THEOREM. 



Two rectangular paralklopipedong, which have the s 
are to each other as their altitudes. 
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Let the parallelopipedons AG, AL, have the same base BD, 
then will they be to each other as their altitudes AE, AL 

First, suppose the altitudes AE, AI, to be Xi H 

to each other as two. whole numbers, as 15 is r" 
to 8, for example. Divide A£ into 15 equal >£ 



parts ; whereof AI will contain 8 ; and through r%_ . 



'm 






t\. 



^ 



G 



Xf f/f z, &c. the points of division, draw planes 
parallel to the . base. These planes will cut 
the solid AG into 15 partial parallelopipedons, 
all equal to each other, because they have 
equal bases and equal altitudes-r-equal bases, 
since every section M IKL, made parallel to A^ 
the base ABCD of a prism, is equal to that 
base (Prop. II.), equal altitudes, because the 
altitudes are the equal divisions Ax, ocy, yz, 
&c. But of those 15 equal parallelopipedons, 8 are con- 
tained in AL ; hence the solid AG is to the solid AL as 15 is to 
8, or generally, as the altitude AE is to the altitude AI. 

Again, if the ratio of AE to AI cannot be exactly expressed 
in numbers, it is to be shown, that notwithstanding, we shall 
have 

solid AG .: solid AL : : AE : AI. 

For, if this proportion is not correct, suppose we have 

soL AG : soL AL : : AE : AO greater than AI. 

Divide AE into equal parts, such that each shall be less than 
01 ; there will be at least one point of division m, between O 
and I. Let P be the parallelopipedon, whose base is ABCD, 
and altitude Am ; since the altitudes AE, Am^ are to each other 
as the two whole numbers, we shall have 

sol AG : P : : AE : Am, 

But by hypothesis, we have ^ 

*o/. AG : solAJL : :-AE : AO; 

therefore, 

sol AL : P : : AO : Am. 

But AO is Weater than Am ; hence if the proportion is correct, 
the solid AL must be greater than P. On the contrary, how- 
ever, it is less : hence we fourth term of this proportion 

sol AG : sol AL : : AE : x, 

cannot possibly be a line greater than AI. By the same mode 
of reasoning, it might be shown that the fourth term cannot be 
less than AI ; therefore it is equal to AI ; hence rectangulmr 
parallelopipedons having the same base are to each other as 
their altitudes. 
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PROPOSITION XII. THEOREM. 

Two rectangvlar paraUelopipedonSj having the same dltUude 

are to each other «s their bases. 



Let the parallelopipedons 
A.G, AK, have the same ^1- 
iitude AE ; then will they be 
to each other a? their bases 
AC, AN. 

Having placed the two 
solids by th& side of each 
other, as the figure repre- 
sents, produce the plane 
ONKL till it meets the 
plane DCGH in PQ ; you 
will thus have a third par- JMt 
allelopipedon AQ, which 
maybe compared with each ^ 
of the parallelopip^ons 
AC, AK. The two solids 
AG, AQ, having the same 
Oase AEHD are to each other as their altitudes AB, AO ; in 
(ike manner, the two solids AQ, AK, faaving^the same base 
AOLE, are to each other as their altitudes AD, AM. Hence 
we have the two propo^ions, 

sol AG : sol AQ : : AB : AO, 

solAQ : solAK : : AD : AM. 

Multiplying together the corresponding terms of these propor 
tions, and omitting in the result the common multiplier sol AQ ; 
we shall have ' 

solAG : solAK : : ABxAD : AOxAM. 

But AB X AD represents the base ABCD ; and AO x AM rep- 
resents the base AMNO ; hence two rectangular parallelopipe- 
doQs of the same altitude are to each otiier as their bases. 




i 



* * 



PROPOSITION XIII. THEOREM. 

Am/ two rectangular parallelopipedons are to each other as the 
products of their bases by their altitudes^ that is to sat/, cls the 
products of their three dimensions. 



^. 
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For» haying placed the two I 
loKds AG, AZ, 80 that their IT 
surfaces have the common l\ 
angle BAE» produce the 
planes necessary for com* 
pleting the third parallelopi- y 
pedon AK having the same 
altitude with the parallek^ 
pedon AG. Bvthe last propo- 
sition, we shall have 

9oL AG : sol AK : : 

ABCD : AMNO. 
But the two parallelopipedons 
AK, AZ, having the same base 
AMNO, are to each other as 
theh* altitudes A£, AX ; hence 
we have 

sol. AK : sol. kTi : : AE : AX. 

Multiplying together the corresponding terms of these propor- 
tions, and omitting in the result the common multiplier sol. AK ; 
we shall have 

*o/.AG : solAZ I I ABCDxAE : AMNOxAX. 

Instead of the bases ABCD and AMNO, put ABx AD and 
AO X AM it will give 

solAGc : solAZ : : ABxADxAE : AOxAMxAX. 

Hence any two rectangular parallelopipedons are to each 
other, &c. 

Scholium. We are consequQntly authorized to assume, as 
the measure of a rectangular parallelopipedon, the product 
of its base by its altitude, in other words, the product of its 
three dimensions. 

In order to comprehend the nature of this measurement, it 
is necessary to reflect, that the number of linear units in one 
dimension of the base multiplied by^he number of linear units ' 
in the other dimension of the base, will give the number of 
superficial units in the base of the parallelopipedon (Book IT. 
Prop. IV. Sch.). For each unit in heieht there are evidently 
as many solid units ad there are superficial units in the base. 
Therefore, the number of superficial units in the base multi- 
plied by the number of linear units in the altitude, gives the 
number of solid units in the pari^lelopipedon. 

If the tliree dimensions of another parallelopipedon are 
valued according to the same linelur unit, and multiplied together 
in the same manner, the two products will be to each other as 
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the saltds, and will serve to express their relative magni- 
tudt. ♦ 

The magnitude of a solid, its volume or extent, forms what is 
called its solidity ; and this word is exclusively employed' to 
designate the measure of a solid : thus we say the solidityof a 
rectangular parallelopipedon is equal to the product of its base' 
by its altitude, or to the product of its three dimensions. 

As the cube has all its three dimensions equal, if the side is 
1, the solidity will be 1 x 1 x 1=1 : if the side is 2, the solidity 
will be 2 X 2'x 2=8 ; if the side is 3, the solidity will be 3 x 3 x 
3=27 ; and so on : hence, if the sides of a series of cubes are 
to each other as the numbers 1, 2, 3, &c. the cubes themselves 
or their solidities will be as the numbers 1, 8, 27, &c. Hence 
it is, that in arithmetic, the cube of a number is the name given 
to a product which results from thyee factors, each equal to 
this number. • -^^^ 

. If it were proposed to find a cube double of a given cube, 
the side of the required cube would have to be to that of the 
given one, as the cube-root of 2 is to unity^ Now, by a geo- 
metrical construction, it is easy to find the square root of 2 ; 
but the cube-root of it cannot be so found, at least not by the 
simple operations of elementary geometry, which consist in 
employing nothing but straight lines, two points of which are 
known, and circles whose centres and radii are determined. ' 

Owing to this difficulty the problem of the duplication of 
the cube became celebrated among the ancient geometers, as 
well as that of the trisection of an angle, which is>nearly of the 
same species. The solutions of which such problems are sus- 
ceptible, have however long since been discovered ; and though 
less simple than the constructions of elementary geometry, they 
are not, on that account, less rigorous or less satisfactory. 



PROPOSITION XIV. THEOREM. 

The solidity of a- parallelopipedon, and generally of any prism, 
is equal to the product of its base by its altitude. 

^ For, in the first place, any parallelopipedon is equivalent to 
a rectangular parallelopipedon, having the same altitude aiid 
an equivalent base (Prop. X.). Now the solidity of the latter 
is equal to its base multiplied by its height ; hence the soBdity 
of the former is, in like manner, equal to the product of its base 
by its altitude. 

Iii the second place, any triangular prism is half of the par-' 
allelopipedon so constructed as to have the same altitude and 
a double base (Prop. YIL). But the solidity of the latter is equal 



to it» base multiplied by its altitude ; bence tbat of a triansnlar 
prism ia also equal to the product of its base, which is holuhat 
of the parallelopipedoD, multiplied into its altitude. 

In the third place, any prism may be divided into as many 
triangular prisms of the same altitude, as there are triangles 
capable of being formed in the polygon which cooBtitutcs its 
base. But the soUdity of each triangular prism is equal to its 
base multiplied by its altitude ; and since the altitude is the 
same for all, it follows that the sum of all the partial prisms 
must be etjual to the sum of all the partial triangles, which con- 
stitute their bases, multiplied by the common altitiKle. 

Hence the solidity of any polygonal pHsm, b equal to the 
product of its base by its altitude. 

Cor. Comparing two prisms, which have the same altitude, 
the products of their bases by their altitudes will be as the 
bases simply ; hence two prisms efthe same altitude are to each 
other as their bases. For a like reason, two prisms of the same 
hose are to each other as their altitudes. And when neither their 
bases nor their altitudes are equal, their solidities wili be ta 
each other as the products of their bases an^ altitudes. 

PROPOSITION XV. THEOKEM. 

TVo trxanguiar pyramids, having equivalent bases and equi I 
altitudes, are equivaknt, or equal in solidity. 




Let 8-ABC, B-dbc, be those two pyramids ; let their equiva- 
laBt>bases ABC, abc, be situated in the same pluie, and let AT 
oe Ibeir common altitude. If they are not e^uiTslent, let S-o&fl 
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be the smaller : and suppose Aa to be the altitude of a prism, 
which having ABC for its base, is equal to their difference. 

Divide the akittide AT into equal parts Ax, a:y, yx, &c. each 
fess than Aa, and let k be one of those parts ; through the points 
of division pass planes parallel to the plane of the baseisf.; the 
corresponding sections formed by Ae^planesin the two pyr^^ 
mids will be respectively equivalent, namely DEF to def, GHI 
to ghi, &c. (Prop. III. Cor. 2.). 

This being granted, upon the triangles ABC, DEF, GHI, &C 
taken as bases, construct exterior prisms having for edges the 

Earts AD, DG, GK, &c. of the edge^^A , m like BEian^er^ on 
as.ea def, ghi, kJm, &c. in the second pyramid, canstmet inte* 
rior prisma, having for edges the corresponding parts of Sa. 
It is plain that the, sum of all the exterior prisms of the p}rramid 
S-ABC will be greater than this pyramid t and also that the 
sum of all the interior prisms df the pyramid S-abc will be less 
than this pyramid. Hence the difference, between the sum of all 
the exterior prisms and the sum of all the interior ones, must be 
greater than the difference between the two pyt*araids them- 
selves. » . . 
I Now, beginning with the bases ABC, abc, the second exte- 
rior prism DEF-G is equivalent to the first interior prisQi^e]^a> 
because the^ have the same altitude k^ and their fodses DEF, 
defy are equivalent ; for like reasons, the third etterior prism 
GHI-K and the iseccmd interior priB^ ghi-d are equivalent ; 
the fourth exterior and the third interior ; and so on, to the last 
in each series. Hence all the exterior prismi^ of the pyramid 
S^ABC, excepting the first prism ABC-D, have equivalent cor- 
responding ones in the interior prisms of the pyrtoiid S-abc ; 
hehce the prism ABC-D, is the difference between the sum of 
all the exterior prisms of the pyramid S-ABC, and the sum of 
the interior prisms of the pyramid S-abc, But the difference 
between these two sets of prisms has already been proved to 
be greater than that of the^two pjrramids ; which latter diffe- 
rence we supposed to be equal to the prism a- ABC j hence the 
prism ABC-D, must be greater than the prism a- ABC. But in 
reality it is less ;. for they have the same base ABC, and the 
altitude Ax of the first is less than Aa the altitude of the second. 
Hence the supposed inequality between the two pyramids can- 
not ex;ist ; hence the two pyramids 8-ABC, S-ofrc, having equal 
altitudes and equivalent bases, are themselves equivalent. 
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PROPOSITION XVI. THEOREM. 

Every triangular pyramid is a third poi^ of the triangular prism 
having the scone base cmd t/ie same altitude. 

Let F-ABC be a triangular 
pyramid, ABC-DEP a trianeular 
prism of the*same base and the 
same altitude ; the pyrainid -will 
be equal to a third of the prism. 

Cut off the pyramid F-ABC 
from the prism, by the plane 
FAC ; there will remain the solid 
F-ACDE, which may be consi- 
dered as a quadrangular pyramid, 
whose vertex is F, and whose base 
is the parallelogram ACDE. 
Draw the diagonal C£ ; and pass 
th^ plane FCE, which will cut the B 

quadrangular pyramid into two triangular ones F-ACE,F-CDE. 
These two triangular pyramids have for their common altitude 
the pelpendicular let fall from F on the plane ACDE ; they 
have equal bases, the triangles ACE, CDE being halves of the 
same parallelogram ; hence the two pyramids F-ACE, F-CDE, 
are equivalent (Prop. XV.). But the pyramid F^CDE and the 
pyramid F-ABC haveequal bases ABC, DEF; they have also the 
same altitude, namely, the distance between the parallel planes 
ABC, DEF ; hence the two pyramids are equivalent. Now the 
pyramid F-CDE has already been proved equivalent to F-ACE ; 
hence the three pyramids F-ABC, F-CDE, F-ACE, which 
dompose the prism ABC-DEF are all equivalent. Hence the 
pyramid F-ABC is the third part of the prism ABC-DEF, which 
has the sagie base and the same altitude. 

Cor. The solidity of a triangular pyramid is equal to a third 
part of the product of its base by its altitude.^ 



PROPOSITION XVn. THEOREM. 

The solidity of every pyramid is equal to the base multiplied by 

a third of the altitude. 
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Let S-ABCDE be a pyramid. 

Pass the planes SEB, SEC, through the 
diagonals £B, EC ; the polygona] pjrdmid 
S-ABCDE will be divided into several trian- 
gular pyramids, all having the same altitude 
SO. But each of these pyramids is measured 
by multiplying its base ABE, BCE, or CDE, 
by the third partof its altitude SO (Prop. XVl. 
Cor.) ; hence the sum of these triangular pyra- 
mids, or the polygonal pyramid S-ABCDE 
will be measured l»y the sum of the triangles 
ABE, BCE, CDE, or the poli'gon ABCDE, 
multiplied by one third of SO ; hence evsty pyramid is mea- 
sured by a third part of the product of its base by its altitude. 

Cor. I. Every pyramM is the third part of the prism which 
has the same base and the same altitude. 

Cor. 2. Two pyramids having the same altitude are to eacli 
other as their bases. 

Cor. 3. Two pyramids having equiv^ent bases are to each 
other as ttieir altitudes. 

Cor. 4. Pyramids are to each other as 6iB products of their 
bases by their altitudes. 

Scholium. The solidity of anypolyedral body mi^ be com- 
puted, by dividing the body into pyramids ; and this diTisi<Hi 
may be accomplished in various ways. One of the simplest 
is to inake all the planes of division pass through the vertex 
of one solid angle ; in that case, there -will be formed as many 
partial pyramids as the polyedron has faces, minua those faces 
which form the solid angle whence the planes of ditiaioo 
proceed. 



PROPOSITION XVin. THEOREM. 

If a pyramid he cut bjf apltme parallel to iti hate, ihe fruitum 
that remains u>kffii the small pyramid u taken <twa^, it eipd- 
valent to the sum oj three pyramids having for their common 
altitude the <Utitude of the frustum, and for bates the lower 
base of (As frugtUtli, me vpper base, and a mMii prcportiomU 
hetueeu the two bases. 

O* 21 
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Let S-ABGDE be a pyra- 
mid cot by the plane abcde^ 
parallel to its base; let T-FGH 
be a. triangular pyramid hav- 
ing the same altitude and an 
equivalent base vrith the pyra-. 
mid S-ABCDE. The two 
bases may be regarded as 
situated in the same plane ; in 
vrlnch case, the plane ahcd^ if 
produced, will form in the triangular pyramid a section fgh 
situated at the same distance above the common plane of the 
bases ; and therefore the section J^A will be to the section a6c(fe 
as the base FGH is to the base ABD (Prop. III.), and since 
the bases are equivalent, the sections wiU be so Ukewise. 
Hence the pyramids S-a&c&, T-fgh are equivalent, for their 
altitude is the same and their bases are equivalent. The whole 
pyramids S^ABCDE, T-FGH are equivalent for the same rea- 
son ; hence the frustums ABD-A16, FGH-A/gr are equivalent ; 
hence if the proposition can be proved in the single case of 
the frustum of a triangular pyramid, it wiH be true of every 
other. 

Let FGH-A^ be the frustum of a tri- 
angular pyramid, having parallel bases : 
through the three points F, g^ H, pass 
the plane FgH ; it will cut oflF from the 
frustum the triangular pyramid ^-FGH. 
This pyramid has for its base the lower 
base FSGH of the frustum ; its altitude 
likewise is that of the frustum, because * 
the vertex g lies in the plane of the up- 
per base fgh. 

This pyramid being cut off, there will 6* 

remain the quadrangular pyramid 
g'fhSFy whose vertex is g^ and base fhSF. Pass the plane 
l^H through the three points /, ^, H ; it will divide the quad- 
rangular pyramid into two triangular pyramids ^-FfH, g-fKBL. 
The latter has for its base the upper base gfh of the frustum ; 
and for its altitude, the altitude of the frustum, because its ver- 
tex H lies in the lower base. Thus we already know two of 
the three pyramids which compose the frustum. 

It remains to examine the third g-FfSL Now, if ^K be 
drawn parallel to fF, and if we conceive a new pyramid 
K-F/H, having K tor its vertex and F/H for its base, these 
two pyramids will have the same base ^H ; they wiB also 
have the same altitude, because their vertices g and K lie in 
the line ^K, parallel to F/, and consequently parallel to the 
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plane of the base : hence these pyramids are equivalent. But 
the pyramid K-F/H^ may be regarded as having its vertex in 
f, and thus its altitude will t>e the same as that of the frustum : 
as to its base FKH, we are now to $how that this is a mean 
proportional between the bases FGH and fgh. Now, the tri- 
angles FHK,J^/t, have each an equal angle F=/; hence 

FHK ifghi: FK x FH : /^ x /A (Book IV. Prop. XXIV.) ; 

but because of the parallels, FK=/^, hence 

FHK ifgh i.YH: fh. 

We have also, 

FHG : FHK : : FG : FKor/^. 

But the similar triangles FGH,^A give 

FG : /^ : : FH : /A ; 
hence, 

FGH ^FHK : : FHK :/^A; 

or the base FHK is a mean proportional between the two 
bases. FGH, fgh. Hence the frustum of a triangular pyramid 
is equivalent to three pyramids whose common altitude is that 
of the frustum and whose bases are the lower base of tlje 
frustum, the upper base, and a mean proportional between the 
two bases. 



PROPOSITION XIX. THEOREM. 



Similar irism^ular pHsms. are to each other as the cubes of theit 
i homologous sides. 

Let CBD-P, chd'p, be two 
similar triangular prisms, of 
which BC, bcy are homologous 
sides: then will the prism 
CBD-P be to the prism cbd-p, 
as BC3 to b(?. 

For, since the prisms are 
similar, the planes which con- 
tain the homologous solid an- C C B 
gles B and b, are similar, like placed^ and equally inclined to 
each other (Def. 17.) : hence the soUd angles B and b, are equal 
(Book VI. Prop. XXI, Sch.). If these solid angles be applied 
to each other, the angle cbd will coincide with CBD, the side ba 
with B A, and the prism cbd-p will take the position Bcd-p. From A 
draw AH perpendicular to the common base of the prisms : then 
will the plane BAH be perpendicular to the plane of the com- 
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hion base (Book VI. Prop. XVL). Through a, in the plane BAH, 
draw ah perpendicular to p 
BH : then will aA.aIso be per- 
pendicular to the base BDC 
(Book VI. Prop. XVII.) ; and 
AH, ah will be the altitudes 
of the two prisms.' 

Now, because of the similar 
triangles ABH,aBA, and of the 
similar parallelograms AC, ac, 
we have 

AH I ah". I AB i ah i i BC : he. 

But since the bases are similar, we hare 

hase BCD : hose bed': : BC^ 2 ftc^ (Book IV. Prop. XXV.) ; 

hence, 

base BCD : base bed : : AH^ : afiK 

Multiplying the antecedents by AH, and the consequents by 
ahy and we have 

base BCD x AH : base hcdx ah : : AH' ah\ 

But the solidity of a prism is equal to the base multiplied by 
the altitude (Prop. XIV.) ; hence, the 

prism BCD-P : prism bcd-p : : AH' : ah^ : : BC : Jc', 

or as the cubes, of any other of their homologous sides. 

Cor. Whatever be the bases of similar prisms, the prisms 
will be to each other as the cubes of their homologous sides. 

For, since the prisms are similar, their bas^s will be similai 
polygons (Def. 17.) ; and these similar polygons maybe di- 
vided into an equal number of similar triangles, similarly placed 
(Book IV. Prop. XXVI.) : therefore the two prisms may be 
divided into an equal nutnber of triangular prisms, having their 
faces similar and like placed ; and therefore, equally inclined 
(Book VI. Prop. XXI.) ; hence the prisms will be similar. But 
these triangular prisms will be to each other as the cubes of 
their homologous sides, which sides being proportional, the 
sums of the tdangular prisms, that is, the polygonal prisms, will 
be to each other as the cubes of their homologous sides. 



PROPOSITION XX. THEOREM. 

Two sir/iilar pyramids are to each other as the cubes of iheif 

homologous sides. 



BOOK VII. 165 

For,siiics the pyramidsare aimilar.the solid ' 
angles at the vertices will be contained by the 
same number of similar planes, like placed, 
and equally inclined to each other (Def. 17.). 
Hence, the solid angles at the vertices may 
be made to coincide, or the two pyramids 
may be so placed as to have the solid angle 
S common. 

In that position, the bases ABCDE, abcde, 
will be parallel ; because, since the homolo* 
gous faces are similar, the angle Sab is equal 
to SAB, and Sic to SBC ; hence the plane 
ABC is parallel to the plane abc ^Book VI. Prop. XIH.). This 
being proved, let SO be the perpendicular drawn from the 
vertex S to the plane ABC, and o (he point where this perpen- 
dicular meets the plane ^■. from what has already been 
shown, we shall have 

'SO : So : : SA : Sa ■: : AB : ab (Prop. m.)i 
and consequently, 

JSO : iSo : ! AB : ab. 
But the bases ABCDE, t^de, being similar figures, we have 
ABCDE : aicde : i AB' : ab^ (Book XV. Prop. XXVII.). 
Multiply the corresponding terms of these two propurtiooE ; 
there results the proportion, 

ABCDE x^SO : abcdex\So : : ABM ab'. 
Now ABCDE X iSO is the solidity of the pyramid S-ABCDE, 
and abcdexiSo is that of the pyramid S-abcde (Prop. XVII.) ; 
hence two similar pyramids are to each other as the cubes of 
their homologous eides. 

General Scholium. 

The chief propositions of this Book relating to the solidity of 
polyedrons, may be exhibited in algebraical terms, and so 
recapitulated in the briefest manner possible. 

Let B represent the base of a prism ; H its altitude : the 
solidity pf the prism will be B >t H, or BH. 

Let B represent the base of a pyramid; H its altitude: the 
solidity of the pyramid will be B x iH, or H x JB, or ^EH. 

Let H represent the altitude of the frustum of a pyramid, 
having parallel bases A and B ; s^AB will be the mean pro- 
portional between those bases ; and the solidity of the frustum 
willbeiHx(A + B+%/AB). 

In fine, let P and p represent the soIiditiM vftwo similar 
prisms or pyramids ; A and a, two homologous edges : then we 
shall have 

V .p i: A^ .<^. 



I 



IM 



GEOMETRY. 



BOOK vra. 



THE THK££ SOUND BODIES. 




Definitions. 

1. A cyKnder is the solid generated by the rerolution 6[ a 
rectangle ABCD, conceiYed to torn aboot the immoveable 
sideAB. 

In this moyeraent, the sides AD, BC, con- 
tinuing always perpendicular to AB, describe 
equal circles DHP, CGQ, which are called 
the hates of the cylinder^ the side CD at the 
same time describing the convex surface. 

The immoveable Hne AB is called the axis 
of ike cylinder. 

'Every section KLM, made in the cylinder, 
at right aoglos to the axis, is a circle equal to 
either of the bases ; for, whilst the rectan^e 
. ABCD turiis about AB, the line KI, perpen- 
dicular to AB, describes a circle, equal to the base, and this 
circle is nothing else than the section made perpendicular to 
the axis at the point I. 

Every section PQ6, made through the axis, is a rectangle 
double of the generating rectangle ABCD. 

2. A cone is the solid generated by the revolution of a r^ht- 
angled triangle SAB, conceived to turn about the immoveSide 
side SA. 

In this movement, the side AB describes 
a circle BDCE, named the hose of the cone ; 
the hypothenuse SB describes the convex 
surface of the cone* 

The point S is named the vertex of the 
cone, SA the axis or the altitude, ana SB 
the side or the apothem. 

Every section HKFI, at right angles to 
the axis, is a circle ; every section SDE, 
through the axis, is an ii^osceles triangle, 
double of the ge;ierating triangle SAB. 

3. If from the cone S-CDB, the cone S-FEB be cut off by 
a plane parallel to the base, the remaining solid CBHF is called 
a truncated cone, or the frustum of a cone. 
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We may conceive it to be geberated by tbe rev<Jution of a 
trapezoid ABH6, whose angles A and G are right ancles, about 
the side AG. The immoveable line AG is called tne axis or 
ahiiude oftAe^/rusfum, the circles BDC, HFK, are its &(ue«, and 
BH is its 'Ji(&. 

4. Two cylinders, or two cones, are similar, when their 
axes are to each other as the diameters of their bases. 

5. If in the circle ACD, which forms the _-. ]t 
base of a cylinder, a polygon ABCDE be ^ 
inscribed, a right prism, constructed on this p|e 
base ABCDE, and equal in altitude to the 
cylinder, is said to be inxribed in the cylin- 
tUr, or the cylinder to be drcumsiribed 
about ike prism. 

The edges AF, BG,.CH, »fcc. of tbe prism, 
being perpendicular to the plane of the base, 
are evidently included in the convex sur- 
face of the cylinder ; bence tbe prism and . ^ 
the cylinder touch one another along these ^ 
edges, 

6. In like manner, if ABCD is a poly- 
gon, circumscribed about the base of a 
cylinder, a right prism, constructed on this 
base ABCD, and equal in altitude to the 
CT-linder, is said to be circumscribed about 
the cylinder, or the cylinder to be inscribed 
in the prism. 

Let M, N, &c. be the points of contact 
to tbe sides AB, BC, dec. ; and through the 
pointsM,N>&c.IetMX,NY,&c. bedrawn , 
perpendicular to tiie pkne of the base: 
these perpendiculars wiil evidently lie both 
in tbe surface of the cylinder, and in that « 

of the circomscribed prism ; hence they, will be their lines of 
contact 

7. If in the circle ABCDE, which forms 
&e base of a cone, any polygon ABCDE 
be inscribed, and from the vertices A, B_, 
C, D, E, lines be drawn to S, the vertex 
of the cone, these lines maybe regarded 
as the sides of a mramid whose base is 
the polygon ABCHSe and vertex S. The 
pides of this pyramid are in the convex A{ 
nirface of the cone.and the pyramid is 
wid to be inscribed'ia the cone. 
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8. The sphere is a solid terminated by a curred surface, all 
' the points of which are equally distant from a point within. 

called the centre. 

The sphere may be con- D 

ceived to be generated by the 
revoiulion of a Bemicircle 
DAE about ita diameter D£ : 
for the surface . described in 
this movement, by the curve 
DAE, will have all its points 
equally distant from its cen- 
tre C. 

9. Whilst the semicircle 
DAE revolving round its di- 
ameter DE, describes the 
sphere ; any circular sector^ 
as pCF or'FCH, describes.a 

solid, which ia named a spherical sector. 

10. The radius of a spfiere is a straight line drawn from the 
centre to any point of the surface ; the diameter or axis is a 
line passing through this centre, and terminated on botii sides 
by the surface. 

Ail the radii of a sphere are equal ; all the diameters are 
equal, and each double of the radius. 

11. It will be shown (Prop. VII.) that every section (rf the 
sphere, made by a plane, is a circle : this granted, a great fir- 
cle is a section which passes through the centre ; a small circle, 
is one which does not pass through the centre, 

12. A plane is tangent to a sphere, when their surfaces have 
but one point in common. 

13. A zone is a portion of the surface of the sphere included 
' between two parallel planes, which form ita bases. One of 

these planes may be tangent to the sphere ; in which case, the 
zone has only a single base. 

14. A spherical segment is the portion of the solid sphere, 
. included between two parallel planes which form its bases. 

One of these planes may be tangent to the sphere ; in which 
case, the segment has only a single base. 

15. The altitude of a zone m of a segment is the distance 
between the two parallel planes, which form the bases of the 
zone or segment. 

Note. The Cylinder, the Cone, and the Sphere, are th« 
three round bodies treated of in the Elements of Geometry, 
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PROPOSITION I. THEOREM. 

TTie convex surface of a cylinder is equal to the circumference of 

its base multiplied by its altitude. 

Let CA be the radius of the 
given cylinder's base, and H its 
altitude : the circumference 
whose radius is CA being rep- 
resented by circ. CA, we are to 
show that the convex surface of H 
the cylinder is equal to circ. CA 

inscribe in the circle any 
regular polygon, 6DEF6A, and 
construct on this pol^'gon a right 
prism having its altitude equal to H, the altitude of the cylin- 
der : this prism will be inscribed in the cylinder. The convex 
surface of the prism is equal to the perimeter of the polygoo, 
multiplied by the altitude. H (Book VIL Prop. I.). Let now 
the arcs which subtend the sides of the polygon be continually 
bisected, and the number of sides of the polygon indefinitely 
increased : the perimeter of the polygon will then become equd 
to circ. CA (Book V. Prop. VIIL Cor. 2.), and the convex sur- 
face of the prism will coincide with the jconvex surface of the 
cylinder. But the convex surface of the prism is equal to ibe 
perimeter of its base multiplied by H, whatever be the number 
of Mdes : hence, the convex surface of the cylinder is equal to 
the circumference of its base multiplied by its altitude. 




PROPOSITION 11. THEOREM. 

The solidity of a cylinder is equal to the product of its base by lis 

aUitude. 
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Let CA be the radius of the 
base of the cylinder, and H 
the altitude. Let the cirqle 
whose radius is CA be repre- 
sented by area CA, it is to be 
proved that the solidity of the 
cylinder is equal to area C A X H. 

Inscribe in the circle any regu- 
lar polygon BDEF6A, and con- 
struct on this polygon a right 
prism having its altitude equal 
to H, the altitude of the cyHnder ': tliis prism will be inscribed 
in the cylinder. The solidity of the prism will be equal to tl^ 
area of the polygon multiplied by the altitude H (Book VIl. 
Prop. XIV.). Let now the number of sides of the polygon be 
indefinitely increased : the solidity of the new prism wUl still 
be equal to its base multiplied by its altitude. 

But when the number of sides of the polygon is indefinitely 
increased, its area becomes equal to the area CA, and its pe- 
rimeter coincides with circ. CA (Book V. Prop. VIII. Cor. 1. 
&L 2.) ; the inscribed prism then coincides with the cylinder, 
since their altitudes are equal, and their convex surfaces per- 
pendicular to the common base : hence the two solids will be 
equal ; therefore the solidity of a cylinder is equal to the product 
of its base by its altitude. 

Ciorl 1. Cylinders of the same altitude are to each other as 
tHeir bases ; and cyHnders of the same base are to each other 
as their altitudes. 

Cor, 2. Similar cylinders are to each other as the cubes of 
their altitudes, or as the cubes of the diameters of their bases. 
For Hie bases are ad the squares of their diameters ; and the 
cylinders being similar, the diameters of their bases are to 
each other as the altitudes (Def. 4.) ; hence the bases are 
as the squares of the altitudes ; hence the bases, multiplied 
by the altitudes, or the cylinders themselves, are as the cubes 
of the altitudes. 

• 

Scholium. Let R be the radiiis of a cylinder's base ; H the 
altitude : the surface of the base will be tj.R* (Book V. Prop. 
XII. Cor. 2.) ; and the solidity of the cylinder will be nW x H^ 
«r'f.R^H. 
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PROPOSITION III. THEOREM. 




The convex surface of a cone is equal to the circumference of its 

hase,multipliedhyhalf its side. 

Let the circle ABCD be the 
base of a cone, S the vertex, 
SO the altitude, and SA Ihe 
side : then will its convex sur- 
face be equal to circ, OA x JS A. 

For, inscribe in the base of -"• 
the' cone any regular polygon 
ABCD, and on this polygon as 
a base conceive, a pyramid to 
be constructed having S for its 
vertex : this pyramid will be a 
regular pyramid, and will b6 inscribed in the cone.. 

From S, draw S6 perpendicular to one of the sides of the 
polygon. The convex surface of the inscribed pyramid is equal 
to the perimeter of the polygon which forms its base, multiplied 
by halt the slant height SG (Book VII. Prop. IV.). Let now 
the number of sides of the inscribed polygon be indefinitely 
increased ; the perimeteir of the inscribed polygon will then 
become equal to ciix. OA, the dant height SG will become 
equal to the side SA of the cone, and the convex surface of 
the pyramid to the convex surface of the cone. But whatever 
be *the number of sides of the polygon which forms the base, 
the convex surface of the pyramid is equal to the perimt^ter of 
the base multiplied by half the slant height : hence the convex 
surface of a cone is equal to the circumference of the base 
multiplied by half the side. 

Scholium. Let L be the side of a cone, R the radius of its 
base ; the circumference of this, base will be 27r.R, and the sur- 
face of the cone will be 2'iR x |L, or ^iRL. 



PROPOSITION IV. THEOREM. 

The convex surface of the frustum of a cone is equal to its side 
multiplied by half the sum of the circumferences of its two 
bases. 



ITS gjAmetbt. 

Let BIA-DE be a biabam of a g 

oooe: then wiO iti convex aoriace be 

Fot-, macribe in the baiea of ilia 
frmtmiu two r^ular pc^goDB of ibe 
■ame oomber of ndea, and banw 
Ibeir boiiid|Moaa ndespaiallel, eaci 
to eadi. Tbe tinea jouui^ the Ter> 
tieea of the bomologoos aiwles mqr 
be rmided as tbe edgei oithe fni>- B 
tun M a regular pyramid inscribed 
in tbe frnstmn of toe cone. Thecon- 
▼ex sm&ce of ifae fnutam of dy 

pyraoudiseqaaltohalf tbe sum of tbe perkneten <^ its bases 
nulttplied by tbe slant bei^ ft (Book TIL Prop. IV. Cor.). 

Let now me nmnber of sides of the inscribed pt^goos be 
indefinitely increased : tbe perimeters at the pc^goos will be- 
come eqoal to die drcomferences BIA, EGD ; the slant bei^t 
A wiO become equal to the side AD or BE, and ibe sorfaces 
of tbe two foutmns wiQ coincide and become tbe same sm^ce. 
- But die convex smftce of tbe frnstom of tbe {nrnnid will 
■till be eqoal to half the snm of tbe perimeters of the o|^>er 
and lower bases multiplied by tbe slant bei^t : hence the but- 
face (rf tbe finstnm of^ a c<Mie is equal to its side multiplied hj 
half the torn of the circumferences of its two ba^es. 

Cor. Through 4 tbe middle point of AD, draw /KL paral- 
lel to AB, and H, Bd, panlla] lo CO. Then, since M n>, are 
equal. At, uJ^ will also be equal (Book IV. Prop. XV. Cor. 2.) : 
hence, K/ it equal to |(OA+CI>). But since the circumfe- 
rences of circles are to each other as their nidii (Book V. 
Prop. XI.), ibe circKI^UcircOA+drc. CD) ; therefore, /Ae 
eoTwex turfctce of a frustum of a cone is equal £0 its tide muUi' 
plied by toe draoT^erence of a tectum at equal distances from 
the two baset. 

Scholium. If a line AD, lying wholly on one side of tbe line 
OC, and in the same plane, make a revelation around OC, 
tbe surface described t^ AX) will have for its measure AD x 

('^"'•^Q+""-^).orADxdm/K; the lines AO, DC, «, 

being perpendiculars, let fall &om the extremities and h«to 

ttie middle point of AD, on the axis OC. 
For, if AD and OC are produced till they meet m 8, the 
-"'" described by AD is evidently tbe frustum of a cooe 
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having AO and DG for the radii of its baseg^ the vertex of 
the whole cone being S. Henpe this surface will be measured 
as we have said« 

This measure will always hold good, even when the point 
D falls on 8, and thus forms a' whole cone ; and alsot when the 
line AD is parallel to the axis, and thus fonns a cylinder. In 
the first case DC would be nothing ; in the second^ DC would 
be equal to AO and to /K. 




PROPOSITION V. THEOREM. 

The solidity of a cone is equal to its base multiplied by a third of 

its altitude. 

Let SO be the altitude of a cone, 
OA the radius of its base, and let 
the area of the base be designated 
by area OA : it is to be proved that 
the solidity of the cone is equal to 
area OA x iSO. 

Inscribe in the base of the cone 
any regular polygon ABDEF, and 
join the vertices A, B, C, &c. with 
the vertex S of the cone : then will 
there be inscribed in the cone a 
regular pyramid having the sMne vertex as the cone, and hav- 
ing for its base the polygon ABDEF. The solidity of this 
pyramid is equal to its base multiplied by one third of its alti- 
tude (Book VII. Prop. XVII.)» Let now the number of side* 
of the polygon be indefinitely increased : the polygon will then 
become equal to the circle, and the pyramid and cone Will 
coincide and become equal. But the solidity of the pyramid 
is equal to its base multiplied by one third of its altitude, what- 
ever be the number of sides of the polygon whicli forms its 
base : hence the solidity of the cone is equal to it^ base multi- 
plied by a third of its altitude. 

Cor. A cone is the third of a cylinder having (he same base 
and the same altitude ; whence it follows, 

1. That cones of equal altitudes are to each other as their 
bases ; 

2. That cones of equal bases are to each other. as their 
altitudes ; 

3. That similar cones are as the cubes of the diameters, of 
their bases, or as the cttbes of their altitudes. 

P* 
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Chr^ 2* The Bolidity of a cone is equival^t to the solidity of 
« pynmuM) hariw an equivalent base and the same altitude 
(Book VU. Prop. XVU.). 

Scholinm. Let R be the radius of a cone'd base, H its aiti- 
tttde ; the soliditj of the cone will be nR^x ^H* or |nR^. 



PROPOSITION VI. THEOREM. 

The solidity of the frustum of a cone is eqtuJ to the sum ^f the 
solidities of three cones whose common altitude is the altitude 
of the frustum^ and whose bases are, the upper base ofthefruS" 
tuMy the lower base of the frustum, and a mean proportional 
between them. 

Let 'AEB-CD be the frustum of a 
cone, and OP its altitude ; then will its 
solidity be equal to 

i^xOPx (AOHDP+AO X DP). 
For, inscnbe in the lower and upper 
bases two ]:6^ar polygons having the 
same number of Skies, and having their 
homologous sides paxtdlei, each to each, j^ \ 
Join the vertices of the^ homologous 
angles and there will then b6 inscribed 
in the frustum of the cone, the jhmstum 
of a regular pyramid. The solidity of 

the frustum of the pyramid is equivAilent to three pyramids 
having the common altitude of the frustum, and for bases, the 
lower base of the frustum, the upper base of the frustum, and 
a mean proportional between them (Book VII. Prop. XVIIL). 

liCt now, the number of sides of the inscribed polygons be 
indefinitely increased: the bases of the frustum of the pyramid 
will then coincide widi "the bases of the frustum of the cone, 
and the two frustums will coincide and become the same solid. 
Since the area of a circle is equal to R^^tt (Book V. Prop. XIL 
Cor. 2.), the expression for the solidities of the frustum will 
become 

for the fijhst pyramid ^OP x OA^tt. 
for the second |OP x Vh\n 

for the third ; OP x AO x PD.^ ; since 

AO X PD.« is a mean proportional between OA*.^ and ¥D\n 
Hence the solidity of the frustum of the cone is measured by 
i«OP X (OAHPD*+ AO X PD). 
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PROrosmON VII. . THEOBEM. 
Every section of a 9pberef'fnade by aplancj is a circle. 

Let AMB be a section, made by a 
plane, in the sphere whose centre is C. 
fVom the point C, draw CO perpen- 
dicular to the plane AMB ; and aifTe- 
rent lines CM, CM, to different points 
of the curve AMB, which terminates 
the section. 

The oblique lines CM, CM, CA, are 

equal, being radii of tiie sphere ; hence 

they are equally distant from the perpendicular CO (Book VI. 
Prop. V. Cor.) ; therefore all the lines OM, OM, OB, are equal ; 
consequently the section AMB is a circle, whose centre is O. 

Cor 1. If the section passes through the centre of the sphere, 
its radius will be the radius of the sphere ; hence all great 
circles are equal. 

Cor. 2. Two great circles always bisect each other ; for 
their common intersection,, passing through the. centre, is a « 

diameter. I 

Cor. 3. Every great circle divides the sphere and its surface 
into two equal parts : for, if the two hemispheres were sepa- 
rated and afterwards placed on the common base, with their 
convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer the centre 
than any point of the other. 

Cor. 4. The centre of a small circle, and that of the sphere, 
are in the same straight line, perpendicular to the plane of the 
small circle. 

Cor. 5. Small circles are the less the further thev lie from 
the centre of the sphere ; for the greater CO is, the less is the 
chord AB, the diameter of the small circle AMB. 

Cor. 6. An arc of a great circle may always be made to pass 
through any two given points of the surface of the sphere ; for 
the two given points, and the centre of the sphere make three 
points which aetermine the position of a plane. But if the 
two given points were at the extremities of a diameter, these 
two points and the centre would then lie in one straight line* 
and an infinite number of great circles might be made to pass 
through the two given points. 
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Every pbine perpendicular tod radius ai its extremity uta^ 

to the sphere. 

Let FAG be a plane perpendicular 
to the radius OA, at its extremity A* 
Any point M in this plane being as- 
somedy and OM, AM, being drawn, 
the angle OAM will be a right angle, 
and hence the distance OM will be 
ereater than OA. Hence the point 
M lies without the sphere ; and as the 
same can be shown for every other 

Coint of the plane FAG, this plane can 
. ave no point but A common to it and the surface of the q>liere ; 
lience it is a tangent plane (Def. 12.) 

Scholium. In the same way it may be shown, that two 
spheres have but one point in cx>mmon, and therefore touch 
each other, when the distance between their centres is equal to 
the sum, or the difference of their radii ; in which case, the 
centres and the point of contact lie in the same straight line 




PROPOSITION IX. I^MlfA. 



If a regular semi-pofygon be revolved about a line passing 
through the centre arid the vertices oftwa opposite angles^ the 
surface described by its perimeter will be equal to the axis mul- 
tiplied by the circumference of the inscribed circle. 



Let the regular semi-polygon ABCDEF, 
be revolved about the line AF as an axis : 
then will the surface described by its pe- 
rimeter be equal to AF multiplied by the 
circumference of the inscribed circle. 

From E and D, the extremities of one of 
the equal sides, let fall the perpendiculars 
EH, DI, on the axis AF, and from the cen- 
tre O draw ON perpendicular to the side 
D£ : ON will be the radius of the inscribed- 
circle (Book V. Prop. H.). Now, the sur- 
face described in the revolution by anv one 
side of the regular polygon* as T>lS has 
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been shown ta be equal to DExarc. NM (Prop. lY. Sch.). 
But ^ce the triangles EDK, ONM, are similar (Book lY. 
Prop7pa.)> ED : EK or HI : : ON : NM, or as circ. ON 2 
circ. NM ; hence . 

ED X drc. NM=JII x circ. ON ; 
and since the same may be shown for each of the other sides, 
it is plain that the surface described by the entire perimeter is 
equal to 

(FH+HI+IP+PQ+QA)xcirc. ON=APxarc. ON. 

Cor. The surface described by any portion of the perime- 
ter, as iBDC, is equal to the distsmce between the two perpen- 
diculars let fall from its extremities on the axis, multiplied by 
the circumference of the inscribed circle. For, the surface 
described by DE is equal to HI x circ. ON, and the surface 
described by DC is equal to IP x drc. ON ; hence the surface 
described by ED + DC, is equal to (HI + IP) x circ. ON, or 
equal to HP x circ. ON. 



PROPOSITION X. THEOREM. 

The surface of a sphere is equal to the product of its diameter by 

the circumference, of a great circle. 

Let ABCDE be .a semicircle. Inscribe in 
it any regular semi-polygon, and from the 
centre O draw OF perpendicular to one of 
the sides. ' "* 

Let the semicircle and the 'semi-polygon 
be revolved about the axis AE : the semi- 
circumference ABCDE will describe the 
surface of a sphere (Def. 8.) ; and the pe- 
rimeter of the semi-polygon will describe 
a surface which has for its measure AEx 
circ. OF (Prop. IX.), and this will be true 
whatever be the number of sides of the po- * 
lygon. But if the number of sides of the polygon be indefi- 
nitely increased, its perimeter will coincide with the circumfe- 
rence ABCDE, the perpendicular OF will become equal to 
OE, and the surface described by the perimeter of the semi- 
polygon will then be the same as that described by the semi- 
cir.cumference ABCDE. Hence the jurfoce of the sphere is 
equal to AE x ctrc. OE. 

Cor. Since the area of a great circle is equal to the product 
of its circumference by half the radius, or one fourth of tbo^ 

23 




178 



GBOMBTRT. 



k 



diameter (Book V. Prop. XII.), it fcXkmm thftt (he surface of a 
sphere is equcd to four ^ Us ffnat cwchs: thai is, eq|ial to 
47r.OA» (Book V. Prop. XIL Cor. 2.), 

Scholium 1. The surface ofax&ne is equal to its altitude muU 
tiplied by the circumference of a great eirck. 

For, the surface described fajr aoy portion 
of the perimeter of the inscribed polygon^ as 
BC + CD, is equal to EH x arc. OF {frop. 
IX. Cor.). But when the nmnber (rf* sides 
of the polygon is indefinitely inereased, BC 
+ CD, becomes the arc BCt), OF becomes 
equal to OA, and the surface described by 
BC+CD, becomes the surface of the zone -^ 
described by the arc BCD : benoe die sur- 
face of the zone is equal to EH x circ. OA. 

Scholium 2. When the mie has but tme 
base, as the zone described by the arc ABCD, ito surface will 
still be equal to the altitude A£midtiplied by the circumference 
of a great circle. 

Sclwlium 3. Two zones, taken in the same sphere or in equal 
spheres, are to each other as their altitudes ; and any zone is to 
the surface of the sphere -as the altitude of the zone is to the 
diameter of the sphere. 




PROPOSITION XL LEMMA. 

If a triangle and a rectangle, haxirig the same base and the same 
altitude, turn together about the common hase^ihe solid described 
by the triangle will be a third of the cylinder described fy the 
rectangle. 

% 

Let ACB be the triangle, and BE the rectangle. 

On the axis, let fall the perpen- Jj 
Jicular AD : the cone descriDecf by \ 
the triailgle ABD is the third part of 
the cylinder described by the rectan- 
gle AFBD (Prop. V. Cor.) ; also tiie 
cone described by the triangle ADC 
is the third part of the cylinder de- 
scribed by the rectangle ADCE ; hence the stim of the two 
cones, or the solid described by ABC, is the third part of the 
two cylinders taken, together, or of tiw cylinder described by 
the rectangle BCEF. 
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If the perpendicular . AD iklb without j? 
the triangle ; the solid described by ABC 
will, in that case, b^ the difference of the 
two cones described by ABD and ACD ; 
but at the sa|ne time, the cylinder de- 
scribed by BCEP will be the difference 
of the two cylinders described bv AFBD and AECD. Hence 
the solid, described by the revwition of the triangle, will still 
be a third part of the cylinder described by the revolution of 
the rectangle having the same base and the same altitude. 

Scholium. The circle of which AD is radius, has for its 
measure tix AD^; hence «xAD*xBC measures the cylinder 
described by BCEF, and In x AD* X BC measures the solid 
described by the triangle ABC* 



raopodntON xil lemma. 



If a triangle be revolved abont a line drawn at pleasure through 
its vertex, the solid described Jy the triangle will have for its 
measure^ the area of the triangle multiplied by two thirds of the 
circumference traced by the middle point of the base. 

Let CAB be the trianrie. and CD the line about which it 
^evolves. * 

Produce the side AB till it 
meets the axis CD in D ; from the 
points A and B, draw AM, BN, 
perpendicular to the axis, and CP 
perpendicular to DA produced. 
. The solid described by the tri- Q' 
. angle CAD is measured by |»x 
AM* X CD (Prop. XI. Sch.) ; the solid described by the triangle 
CBD is measured by \n x BN* x CP ; hence the difference of 
those solids, or the solid described by ABC, will have for its 
measure i«(AM«—BN«) X CD, 

To this expression anothw form may be given. From I, the 
middle point of AB, draw IK perpendicular to CD ; and through 
B, draw BO parallel to CD: we shall have AM+BN=2IK 

SJook IV. Prop. VII.) ; and AM— BN=AO ; hence (AM+ 
N) X (AM— NB), or AM*~BN«=2lK x AO (Book IV. Prop. 
X). Hence the measore of the solid in question is ex* 
preesedby 

l«x£KxAOxCD. 
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fiut CP being drawn pentendicidar to-AB, the trii^Dgles ABO, 
DCP will be similar, ana give the proportion 
AO : CP : : AB : CD ; 
hence . AOxCD=CPxAB; 

but CP X AB is double the area of the triangle ABC ; hence 
we have 

A0xCD=3ABC; 
hence the solid described by the P 

triangle ABC is also measured 
by Jn X ABC X IK, or which is the 
same thing, by ABC x icirc. IK, 
circ. IK being equal to 2n x IK. 
Hence the solid described frv iAe (J 
revolution of the triangle ABC, has 

for its measure the area of this triangle multiplied by two thirds 
of the circumference traced by I, the middle point of the base. 

Cor. If the side AC = CB, 
the line CI will be perpen- 
dicular to AB, the area ABC 
will be equal to ABxiCI, 
and the solidity |i x ABC x 
IK will become Jn x AB x 
IKxCI. But the triangles 
ABO, CIK, are similar, and „£ 
give ^e proportion AB : BO 
or MN : : CI : IK; hence ABxIK=MNxCI; hence the 
solid described by the isosceles triangle ABC "will have for its 
measure |ixCPxMN : that is, equal to two thirds of n into 
the square of the perpendicular let fall on the base, into tht 
distance between the two perpendiculars let fall on the axis. 

Scholium, The general solution appears to include the sup- 
portion that AB produced wilt meet the axis ; but the resulti 
' would he equally true, though AB were parallel to the axis. 

Thus, the cylinder describe d by AM NB p 
is equal to n.AM'.MN ; the cone descri- 
bed by ACM is equal to in.AlVP.CM, 
and the cone described by BCN to 
inAM" CN. Add the 6rst two solids and 
take away the third ; we shall have the 
■olid described W ABC equal to n-AM*. 
(MN-f-iCM— iCN): and since CN—CM=MN, this eipres- 
«on is reducible to «.AM*4MN, or ii.Cf.MN ; wMch agreea 
with fhe conclusion found above. ' 
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PROPOSITION XIIL LEMMA. 



If a regular semi-polygon he revolved about a line passing 
through the centre and the vertices of two opposite angles^the 
solid described will be. equivalent to d cone^ having for its base 
the inscribed circle, and for its altitude twice the axis about 
which the semi-polygon is revolved. 

Let the semi-polygon FABG be revolved 
ikbout FG : then, if 01 be the radius of the 
inscribed circle, the solid described will be 
measured by ^rea 01 x 2PjGr. 

For, since the polygon is regular, the 
triangles OF A, OAB, OBC, &c, are equal ^ C 
and Isosceles, and all the perpendiculars let * 
fall from O on the bases FA, AB, &^c. will 
be equal to 01, the radius of the inscribed 
circle. 

Now, the solid described by OAB is mea- 
sured by \n OP+MN (Prop. XII. Cor.) ; 
the solid described by the triangle OFA has for. its measure 
I^OPxFM, the solid described by the triangle OBC, has for 
its measure f ^OP x NO, and since the same may be shown for 
the solid described by each of the other triangles, it follows 
that the entire solid described by the semi-polygon is meia- 
sured by |nOP.(FM+MN+NOH-OQ+QG), or i^OPx F6 ; 
which is «uso equal to ^^rOPx 2FG« But rr.OP is the area of 
die inscribed circle (Book Y. Prop. XII. Cor. 2.) : hence the 
solidity is equivalent to a cone whose base is area OI9 and 
altitude 2FG. 




\ 






PKOPosrrioN xiv. theorem. 



The solidUy of a sphere is equal to its surface muUSpUad if 

third of its radius. 
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Inscribe in the semicircle ABCDE a 
regular semi-polygon, having any number . 
of sides, and let 01 be the radius of the 
circle inscribed in the polygon. 

If the semicircle and semi-polygon be 
revolved about EA, the semicircle will C 
describe a sphere, and the semi-polygon a 
solid which has for its measure §nOP x 
SA (Prop. XIII.) ; and this will be true 
whatever be the number of sides of the 
polygon. But if the number of sides of 
the polygon be indefinitely increased, the 
semi-polygon will become the semicircle, 01 will become 
equal to OA, and the solid described by the semi-polygon will 
• become the sphere : hence the solidity of the sphere is-equal 
to fwOA'xEA, or by substituting 20 A for EA, it becomes 
•^*.OA* X OA, which is also equal to 47iOA^ x JOA. But 4/r.OA' 
IS equal to the surface of the sphere (Prop. X. Cor.) : hence 
the solidity of a sphere is equal to its suiiace multiplied by a 
third of its radius. 

Scholium 1. The solidity of every spherical sector i* eqiuil t& 
the zone which forms its base, multiplied hy a third of the radiust, 
' For,* the solid described by any portion of the regular poly- 

f[on, as the isosceles triangle O AB, is measured by f ?iOP x AP 
Prop. XII. Cor.) ; and when the polygon becomes the circle, 
the portion OAB becomes the sector AOB, 01 becomes equal 
to OA, and the solid described becomes a spherical sector. Bikt 
, its measure then becomes equal to f tt.AO^ x AF, which is equal 
t6 3^.A0 X AF X ^AO. But 2n^O is the circumference of a 
great circle of the sphere (Book V. Prop. XII. Cor. 2.), which 
being multiplied by AF gives the surface of the zone which 
forms the base of the sector (Prop. X. Schi 1.) : and the proof 
is equally applicable to the spherical sector described by the 
circular sector BOC : hence^ the solidity of the spherical sector 
is equal to the zone which forms its base, multiplied by a third 
of the radius. 

Scholium 2. Since the surface of a sphere whose radius is 
B, is expressed by ^n^ (Prop. X. Cor.), it follows that the 
irtrfaces of spheres are to each other as the squares of theit 
rlidii ; and since their solidities are as their surfaces multiplied 
b^ their radii, it follows that the solidities of spheres are to 
•dch other as the cubes of their radii^ or as tne cubes of their 
diameters. 
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Scholium 3, Let B be the radius of a sphere ; its, surface 
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|«rx}D'=iVD». 




PROPOSITION XV. THEOREM. 

The surface of a sphere is to the whole surface of the ctrc^iHt" 
scribed cylinder ^ including its bases^ as 2 is to 3 ; and the so- 
lidities of these two bodies are to each other in the same ratio. 

Let MPNQ be a great circle of the 
sphere ; ABCD the circumscribed ^ 
square : if the semicircle PMQ and 
the half square PADQ are at the 
same time made to revolve about the 
diameter PQ, the semicircle will gene- M 
rate the sphere, while the half square 
will generate the cylinder circum- 
^ribed about that sphere. - 

The altitude AD of the cyMnder is ^ 
equal to the diameter PQ ; the base of 
Ibe cylinder is equal to the great circle, since its diameter AB 
is equal to MN ; hence, the convex surface of the cylinder is 
equal to the circumference of the great circle multiplied by its 
diameter (Prop. L). This measure is the same as that of the 
surface of the sphere (Prop. X.) : hence the surface of the sphere- 
is equal to the convex surface of the circumscribed cylinder. 

But the surface of the sphere is equal to four great circles ; 
hence the convex surface of th^ cylinder is also equal to four 
great circles : and adding the two t>ases, each equal to a great 
circle, the total surface of the circumscribed cylinder will be 
equal to six great circles ; hence the surface of the sphere is to 
the total surface of the circumscribed cylinder as 4 is to 6, or 
as 2 is to 3 ; which was the first branch of the Proposition. 

In the next place^ <8ince the base of the circumscribed cylin- 
der^ is equal to a great circle, and its altitude to the diameter, 
the solidity of the cylinder will be equal to a great circle mul- 
tiplied by its diameter (Prop. IL). But the solidity of the 
sphere is equal to four great circles multiplied by a third of the 
radius (Prop. XIV.) ; in other terms, to one great circle it)ulti- 
plied by f of the radius, or by f of the diameter ; hence the 
sphere is to the circumscribed cylinder as 2 to 3, and copfc* 
quently the solidities of these two bodies are' as their surflp^s. 
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SchoKum. ConceiTe a polyedron, aO of whose faces tondi 
the sfrfiere ; this polyedron may be considered as formed of 
pyramids, each having for its vertex the centre of the ^ihere, 
and for its base one of the polyedron's faces. Now it is evi* 
dent that all these pyramids will have the radius of the s^bere 
for their common altitude :.8o that eiach pyramid will be equal 
to one face of the polyedron multipUed by a third of the radius : 
hence the whole polyedron will be equal to its surface multi 
plied by a third of the radius of the inscribed sphere. 
. It is therefore manifest, that the soUdities of polyedrons cir- 
cumscribed about the sphere are to each other as the surfaces 
of those pel; irons. Thus the property, which we have shown 
to be true with regard to the circumscribed cyimder, is also 
true with regard to an infinite number of other bodies. 

We might likewise have observed that the surfaces (^poly- 
gons, l^ircumscribed about the circle, are to each other as their 
perimeters. 



PROPOSITION XVI. PROBLEM. 

If a circular segment be supposed to make a revolution about a 
diameter exterior to it, required the value of the solid which it 
describes. 

#> ■ 

Let the segment BMp revolve about AC. 

On the axis, let fall the perpendiculars -^ 
BE, DP ; from the centre C, draw CI 
perpendicular to the chord BD ; also draw 
the radii CB, CD. 

The solid described by the sector BCD ^C 

is measured by \n CB^.EF (Prop. XIV. ^ch. 1). But the 
solid described by the isosceles triangle DCB has for its mea- 
sure |?t.CP.EF (Prop. XII. Cor.); hence the solid described 
by the segment BMD=|^.EF.(CB2— CI^). ^^^^ j^ t^^ right- 
angled triangle CBI, we have CB^— CP=BP= JBD^ ; hence 
the solid described by the segment BMD will have for its mea- 
sure f 7r.EF.iBD^ or |7r.BD^EF : that is one sixth of n into 
the square oj the chord, into the distance between the two per* 
pendiculars let fall from 4he extremities of the arc- on *the 
axis. \ 

Scholium, The solid described by the segment BMD is to 
the sphere which has BD for its diameter, as in.Bu^BF is 
to f TT.BD^, or as EF to BD. 
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PROPOSITION XVII. THEOREM. 

tivery segment of a sphere is measured hy the half sum of 
Us bases multiplied by its aUilude, plus the solidity of a 
sphere whose diameter is this same altitude. 




Let BE, DF, be the radii of the two 
oases of the segment, £F its altitude, the 
segment being described by the revolu- 
tion of the circular space BMDFE about 
the axis FE, The solid described by the 
segment BMD is equal to ^tt.BD^.EF 
(Prop. XVI.) ; and the truncated cone de- 
scribed by the trapezoid BDFE is equal 
to i n.EF.(BEH DP-f BE.DF) (Prop. VI.); 
hence the segment of the sphere, which is the sum of those two 
solids, must Be equal to |^.EF.(2BE«+2DF®+2BE.DF+BD?) 
But, drawing BO parallel to EF, we shall have DO=DF— BE, 
hence DO^zriDP— 2DF.BE+BE3 (Book IV. Prop. IX.) ; an i 
consequently BD«=BOHDO«=EP-f DP— 2DF.BE+BE^ 
Put this value in place of BD^ in the expression for the value 
of the segment, omitting the parts which destroy each other ; 
we shall obtain for the solidity of the segment, 

|»rEF.(3BB4- 3DP+EP), 
nn expression which may be decomposed into two parts ; the 

one i^.EF.(3BE«+3DP0, or EF.( g ) being the 

half sum of the bases multiplied by the altitude ; while the 
other j^.EP represents the sphere of which EF is the diame- 
ter (Prop. XIV. Sch.) : hencie every segment of a sphere, &c. 

Cor. If either of the bases is nothing, the segment in ques- 
tion becomes a spherical segment with a single base ; hence 
any spherical segment, with a single base^ is equivalent to half 
the cylinder haoing the same base and the same altitude^ plus the 
sphere of which this attitude is the diameter.. 

General Scholium. 

Let R be the radius of a cylinder's base, H its altitude : the 
solidity of the cylitider will be nR^ x H, or wR*H. 

Let R be the radius of a cone's base, H its altitude : iim 
solidity of the cone will be ^R' x JH, or J^R^II. 

Let A and B- be the radii of tlie bases of a truncated consu 

Q* 24 
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H its altitude : the solidity of the truncated cone will be i^^.H. 

(A«+B«H-AB). 
Let R be the radius of a sphere ; ita solidity will be |«R^ 
Let R be the radius of a spherical sector, H the altitude of 

tlie zone, which forms its base : the solidity of the sector will 

beJ^H«H. 

Let P and Q be the two bases of a spherical, segmental! its 

P+Q 

altitude: the solidity of the segment* will be —IJz.H+j^^r.H'. 

If the spherical segment has but one base, the other being 
nothing, its solidity will be JPH 4- J^ff. 
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OF SPHERICAL T^IANGl.JJS AND SPHERICAL POLYGONS. 



Definitions. 

1. A spherical triangk is a portion of the surface of a sphere, 
bounded by three arcs of gi*eat circles. 

These arcs are named the sides of the triangle, and are 
always supposed to be each less than a semi-circumference. 
The angles, which their planes form with each other, are the 
angles of the triangle. 

2. A spherical triangle takes the fiame. of right-angkd^ 
isosceles, equilateraly in the same cases as a rectilineal triangle. 

3. A spherical polygon is a portion of the surface of a sphere 
terminated by several arcs of great circles. 

4. A lune is that portion of the surface of a sphere, which is 
included between two great semi-circles meeting in a common 
diameter^ 

5. A spherical wedge or ungula is that portion of the solid 
sphere, which is included between the same jgreat semi-circles, 
and has the lune for its base. 

6. A spherical pyramid i^ a portion of the solid sphere, in- 
cluded between the. planes of a solid angle whose vertex is 
the centre. The base of the pyramid is the spherical polygon 
intercepted by the same planes. 

7. The pole of a circle of a sphere is a point in the surface 
equally distant from all the points in the circumference of this 
circle. It will be shown (Prop. V.) that every circle, great or 
small, has always two poles. 
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PROPOSITION I. THEOREM. 

Jn every spherical triangle, any side is less than the sum of^ the 

other two. 

Let O be the centre of the sphere, and 
ACB the triangle ; d^aw the radii OA,OB, 
OC. Imagine the planes AOB, AOC, 
COB, to be drawn ; these planes will form 
a solid angle at the centre O ; and the an- 
gles AOB, AOC, COB, will be measured 
by AB, AC, BC, the sides of the spherical 
triangle. But each of the three plane an- 
gles forming a solid angle is less than the 
sum of the other two (Book VI. Prop. 
XIX.) ; hence any side of the triangle 
ABC is less than thesum of the other two, 

. PROPOSITION II. THEOREM, 

TTie shortest path from one point to another, on the surface of a 
spttere, is the arc of the great circle which joins the two given 
points. 

Let ANB be the arc of a great circle 
which joins the points A and B ; then will it 
be the shortest path between them. 

1st. If two points N and B, be taken on 
the arc of a great circle, at unequal distan- 
ces from the point A, the shortest distance 
from B to A will be greater than the short- 
est distance from N to A. ^ 

For, about A as a pole describe a circumference CNP. Now, 
the line of shortest distance from B to A must cross this circum- 
ference at some point as P. But the sliortest distance from P to 
A whether it be the arc of a great circle or any other line, is 
equal to the shortest distance from N to A ; for, by passing the 
arc of a gi'eat circle through P and A, and revolving it about the 
diameter passing through A, the point P maybe made to coincide 
with N, when the shortest distance from P to A will coincide 
with the shortest distance from N to A : hence; the shortest dis- 
tance from B to A,^will be greater than the shortest distance 
from N to A, by the shortest distance from B to P. 

If the point B be taken without the arc AN, still making AB 
greater than AN, it may be proved in a manner entirely similar 
to the above, that the shortest distance from B to A will be great- 
er than the shortest distance from N to A. 

If nowj there be a shorter path between the points Band A, 
than the arc BDA of a great circle, let M be a point of the short- 
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est distance possiule; then through M draw MA, iui>, arcs o£ 

g*eat circles, and take BD equal to BM. By the last theorem^ 
DA < BM + MA ; take BD = BM from each, and there will re- 
main AD < AM. Now, since BM == BD, the shortest path from B 
U> M is equal t6 the shortest path from B to D: hence if we sup- 
pose two paths from B to A, one passing through M and the other 
throagh D, they will have an equal part in each ; viz. the part 
from B to M equal to the part from B to D. 

But by hypothesis, the path through M is the shortest path from 
B to A : hence the shortest path from M to A must be less thaa 
the shortest path from D to A, whereas it is greater since the 
arc MA is greater than DA : hence, no point of the shortest 
distance between B and A can lie out of the arc of the great 
circle BDA. 

PROPOSITION III. THEOREM. 

TTie sum of the three sides of a spherical triangle is less than the 

circumference of (^ great circle. 

Let ABC be any spherical trian- 
gle ; produce the sides AB, AC, till 
they meet again in D. The arcs ABD, 
ACD, will be semicircumferences, 
since two great circles always bisect 
each other (Book VIIL Prop. VII. 
Cor, 2*). But in the triangle BCD, we 
have the side BC<BD + CD (Prop 
I.) ; add AB -h AC to both ; we shall 
have AB+AC + BC<ABD+ACD, 
thatistosay,le8Sthanacircumference. 

PRO^SITION IV. THEOREM 

The sum of all the sides of any spherical polygon is less than the 

circumference of a great circle. 

Take . the pentagon ABCDE, for 
example. Produce the sides AB, DC, 
till they meet in F; then since BC is 
less than BF + CF, the perimeter of 
ihe pentagon ABCDE will be less 
than that of the quadrilateral AEDF. 

Again, produce the sides AE,FD. till E A 

they meet in G; we shall have ED<EG+DG; hence the pe- 
rimeter of the quadrilateral AEDF is less than that of the tri- ^ 
angle AFG ; which last is itself less than the circumference of 
a great circle ; hence, for a still stronger reason, the perimeter 
of the polygon ABCDE is less than this same circumference. 
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Scholium. This proposition is fun- 
damentally the same as (Book VI. 
Prop. XX.) ; for, O being the centre 
of the sphere, a solid angle may be 
conceived as formed at O by the plane 
angles AOB, BOC, COD,&c-, and the 
sum of th^se angles must be l6ss than 
four right angles ; .which is" exactly 
the proposition here' proved. The 
demonstration here given is different from that of Book VI. 
Prop. XX. ; both, however, suppose that the polygon ABCDE 
is convex, or that no side produced will cut the figure. 




PROPOSITION V. THEOREM. 

The poles of a great circk of a sphere^ are the extremities of that 
diameter of the sphere which is perpendicular to the circle ; 
and these extremities are also the poles of all small circles 
parallel to it. 

Let ED be perpendic- 
ular to the great circle 
AMB ; then will E and 
D be its poles ; as also 
the poles of the parallel 
^mall circles HPI,FNa • 

For, DC being per- 
pendicular to the plane j^ 
AMB, is perpendicular 
to all the straight lines 
CA, CM, CB, Redrawn 
through its foot in Xhis 

flane ; hence all the arcs 
)A, DM, DB, &c. are 
quarters of the circumfe- 
rence. So likewise are 
all the arcs EA, EM, EB, &c. ; hence the points D and E are 
each equally distant from all the points ot the circumference 
AMB ; henc6, they are the poles of that circumference (Def. 7.). 
Again, the radius DC, perpendicular to the plane AMB, is 
perpendicular to its parallel FNG ; hence, it passes through O 
th6 centre of the circle FNG (Book VIII. Prop. VII. Cor. 4.) ; 
hence, if the obligue lines DF, DN, DG, be drawn, these ob- 
lique lines will diverge equally from the perpendicular DO, 
and will themselves be equal. But, the chords being equal, 
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the arcs are equal ; hence the point D is the pole of the small 
circle FN6 ; and for.like reaaons, the point E is the other pole. 

Cor. T. Every arc DM, 
drawn from a point in 
the arc of a great circle 
AMB to its pole, is a quar- 
ter of the circumference, 
which for the sake of 
brevity, is usually named 
a quadrant : and this 
quadrant at the same 
* time makes a right angle 
with the arc AM. For, 
the line DC being per- 
pendicular to the plane 
AMC, every plane DME, 
passing through tlic line 
1)C is perpendicular to 
the plane AMC (Book VI. Prop. XVI.) ; hence, the angle of 
these pljines, or the angle AMD, is a right angle. 

Cor, 2. To find the pole of a given arc AM, draw the indefi- 
nite arc MD- perpendicular to AM ; take MD equal to a quad- 
rant ; the point D will be one of the poles of the arc AM : or 
' thus, at the two points A and M, draw the arcs AD and MD 
perpendicular to AM ; their point of intersection D will be the 
pole required. 

Cor. 3. Conversely, if the distance of the point D from each 
of the points A and M is equal to a quadrant, the point D will 
be the pole of the arc AM, and also the angles DAM, AMD, 
wilt be right angles. 

For, let C be the centre of the sphere ; and draw the radii 

CA, CD, CM. Since the angles ACD, MCD, are right angles, 

the line CD is perpendicular to the two straight lines CA, CM ; 

hence it is perperpendicular to their plane (Book VI. Prop. 

^ IV,) ; hence the point D Is the pole of the arc AM ; and conse- 

' quently the angles DAM, AMD, are right angles. 

Scholium. The properties of these poles enable us to describe 
arcs of a circle on the surface of a sphere, with the same 
, facility as on a plane surface* It is evident, for instance, that 
by turning the arc Df , or any other line extending to.the same 
distance, round the point D, the extremity F* will describe the 
small circle FNG ; and by turning the quad^iint DFA round 
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the point D, its extremity A will describe the arc 6f the great 
circle AMB. 

If the arc AM were required to be produced, and nothing 
were given but the points A and M through wbick it was to 
passj we should first have to determine the pole D, by the 
mtersection of two arcs described from the points A and JVI as 
centi'es, with a distance equal to a quadrant ; the pole D being 
found, we might describe the arc AM and its prolongation, 
from D as a centre, and with the same distance iCs before. 

In fine, if it be required from a given point P> to let fall « 
perpendicular on the given arc AM ; find a point on the arc 
AM af a quadrant's distance from the point P, which is done -by 
describing an art with the point P as a pole, intersecting AM in 8 : 
S will be the point required, and is the pole with which a per- 
pendicular to AM may be described passing through the point P. 



PROPOSITION VI. THEOREM. 



T%e angle formed by two arcs of great circles ^ is equal to the an- 
gle formed by the tangents of these arcs at their point ^finter* 

* section^ and is measured by the arc descidhed from this point 
of intersection^ as a pole^ and limited by thp sutes^ produced if 
necessary, 

# 

Let the angle BAC be formed by the two ^ 
arcs AB, AC ; then will it be equal to the " 
angle FAG formed by the tangents AF, AG, 
and be measured by the arc DE, described 
about A as a pole. 

For the tangent AF, drawn in the plane 
of the arc AB, is perpendicular to the radius 
AO ; and the tangent AG, drawn in the plane 
of the arc AC, is perpendicular to the same 
radius AO. Hence tne angle FAG is equal 
to the angle contained by. the planes ABO, 
OAC (Book VL Def. 4.) ; which is that of W 
the arcs AB, AC, and is called the angle BAC. 

In like manner, if the arcs AD and AE are both quadrants, 
the lines OD, 0£, will be perpendicular to OA, and thie an^e 
DOE will still be equal to the angle of the planes AOD, AOE : 
hence the arc DE is the measure of the angle contained by 
these planes, or of the angle CAB. 

Cor* The angles of spherical triangles inay be compared 
together, by means of the arcs of sreat circles described from 
their Tertices as poles and included between theur sides : henM 
il if easy to make an an^le of thi^ kind eaual ia a given angl«« 
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Scholium, Vertical aqgles, such 
as ACO and BCN .are equal ; for 
either of them is still the angle 
formed by the two planes ACB, 
OCN. 

It is farther evident, that, in the 
intersection of two arcs ACB,OCN, 
the two adjacent angles ACO, OCB, 
taken tocher, are equal to two 
right angles. 




FROPosmoN vn. theorbm. 

If from the vertices of the three angles of a spherical triangJcj as 
poles; three arcs he described forming a second triangle^ the 

. vertices of the angles of this second triangle^ mU be respectivefy 
poles of the sides of the first. 

Prom the vertices A, B, C, 
as poles, let the arcs EF, FD, 
£l), be descnbed, forming on 
the surface of the sphere, the 
triangle DFE ; then will the 
]K>ints D, E,and F,be respec- 
tively poles of the sides BC, 
AC/, AB* 

For, the point A being the 
pole of (he arc EF, the dis- 
tance AE is a quadrant ; the 
point C being the pole of the arc DE, the distance CE is like 
wise a quadrant : hence the point E is removed the length of a 
quadrant from each of the points A and C ; hence, it is the 
pole of the arc AC (Prop. V. Cor. 3.). It might be shown, by 
the same method, that D is the pole of the arc BC, and F that 
of the arc AB. 

Cor, Hence the triangle ABC may be described by means 
of DEF, as DEF is described by means of ABC. Triangles 
•o described are called polar triangles^ or supplemental trt- 
«ngks. 
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PROPOSITION VIII. THEOREM. 




The same supposition continuing as in the last Prjoposition, each 
angle in one of the triangles^ will be measured by a semicir- 
cvrnference^ minus the side b/ing opposite to it in the other 
triangle. 

For, produce the sides AB, 
AC, if necessary, till they meet 
EF, in G and H. The point A 
being the pole of the arc GH, 
the angle A will be measured 
by that arc (Prop, VL). Bat 
the iBirc EH is a quadrant, and 
likewise GF, E being the pole 
of AH, and F of AG whence 
EH+GF is «qual to a semi- 
circumference. Now, EH+ 
GF is the same as EF+GH ; hence the arc GH, which mea- 
sures the angle A, is equal to a semicircumference minus the 
side EF. In like manner, the angle B will be measured by 
^circ' — DF : the angle C, by i circ. — DE. 4 

And this property must be reciprocal in the two triangleSt 
since each of Ihem is described in a similar manner by means 
of the other. Thus we shall find the angles D, E, F, of the triangle 
DEFtobe measured respectively by | arc. — ^BC, i circ. — ^AC, 
I circ. — ^AB. Thus the angle D, for example, is measured by 
the arc MI; but MI+BC=MC-f BI=^ ciro%; hence the ara 
MI, the measure of D, is equal to i circ. — ^BC ; and so pf aU 
the rest. 

Scholium. It must further be observed, 
that besides the triangle DEF, three others^ 
might be formed by the intersection of 
the three arcs DE, EF, DF. But the 
proposition immediately before us ts ap- 
plicable only to the central triangle, 
which is distinguished from the others 
three by the circumstance (see the last 
figure) that the two angles A and D lie 
on the same side of BC, the two B and E on tlie same side Oi 
AC, ajid the two C and F on the same side of AB. 

R25 
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PROPOSITION IX. THEOREM. 

If around the vertices of the two angles of a given spherical tn- 
anghf as poleSy the circumferences of two circles be described 
■ which shall pass through the third angle of the triangle; ifthen^ 
through the other point in which these circumferences intersect 
and the two first angles of the triangle^ the arcs of great cir^ 
cles be drawn, the triangle thus formed unll have all its parts 
equal to those of the given triangle. 




Let ABC be the given triangle, CED, 
DFC, the arcs described about A and B 
as poles ; then will the triangle ADB have 
all its parts equal to those of ABC. 

For, by construction, the side ADz= 
AC, DB=BC, and AB is common ; hence 
these two triangles have their sides equal, 
^ach to each. We are now to show, that 
the angles opposite ihese equal sides are 
also equal. 

f r If the centre of the sphere is supposed to be at O, a solid 
angle may be conceived as formed at O by the three plane 
angles AOB, AOC, BOC ; likewise another solid angle may be 
conceived as formed by the three plane angles AOB, AOD, 
BOD. And because the sides of the triande ABC are equal 
to those of the triangle ADB, the plane angles forming the one 
of these solid angles, must be equal to \he plane angles forming 
the other, each to each. But in that case we have shown that 
the planes, in which the equal angles lie, are equally inclined 
to each other (Book VI. Prop. XXI.) ; hence an the angles of 
the spherical triangle DAB are respectively equal to those of 
the triangle CAB, namely, DAB=BAC, DBA- ABC, and 
ADB=ACB; hence the sides and the angles of the triangle 
ADB are equal to the sides and the angles of the triangle ACB. 

• 

Scholium, The equality of these triangles is not, however, 
an absolute equality, or one of superposition ; for it would be 
impossible to appty them to each other exactly, unless they 
were isosceles. The equality meant here is what we have 
already named an equality by symmetry ; therefore we shall 
Cill the triangles ACB» ADB, symmetrical triangles. 
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PROPOSITION X. THEpREM. 

Tu)o triangles on the same sphere, or on equal spheres, are equal 
in all their parts, when two sides and the included angle of the 
one are equal to two sides and the included angle of the other, 
each to each. 

Suppose the side AB=EF, the side 
AC =EG, and the an^e BAC=FEG ; 
then will the two tnangles be equal 
in all their parts. 

For, the triangle EFG may be 
placed on the triangle ABC, or on jx/ l \ri a 
ABD symmetrical with ABC, just as "^ ' ^^ ^* 
two rectilineal triangles are placeS 
upon each other, when they have an B 
equal angle included between equal sides. Hence all the parts 
of the triangle EFG will be equal to all the parts of the trian- 
gle ABC ; that is, besides the three parts equal by hypotiiesis, 
we shall have the side BC=FG, the angle ABC=EFG, and 
the angle ACB=EGF, 



PROPOSITION XL THEOREM.. 

Two triangles on the same sphere, or on equal spheres, are equal 
in all their parts, when two angles and the included side of the 
one are equal to two angles and the included side of the other, 
each to each. 

For, one of these triangles, or the triangle symmetrical with 
it, may be placed on the other, as is done in the corres- 
ponding case of rectilineal triangles (Book I. Prop. YI.). 



PROPOSITION XII. THEOREM. 

If two triangles on the same sphere, or on equal spheres, have all 
their ddes equal, each to each, their angles will likewise he 
e^ttal, each to each, the equal angles lying opposite the equal 
sides. 
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This truth is eyident from Prop. IX, 
where it was showiiy that with three given 
sides AB, AC» BC, there can only be two 
triangles ACB, ABD, differing as to the 
position of their parts, and equal as to the 
magnitude of those parts. Hence those 
two triangles, having all their sides re- D^ 

Ssctively equal in both, must either be 
solutely equal,.or at least symmetricaUy 
so ; in either of which cases, their corres- S 

ponding angles must be equal, and lie opposite to equal sides. 





PROPOSITION Xni. THEOREM. 

In every isosceles spherical triangle^ the angles opposite the equal 
sides are equal; and conversely, if two angles of a spJierical 
triangle are equal, the triangle is isosceles* 

First. Suppose the side AB= AC ; we shall 
have the angle C=B. For, if the arc AD be 
drawn from the vertex A to the middle point 
D of the base, the two triangles ABD, ACD, 
will have all the sides of the one respectively 
equal to the corresponding sides of the other, 
namely, AD common, BD=DC, and AB= 
AC : hence by the last Proposition, their an- ^ 
gles will be equal; therefore, B=C. ', 

Secondly^ Suppose the angle B=C ; we shall have the side 
ACrzAB. For, if not, let AB be the greater of the two ; take 
B0= AC, and draw OC. The two sides BO, BC, are equal to 
the two AC, BC ; the angle OBC, contained by the first two 
is equal to ACB contained by the second two. Hence the 
two triangles BOC, ACB, have all their other parts equal 
(Prop. X.) ; hence the angle OCBzriABC : but by hypothesis, 
the angle ABC :== ACB ; hence we have OCB=ACB, which is 
absurd ; hence it is absurd to suppose AB different from AC ; 
hence the sides AB, AC, opposite to the equd angles B and C» 
are equal. 

Scholium. The same demonstration proves the angle BAD= 
DAC, and the angle BDA=ADC. Hence the two last are 
right angles ; hence the arc drawn from the vertex of an isosceles 
spherical triangle to tJie middle of the base, is at right angles tp 
that hose, and bisects the vertical angle. 
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PROPOSITION XIV. THEOREM. 

In any spherical triangle, the greater side is opposite the greater 
angle ; and conversely, the greater angle is opposite the greater 
side. 

Let the single A be greater 
than the angle B, then will RC 
be greater than AC ; and con- 
versely, if BC is greater than 
AC, then will the angle A be -^^ 
greater than B. _ 

First. Suppose the angle A>B ; make the angle BAD=B ; 
then we shall have AD=DB (Prop. XIII.) : but AD-f DC is 
greater than AC ; hence, putting DB in place of AD, we shall 
have DB + DC, or BC > AC. 

Secondly. If we suppose BC > AC, the angle BAC will be 
greater than ABC. For, if BAC were equal to ABC, we 
should have BC= AC ; if BAC were less than ABC, we should 
then, as has just been shown, find BC<AC. Both these con- 
clusions are false : hence the angle BAC is gres^ter than ABC* 



PROPOSITION XV. THEOREM. 

t 

If two triangles on the same sphere, or on equal spheres, are 
mutually equiangular, they will also he mutually equilaterah 

' ■ . * ^ 

Let A and B be the two given triangles ; P and Q their polar 
triangles. Since the angles are equal in the triangles A and 
B, the sides will be equal in their polar triangles P and Q 
(Prop. VIII.) : but since the triangles P and Q are mutually 
evuilateral, they must also be mutually equiangular (Projv 
XII.) ; and lastly, the angles being equal in the triangles P 
and Q, it follows that the sides are equal in their polar trian- 
gles A and IB. Hence the mutually equiangular triangles A 
and B are at the same time mutually equilateral, 

Scholium. Thus proposition is not applicable to rectilineal 
triangles ; in which equality among the angles indicates only 
proportionality among the sides. Nor is it difficult to. account 
for the difference observable, in this respect, between spherical 
and rectilineal triangles. In the Proposition i>ow before is,, 

R* 
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SB well as in the preceding ones, which treat of the comparison 
of triangles, it is expressly required that the arcs be traced on 
the same sphere, or on equal spheres. Now similar arcs are 
to each other as their radii ; lience, on equal spheres, two tri- 
angles cannot be similar without being equal. Therefore it is 
not strange that equality among the angles should produce 
equaUty among the sides. 

The case would be different, if the triangles were drawn 
upon uneaual spheres ; there, the angles bein^ equal, the trian- 
gles would be similar, and the homologous sides would be to 
each other as the radii pf their, spheres. 



PROPOSITION XVI. THEOREM.- 

The sum of all the angles in any splierical triangle is less than. 
,six right angles^ and greater than two. 

For, in the first place, every angl6 of a spherical triangle fs 
less than two right angles : hence the sum of all the three is 
less than six right angfes. 

Secondly, the measure of each angle of a spherical trian^tb 
is equal to the semicircumference minus the corresponding side 
of the polar triangle (Prop. VIII.) ; hence the sum of all the three, 
is measured by the three semicircumferences minus the sum of all 
the sides of the polar triangle. Now this latter sum is less than a 
circumference (Prop. III.) ; therefore, taking it away from three 
semicircumferences, the remainder will begreater than one 
semicircumference, which is the measure of two right angles ; 
hence, in the second place, the sum of all the angles of a sphe- 
rical triangle is greater than two right angles. 

Cor. 1. The sum of all the angles of a spherical triangle is 
not constant, like that Of all the angles of a rectilineal triangle; 
it varies between two right angles and six, without ever arriving 
at either of these limits. Two, given angles therefore do not 
serve to determine the third. 

Cor. 2. A spherical triangle may have two, or even three of 
ts angles right angles ; also two, or even three of its angles 
obtuse. 
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Cor, 3. If the triangle ABC is bi-rectangular, 
in other words, has two right angles B and C, 
the vertex A will be the pole of the base BC ; 
and the sides AB, AC, will be quadrants 
(Prop. V, Cor. 3.). 

If the angle A is also a right angle, the tri- _^| 
angle ABC will be iri-rectangular ; its angles 
wiU all be right angles, and its sides quadrants. Two of the 
tri-rectangular triangles make half a hemisphere, four make a 
hemisphere, and the tri-rectangular triangle is obviously cod 
tained eight time9 in the surface of a sphere. 

Scholium. In all the preceding 
observations, we have supposed, in 
conformity with (Def. 1.) that sphe- 
rical triangles hav^ always^each of 
their sides less than a semicircum- 
ference ; from which it follows that 
mny one of their angles is always 
less than two right angles. For, if 
the side AB is less than a semicir- 
cumference, and AC is so likewise, 
both those arcs will require to be E 

produced, before they can meet in D. Now the two angles 
ABC, CBD, taken together, are equal to two right angles; 
hence the angle ABC itself, is less than two right angles. 

We may observe, however, that some spherical triangles do 
exist, in which certain of th^ sides are greater than a semicir- 
cumference, and certain of the angles ^eater than two right 
angles. Thus, if the side AC is- produced so as to form a whole 
circumference ACE, the part which remains, after subtracting 
the triangle ABC from the hemisphere,, is a new triangle also 
designated by ABC, and having AB, BC, AEDC for its sides. 
Here, it is plain, the side AEDC is greater than the semicir - 
cumference AED ; and at the same time, the angle B opposite 
to it exceeds two right angles, by the quantity CBD. . 

The triangles whose sides and angles are so large, have been 
excluded by the Definition ; but the only reason was, that the 
solution of them, or the determmation of their parts, is always 
reducible to the solution of such triangles as are comprehended 
by the Definition. Indeed, it is evident enough, that if the sides 
and angles of the triangle ABC are known, it will be easy to 
discover the angles -and sides of the triangle which bears the 
same name, and is the difference between a hemisphere and the 
former triangle. 
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PROPOSITiON XVll. THEOREM. 

The surface of a lune is t6 the surface of the sphere^ as the angle 
of this lune^ is to four right angles^ or as the arc which mea- 
sures that anglef is to the circumfererwe. 

Let AMBN be a lune ; then will its 
surface be to the surface of the sphere 
as llie angle NCM to four right angles, 
or as the arc NM to the circumference 
of a great circle. 

Suppose, in the first place, the arc 
MN to be to the circumference MNPQ 
as some one rational number is to ano- 
ther, as 5 to 48, for example. The cir- 
cumference-MNPQ being divided into 
48 equal parts, MN will contain 5 of them ; and if the pole A 
were joined with the several points of division, by as many 
quadrants, we should in the hemisphere AMNPQ have 48 tri- 
angles, all equal, because all their parts are equal. Hence the 
whole sphere must contain 96 of those partial triangles, the lune 
AMBN A will contain 10 of them; hence the lune is to the 
sphere as 10 is to 96, or as 5 to 48, in other words, as the arc 
MN is to the circumference. 

If the arc MN is hot commensurable with the circumference, 
we may still show, by a mode of reasoning frequently exem- 
plified already, that in that case also, the lune il^ to the sphere 
as MN is to the circumference. 

Cor. 1. Two lunes are to each other as their respective- 
angles. 

Cor. 2. It was shown above, that the whole surface of the 
sphere is equal to eight tri-rectangular triangles (Prop. XVL 
Cor. 3.) ; hence, if the area of one such triangle is represented 
by T, the surface of the whole sphere will be expressed by 8T 
This granted, if the right angle be assumed equal to l,the sur- 
face of the lune whose angle is A, will be expressed by SAx T: 
for, 

4: A: :8T:2AxT 
in which expression, A represents such a.part of unity, as the 
angle of the lune is of one right angle. 

Scholium. The spherical ungula, bounded by tl\e planes 
AMB, ANB, is to the whole solid sphere, as the angle A is ta 
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four right angles. For, the lunes being equal, the spherical 
ungulas will also be equal ; hence two spherical ungulas are to 
each other, as the angles formed by the planes which bound 
them. 



PROPOSITION XVIII. THEOREM. 
Tu)o symmetrical spherical triangles are equivalent 

Let ABC, DEF, be two symmetri- 
cal triangles, that is to say, two tri- 
angles having their sides AB=DE, 
AC=DF, CB=EF, and yet incapa- 
ble of coinciding with each other : / j X q p / I 
we are to show that the surface ABC f v. • '7 \ / ■*" 
is equal to the surface DEF. 

Let P be the pole of the small 
circle passing through the three points 
A, B, C ;* from this point draw the 

equal arcs PA, PB, PC (Prop. V.) ; at the point F, make the 
angle DFQ=ACP, the arc FQ=rCP ; and draw DQ, EQ. 

The sides DP, FQ, are equal to the sides AC, CP ; the snr 
file I)FQ= ACP : hence the two triangles DFQ, ACP are equal 
m all their parts (Prop. X.) ; hence the side DQ=AP, and the 
angle DQF=APC. 

In the proposed triangles DFE, ABC, the angles DPE, ACB, 
opposite to the equal sides DE, AB, being equal (Prop. XIL)'. 
if the angles DFQ, ACP, which are equal by cons\ructi<5n, be 
taken away from them,,there will remain the angle QFE, equal 
to PCB. Also the sides QF, FE, are equal to the sides PC, 
CB ; hence the two triangles FQE, CPB, are equal in all their 
parts ; hence the side QE=PB, and the angle FQE = CPB. 

Now, the triangles DFQ, ACP, which have their sides re- 
spectively equal, are at the same time isosceles, and capable of 
coinciding, when applied to each other ; for having placed AC 
on its equal DF, the equal sides will fall on each other, and 
thus the two triangles will exactly coincide : hence they are 
equal ; and the surface DQF=APC. For a like reason, the 
surface FQE = CPB, and the surface DQE=APB ; hence we 



* The circle which passes* through the three points A, B, 0, or which cir. 
comscribes the triangle ABC, can only be a small circle of* the sphere ; for if 
it were a great circle, the three sides AB, BC, AC, would lie in one plane, and 
the triangle ABC would be reduced to one of its sides. 

26 
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have DQF+FQE— DQE=APC+CPB— APB, or DFE = 
ABC; hence the two sjanmetrical triangles ABC, DEF are 
equal in surface. 

Scholium. The poles P and Q 
might lie within triangles ABC, 
DEF: in which case it would be 
requisite to add the three triangles 
DQF, FQE, DQE, together, in or- 
der to make up the triangle DEF ; 
and in Uke manner, to add the three 
triangles APC, CPB, APB, together, V 
in order to make up the triangle 
ABC : in all other respects, the de- 
monstration and the result would still be the same. 




PROPOSITION XIX. THEOREM. 

If the circumferences of two great circles intetsect each other on 
the surface of a Jiemisphere^ tlie sum of the opposite triangles 
thus formed, is equivalent to the surface of a lune whose angle 
is equal t<ytM anghformediy4ksdr^le^^ 

Let the circumferences AOB, COD, 
intersect on the hemisphere OACBD ; 
then will the opposite triangles AOC, 
BOD, be equal to the lune whose an- 
gle is- BOF. 

For, producing the arcs OB, OD, on 
the other hemisphere, till they meet in 
N, the arc OBN will be a semi-circum- 
ference, and AOB one also ;. and taking 
OB from each, we shall have BN= AO. 
For a like reason, we have DN=CO, and bD=^AC. Hence, 
the two triangles AOC, BDN, have their three sides respect- 
ively equal ; they are therefore symmetrical ; hence they are 
equal in surface (Prop. XVIII.) : but the sum of the triangles 
BDN, BOD, is equivalent to the lune OBNDO, whose angle is 
BOD: hence, AOC + BOD is equivalent to the lune whose 
angle is BOD. 

Scholium. It is likewi 3 evident that the two spherical pyra- 
mids, which have the triangles AOC, BOD, for bases, are toge- 
ther equivalent to the spherical ungula whose angle is BOD. 
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The surface of a spherical triangle is measured by the eiccess of 
the sum of its three angles above two right angles, multiplied 
by the tri-rectangular triangle. 

Let ABC be the proposed triangle : pro- 
duce its sides till they meet tbe great circle 
DEFG drawn at pleasure without the trian- 
gle. By the last Theprem, the two triangles 
ADE, AGH, are together equivalent to the 
lune whose angle is A, and which is mea- 
sured by 2A.T (Prop. XVII. Cor. 2.). 
Hence we have ADE+ AGH=2A.T ; and 
for a like reason, BGF+BID=2B.T, and 
CIH+CFE=2C.T But the sum of these 
SIX triangles exceeds the hemisphere by twice the triangle 
ABC, and the hemisphere is represented by 4T ; therefore, 
twice the triangle ABC is equal to 2A.T+2B.T + 2C.T— 4 T; 
and consequently, once ABC=(A+Bh-C — 2)T; hence every 
spherical triangle i^ measured by the sum of all its angles minus 
two right angles, multiplied by the tri-rectangular triangle. 

Cor. 1. However many right angles there may be in the sum of 
the three angles minus two right angles, just so many tri-rectan- 
gular triangles, or eighths of tne sphere, will the proposed trian- 
gle contain. If the angles, for example, are each equal to | of 
a right angle, the three angles will amount to 4 right angles, and 
the sum of the imgles mious two right angles will be represented 
by [^4 — 2 or 2 ; therefore the surface of the triangle will be jequal 
to two tri-rectangular triangles, or to the fourth part of the 
whole surface of the sphere. 

Scholium. While the spherical triangle ABC is compared 
with the tri-rectangular triangle, the spherical pyramid, which 
has ABC for its base, is compared with the tri-rectangular py- 
ramid, and a similar proportion is found to subsist between 
them. The solid angle at the vertex of the pyramid, is in like 
manner compared with the solid angle at the vertex of tlie tri- 
rectangular pyramid. These comparisons are founded on the 
coincidence of the corresponding parts. If the bases of the 



L. 



i 



204 GEOMETRY. 

pyramids coincide, the pyramids themselves wHI evidently cch 
incide, and likewise the solid angles at their vertices. From 
this, some consequences are deduced. 

jFiVs^ Two triangular spherical pyramids are to each other 
as their bases : and since a polygonal pyramid may always be 
divided into a certain number of triangular ones, it follows that 
any two spherical pyramids are to each other, as the polygons 
which form their bases. 

Second. The solid angles at the vertices of these p3rramids, are 
also as their bases ; hence, for comparing any two solid angles, 
we have merely to place their vertices at the centres of two 
equal spheres, and the solid angles will be to each other as the 
spherical polygons intercepted between their planes or faces. 

The vertical angle of the tri-rectangular pyramid is formed 
by threp planes at right angles to each other : this angle, which 
may be called a right solid angle, will serve as a very natural 
unit of measure for all other solid angles. If, for example, the 
the are^ of the triangle is I of the tri-rectangular triangle; 
then the corresponding solid angle will also be | of th^ 
f i^ht solid angle. 

PROPOSITION XXI. THEOREM 

The surface of a spherical polygon is measured by the sum of all 
its angleSfOimus two right angles multiplied by the number of 
sides in the polygon less two, into the tri-rectangular triangle. 

From one of the vertices A, let diago- j^ 
nals AC, AD be drawn to all the other ver- 
tices ; the polygon ABCDE will be di- 
vided into as many triangles minus two as £ 
it has sides. But the surface of each tri- 
angle is measured by the sum-of all its an- , 
gles minus two right angles, into the tri- 
rectangular triangle ; and the sum of the angles in all the tn- 
angles is evidently the same as that of all the angles of the 
polygon ; hence, the surface of the polygon is equal to the sum 
of all its angles,diminisbed by twice as many right angles as 
it has sides less two, into the tri-rectangular triangle. 

Scholium. Let s be the sum of all the angles in a spherical 
polygon, n the number of its sides, and T the tri-rectangular tri- 
. angle ; the right angle being taken for unity, the surface of the 
polygon will be measured by 

(5—2 (n—2,)^ T, or (s^2 n+4) T 
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THE REGULAR FOLYEDRONS. 

A regular volyedronis one whose faces are all equal regular 
polygons, and whose solid angles are all equal to each other. 
There are five such polyedrons. 

First. If the faces are equilateral triangles, polyedrons may 
be formed of them, having solid angles contained by three of 
those triangles, by four, or by five : hence arise three regular 
bodies, the tetraedron^ the octaedron^ the icosaedron. No other 
can be formed with equilateral triangles ; for six angles of such 
a triangle are equal to four right angles, and cannot form a 
solid angle (Book VI. Prop. XX.). 

Secondly. If the faces are squares, their angles may be ar- 
ranged by threes : hence results the hexaedron or cube. Four 
angles of a square are equal to four right angles, and cannot 
form a solid angle. 

Thirdly. In fine, if the faces are regular pentagons, their 
angles likevnse may be arranged by threes : the regular dode- 
caedron will result. 

We can proceed no farther : three angles of a regular hexa- 
gon are equal to four right angles' ; three of a heptagon are 
greater. 

Hence there can only be ^ve regular polyedrons ; three formed 
with equilateral trian^ifes, one with squares, and one with pen- 
tagons. 

Construction of the Tetraedron. 

Let ABC be the equilateral triangle 
which is to form one face of 'the tetrae- 
dron. At the point O, the centre of this 
triangle,' erect OS perpendicular to the A| 
plane ABC ; terminate this perpendicular 
in S, so that AS=AB; draw SB, SC: 
the pyramid S-ABC wUl be the tetrae- 
dron required. 

For, by reason of the equal distances 
OA, CtB, OCi the oblique lines SA> SB, SC, are equaDjr r«- 
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moved from the perpendicular SO, and 
consequently equal (Book VI. Prop/ V.). 
One of them 8A=AB ; hence the four 
faces of the pyramid S-ABC, are trian- A 
gles, equal to the given triangle ABC. 
And the solid angles of this pyramid 
are all equal, because each of them is 
forined by three equal plane angles :' 
hence this pyramid is a regular tetrae- 
dron. 




Construction of the Hexctedron. 

Let ABCD be a given square. On the 
base ABCD, construct a right prism whose 
altitude AE -shall be equal to the side AB. 
The faces of this prism will evidently be 
equal squares ; and its solid angles all equal, 
each being formed with three right angles : 
hence this prism is a regular hexaedron or 
cube. 



H 







The following iH*opositions can be easily proved. 

1. Any regular polyedron may be divided into as many 
regular pyramids as the polyedron has faces ; the common 
vertex of these ]^^ramids will be the centre of the polyedron ; 
and at the same tim^ that of the inscribed and of the circum- 
scribed sphere. 

2. The solidity of a regtiWr polyedron is equal to its sur- 
face multiplied by a third part < the radius of the inscribed 
sphere. 

8. Tteo regular polyedrons of the safh^ name, are two simi- 
lar solids, and their homologous dimensions are proportional ; 
hence the radii of the inscribed or the circumscribed spheres 
are to each other as the sides of the polyedrons, 

4. If a regular polyedron is inscribed in a sphere, the planes 
drawn from the centre, through the different edges, will divide 
the surface of the sphere into as many spherical polygons, all 
equal and similar, as the polyedron has faces. 



APPLICATION OF ALGEBRA. 



TO THE SOLUTION OF 



GEOMETRICAL PROBLEMS. 



A problem is a question which requires a solution. A geo 
metrical problem is one, in which certain parts of a geometri- 
cal figure are given or known, from which it is required to de- 
termine certain other parts. 

When it is proposed to solve a geometrical problem by 
means o( Algebra, the given parts are represented by the first 
letters of the alphabet, and the required parts by the fbal let- 
ters, . and the relations which subsist between the known and 
unknown parts furnish the equations of the problem. The solu- 
tion of these equations, when so fonned, gives the soluUon of 
the problem. 

No general rule can be mven for forming the equations^ The 
equations must be independent of each other, and their number 
equal to that of the unknown quantities introduced (Alg. 
Art. 103.). Experience, and a careful examination of all the 
conditions, whether explicit or implicit (Alg. Art 94,) will 
serve as guides in stating the questions ; to which may be 
added the following particular directions. 

1st. Draw a figure which shall represent all the giv^n parts, 
and all the required parts. Then draw such other fines as will 
establish the most simple relations between them. If an angle 
is given, it is generally best to let fall a perpendicular that sImiII 
lie opposite to it; and this perpendicular, if possible, should be 
drawn from the extremity of a given side« 

2d. When two lines or quantities are connected in the same 
way with other parts of the figure or problem, it is in general, 
not best to use either of them separately ; but to use their sum, 
their difference, their product, their quotient, or perhaps ano- 
ther line of the figure with which they are alike connected. 

3d. When the area, or perimeter of a fijgure, is given, it is 
sometimes best to assume another figure similar to the propo- 
sed, having one of its sides equal to unity, or some other known 
quantity. A comparison of the two figures will often give a re- 
quired part. We will add the following problems.* 

* The followingr problems are selected from~Hatton*8 Application of Algrebra 
to Geometij, ac4l the examples in Mensuration from his treatise on that ittbjeet. 
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PROBLEM L 



In a right angled triangle BAC^ having given the base BA^ 
and tile sum of the hypothenuse and perpendicular, it is re- 
quired to find the hypothenuse and perpendicular. 

Put BA=:c=3y BC=ix, AC=y and the som of the hypo- 
thenuse and perpendicular equal to s=9 

Then, x+y=*=9. 

and a*=y«+£? (Bk . IV. Prop. XI.) 
From 1st equ: x=s^-y 

and a?=j*— 2«y4-»* 

By subtractings O^j* — 2sy — <? 

or 2sy=^ — c* 

hence, ^="27" =4=AC 

Therefore x+i=9 or ar=5=BC. 




PROBLEM IL 

In a fight angled triangle, having given the hypothenuse, and the 
sum of tile base and perpendicular, to find these two sides* 

Put BC =a=5, BA=ar, AC =:y and the sum 
of the base and perpendicular =.s:v 7 

Then ap+y=«=7 

and a?-fy®=fl? ^' 

From first equation x=s — y 

or a?=5^— 2^+y' 

Hence, y*=a® — j®4-2jy^--y* 

or 2y^_25y=a«— ^ 



or 



l^—sy=. 



_ « 

By completing the square y* — sy + J5*=^'- 

or y=i5di-/ja«— 1^=4 or 3 

Hence a:=J«=F V^ia^— }s^=3 or 4 
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PROBLEM III. 



In arectangk, having given the diagonal and perimeleTf to^find 

the sides. 

Let ABCD be the proposed rectangle; 
Put AC=d=l6, the perimeter =: 2a =28, or ^ 
AB + BC=a=14: also put AB=a: and BC=y. 

Then, x^-\-y^=d^ 

and x-\-y=a 

From which equations we obtain, 

y=Jadb V\d^—\c?=S or 6, 
and a;=ia=F V^cP— }a^=6 or 8. 




PROBLEM IV. 



Saving given the hose and perpendicular of a triangk, to find 

the side of an inscribed square. ~ 



C 



F 




H DE 



Let ABC be the triangle and HEF6 
the inscribed square. Put AB=&, CD=a, 
and HE or GHz=a; : then CI=a — x. 

We have by similar triangles 

AB: CD:: GP: CI 

or b: a:i x: a — x 

Hence, ab — bx=ax 

or * x:^ — -= the side of the inscnfied square ; 

a+b 

which, therefore, depends only on the base and altitude of the 
triangle. 
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PROBUSVV, 

Jn an equilateral tridn§^l<Sy having given the lengths of the 
three perpendiculars drawn from a point within^ on the three 
sides: to determine the sides of the triangle. 
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Let ABC be the eqinlateral trian^e; 
DG, DE and DF the gnren perpendicu- 
lars kt fan from Don the sides^ Draw 
DA, DB»DC to the yerticesc^ the anples, 
and let fall the perpendicular CU on 
the base. Let DG=a, DE=*, and 
DF=c : pot one of the equal aides AB J^ ^ ^ j^ ^^ ^ 

=2x; hence AH=x, and CH= -/aC«— AHP= V42^—a^ 

Now since the area of a triangle is equal to half its base 
into the altitude, (BL IV. Prop. VI.) 

lAB X CH=aj X x V^a? Vs^triangle ACB 

iABxDG=xxa =ax =triang]e ADB 

IBC xDE=a: x ft =hx =trianigle BCD 

iAC X DF=x X c =^cx =triangle ACD 

But the three last triangles make up, and are consequently 
e^pal tOy the first ; hence, 

z* V3^ax+ftar+cc=:3:(a4-ft+c) ; 

CM- xV^a+b+c 

therefore,. a;=^±*±£_ 

« * 

Rbmakk. Since the perpendicular CH is equal toxyS, it 
is consequently equal to a+ft+c: that is, the perpendicular let 
fkU from either angle of an equilateral triangle on the oppo' 
site Mde, is equal to the sum of the three perpendiculars let 
fall from any point within the triangle on the sides respeetirely. 

FROBLBM YI. 

In a right a&gled triangle, haying given the base and the dif* 
ference between the hypothenuse and perpendicular, to find 
the sides. 

^HOBiiBK vn. 

In a right angled triangle, having givea the hypothenuse and 
the difference between the base and perpendicular, to deter- 
mine the triangle. 
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PROBLEM Vm. 

Having given the area of a -rectangle inscribe in a given 
triangle ; to determine the sides of the rectangle. 

PROBLEM IX. 

In a triangle, having given the ratio of the two sides, togeth- 
er with both the segments of the base made by a perpendic- 
ular from the vertical angle ; to determine the triangle. 

PROBLEM X. 

In a triangle, having given the base, the sum of the other two 
sides, and the length of a line drawn frpm the vertical angle 
to the middle of the base ; to find the sides of the triangle. 

PROBLEM XI. 

In a triangle, having given tlie two sides about the vertical 
angle, together with the line bisecting that angle and terminating 
in the bsse ; to find the base. 

PROBLEM xn. 

To determine a right angled triangle, having given the 
lengths of two lines drawn from the acute angles to Ihe mid- 
dle of the opposite sides. 

PROBLEM Xin. 

To determine a right-angled triangle, having given the pe- 
rimeter and the radius of the inscribed circle. 

« 

PROBLEM XIV. 

To determine a triangle, having given the base, the per- 
pendicular and the ratio of the two sides. 

PROBLEM XV. 

To determine a right angled triangle, having given the 
hypothenuse, and the side of the inscribed square. 

PROBLEM XVI. 

To determine the radii of three equal .circles, described- 
within and tangent {o, a. given circle, and. also tangent ta 
each other. 
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PBOBLBM XVn. 

In a right angled triangle, having given the perimeter and 
the perpendicular let fall from the right angle oh the hypothe- 
nuse, to determine the triangle. 

FBOBusit xvm. 

To determine a right angled triangle, having given the 
hypothenuse and the difference of two lines drawn from the 
two acute angles to the centre of the inscribed circle. 

PROBLEM XIX. 

To determine a triangle, having given the base, the perpen- 
dicular, and the difference of the two other sides. 

PROBLEM XX. 

« 

To> determine a triangle, having given the base, the perpen- 
dicular and the rectangle of the t>vo sides. 

PROBLEM XXI. 

To determine a triangle, having given the lengths of three 
lines drawn from the three angles to the middle of the opposite 
sides. . 

PROBLEM XXn. 

» . - , 

In a triangle, having given the three sides, to find the radius 
of the inscribed circle. 

PROBLEM XXni. 

f 

To determine a right angled triangle, having given the side 
of the inscribed square, and the radius of the inscribed circle. *1 

PROBLEM XXIV. 

To determine a right angled triangle, having given the 
hypothenuse and radius of the inscribed circle 

PROBLEM XXV. 

To determine a triangle, having given the base, the line 
bisecting the vertical angle, and the diameter of the eircum- 
scribing circle. 
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PLANE TRIGONOMETRY. 

In every ti*iangle there are six parts : three sides and three 
angles. These parts are so related to each other, that if a 
certain number of them be known or given, the remaining 
•nes can be determined. 

Plane Trigonometry explains the methods of finding, by cal- 
culation, the unknown parts of a recttlineal tinangle, when 
a sufficient number of the six parts are given. 

When three of the six parts are known, and one of them is a 
side, the remaining parts can always be found. If the three 
angles were given, it is obvious that the problem would be in- 
determinate, since all similar triangles would satisfy the con- 
ditions. 

It has already been shown, in the problem^ annexed to Book 
III., how rectilineal triangles are constructed by means of three 
given parts. But these constructions, which are called graphic 
methods^ though perfectly correct in theory, would give only 
a moderate approximation in practice, on account of the im- 

Serfection of the instruments required in constructing them. . 
trigonometrical methods, on the contrary, beins independent 
of all mechanical operations, give solutions witQ the utmost 
accuracy. 

These methods are founded upon the properties pf lines called 
trigonometrical lines, which furnish a very simple mode of ex- 
pressing the relations between the sides and angles of triangles. 
We shall first explain the properties of those lines, and the 
principal formulas derived from them ; formulas which are of j 

great use in all tlie branches of mathematics, and which even u, j 
furnish means of improvement to algebraical analysis. We "^ 

shall next apply those results to the solution of rectilineal tri- 
angles. ^ 



' DIVISION OF THE CIRCUMFERENCE. 

I. For the purposes of trigonometrical calculation, the cir 
cumference of the circle is divided into 360 equal parts, called 
degrees ; each degree into 60 equal parts, called minutes ; and 
each minute into 60 equal parts, called seconds. 

The semicircumference, or the measure of two right angles, 
contains 180 degrees ; the quarter of the circumference, usually 
denominated the quadrant, and which measures the right an- 
gle, contaiQs 90 degrees. 

II. Degrees, minutes, and seconds, are respectively desig- 
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noted by the characters : S \ " - thus the expression 16^ 6' lb" 
represeots an arc, or an angle, of 16 degrees, 6 minutes, and 
15 seconds. 

III. The compkment of an angle, or of an arc, is what re- 
mains after taking that angle or Siat arc from 90°. Thus the 
complement of 25"" 40' is equal to 90""— 25'' 40'=:64'' 20' ; and 
the complement of 12'' 4' 32" is equal to OO'' — 12^ 4' 32"=77o 
55' 28". 

In general, A being any angle or any arc, OO'' — ^A is the com- 
plement of that angle or arc. If any arc or angle be added 
to its complement, the sum will be 90"^. ' Whence it is evident 
that if the angle or arc is greater than 90°, its complement will 
be negative. Thus» the complement of 160° 34' 10" is — 70° 
34' ip". In this case, the complement, taken positively, would 
be a quantity, which bein^ subtracted from the given angle oz 
arc, the remainder would oe equal to 90°. 

The two acute angles of a right-angled triangle, are together 
equal to a right angle ; they are, therefore, complements of each 
other. 

IV. The supplement of an angle, or of an arc, is what re- 
mains after taking that angle or arc from 180°. Thus A being 
any angle or arc, 180° — ^A is its supplement 

In any triangle, either angle is the supplement of the sum 9f 
the two others, since the three together make 180°. 

If any arc or angle be added to its supplement, the sum will, 
be 180°. Hence if an arc or angle be greater than 180°, its 
supplement will be negative. Thus, the supplement of 200° 
is — ^20°. The supplement of any angle of a triangle, or indeed 
of the sum of either two angles, is always positive* 



GENERAL IDEAS RELATING TO TRIGONOMETRICAL LINES. 



V. The sine of an 'arc is g' 



the perpendicular let fall from 
one extremity of the arc, on 
the diameter which passes 
through the other extremity. 
Thus, MP is the sine of the 
arc AM, or of the angle ACM. 
The tangent of an arc is a 
line touching the arc at one 
extremity, and limited by the 
prolongation of the diameter 
which passes through the 
other extremity. Thus AT is 
the tangent of the arc AM, 
or of the angle ACM. 
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The secant of an arc is the line drawn from the centre of 
the circle through one extremity of the arc and limited by the 
tangent drawi\ through the other extremity. Thus CT is the 
secant of the arc AM, or of the angle ACM. 

The Dej^ed sine of an arc, is the part of the diameter inter- 
cepted between one extremity of the arc and the foot of the 
sine. Thus, AF is the versed sine of the arc AM, or the angle 
ACM. 

These four lines MP,.AT, CT, AP, are dependent upon the 
arc AJVf, and are always determined by it and the radius ; they 
are thus designated : 

MPmsin AM, or sin ACM, 

ATzrtangAM, or tang^ACM, 
CTznsec AM, or sec ACM, 
AP=ver-8in AM, or ver-sin ACM. 

YI. Having taken the arc AD equal to a quadrant, from the 
points M and D draw the lines MQ, DS, perpendicular to the 
radius CD, the one terminated by that radius, the other termi- 
nated by the radius CM produced ; the lines MQ, DS, and C8, 
will, in like manner, be the sine, tangent, and secant of the arc 
MD, the complement of AM. For the sake of brevity, they 
are called the cosine^ cotangent^ and cosecant, of the arc AM 
And are thus designated : 

MQ=cosAM, or C05ACM, 
DS=cot AM, or cot ACM, 
CS=cosec AM, or cosec ACM. 

Jn general, A being any arc or angle, we have 

cos A=sin (90°— A), . 
cot A = tang (90° — ^A), 
cosec An sec (90° — ^A). 

The triangle MQC is, by construction, equal to the triangle 
CPM ; consequently CPir:MQ : hence in the right-angled tri- 
angle CMP, i^hose hypothenuse is equal to the radius, the two 
sides MP, CF are the sine and cosine of the arc AM : hej^ce, 
the cosine of an arc is equal to that part of the radius inter- 
cepted between the centre and foot or the sine. 

The triangles C!AT, CDS, are similar to the equal triangles 
CPM, CQJVT ; hence they are similar to each other. From 
these principles, we shall very soon deduce the different rela- 
tions which exist between the lines now defined : before doing 
80, however, we must examhie the changes which those lines 
undergo, when the arc to which they relate increases from zero 
to I8O0. 

The angle ACD is called the first quadrant ; the angle DCB, 
the second quadrant ; the angle BCE, the third quadrant ; and 
the angle £CAy the fourth quadrdnL 

6*27 
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VII. Suppose one extrem- 
ity of the arc remains fixed in 
A, while the other extremity, 
marked M, nms successively 
throughout the whole extent 
of the semicircumference, 
from A to B in the direction 
ADB, 

When the point M is at A» 
or when the arc AM is zero, 
the three points T, M, P» are 
confounded with the point A ; 
whence it appears that the 
sine and tangent of an arc 

zeroy are zero, and the cosine and secant of this same arc, are 
each equal to the radius. Hence if R represents the radius of 
the circle, we have 

sin 0=0, tang 0=0, cosO=R, secO=R. 

VIII. As the point M advances towardis D, the sine increases, 
snd so likewise does the tangent and the secant ; but the cosine, 
the cotangent, and the cosecant, diminish. 

When the point M is at the middle of AD, or when the arc 
AM is 45°, in which case it is equal to its complement MD, 
the sine MP is equal to the cosine MQ or CP ; and the trian- 
gle CMPy having become isosceles, gives the proportion 

MP : CM : : 1 : \/2, 
or sin 45° : R : : 1 : \/2. 

R 

Hence sin 45° = cos 45° = —r^ = J R \/ 2. 

In this same case, the triangle CAT becomes ispsceles and 
equal to the triangle CDS ; whence the tansent of 45^ and its 
cotangent, are each equal to the radius, and consequently we 

have 

tang45°=cot45°=IL 

IX. The arc AM continuing to increase, the sine increases 
till M arrives at D ; at which point the sine is equal to the ra- 
dius, and the cosine is zero. Hence we have 

sin90°=R, cos90°=0; 

and it may be observed, that these values are a consequence 
of the values already found for the sine and cosine of the arc 
zero ; because the complement of 90^ being zero, we have 

sin 90°=cos 0°=R, and 
cos 90°=:sin 0°r=0, 
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As to the tangent, it increases very rapidly as the point M 
«.lipproaches D ; and jSnalty when this point reaches D, the tan- 

Sent iNToperly exists no longer, because the lines AT, CD, 
eing parallel, cannot meet. This is expressed by saying that 
the tangent of QO^' is infinite ; and we write tang 90^=:: qd 
The complement of 90° being zero, we have 

tang Oi=cot 90° and cot Ozrtang 90^* 
Hence cot 90^=0, and cot 0===ao • 

X. The point M continuing to advance tiron^ iD towards B, 
the sines diminish and the cosines increase. Thus MT' is the 
sine of the arc AM', and M'Q, or CP' its cosine. But the arc 
M'B is the supplement of AM", since AM' + M'B is equal to a 
semicircumference ; besides, if M 'M is drawn parallel to AB, 
the arcs AM, BM', which are included between parallels, will 
evidently be equal, and likewise the perpendiculars or sines 
MP, M'P'. Hence, the sine of an arc or of an angle is equal to 
the sine of the supplement of thai arc or angle. 

ThjB arc or angle A has* for its supplement 180° — ^A: hence 
generally, v?e have 

sin A=sin (180°— -A.) 

The same property might also be expressed by the equation 

sin (90° + B)=sin (90°— B), 

B being the arc DM or its equal DM'. 

'XI. The same arcs AM, AM', which are supplements of 
each other, and which have equal sines, have also equal co- 
sines CP, CP' ; but it must be observed, that these cosines lie 
^ in different directions. The line CP which is the cosine of the 
* arc AAf , has the origin of its value at the centre C, and is esti- 
mated in the direction from C towards A ; while CP', the cosine 
of AM' has also the origin of its value at C, but is estimated ia 
a contrary direction, from C towards B. 

Some notation must obviously be adopted to distinguish the 
one of such equal lines froih the other ; and that they may both 
be expressed analytically, and in the same general formtda^ it ifl 
necessary to consider all lines which are estimated in one di- 
rection as positive^ and those which are estimated in the con^ 
trary direction as negative. If, therefore, the cosines whicii 
are estimated from C towards A be considered as positive, 
those estimated from C towards B, must be regarded as nega- 
tive. Hence, generally, we shall have, 

cos A=— cos (180° — ^A) 

that is, the cosine of an arc or angle is equal to the cosine ofii$ 
^fimletnent taken negatively. 
The necessity of changmg the algebrai9 sign tQ correqpontf 

T 
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with the change of direction 
in the trigonometrical line, 
may be illustrated by the fol« 
lowing example. The versed^ 
sine AP is equal to the radius 
CA minus CP the cosine AM : 
that is, 

ver-sin AM=:R — cos AM. 
Now when the arc AM be- 
comes AM' the versed sine 
AP,becomes AF,that isequal 
, toR+CP. Butthisexpression 
cannot be derived from the 
formula, 

ver-ain AM:=R — cos AM, 
unless we suppose the cosine AM to become negative as soon 
as the arc AM becomes greater than a quadrant. 

At the point B the cosine becomes equal to — R ; that is, 

cos 180^=— R. 

For all arcs, such as ADBN', which terminate in. the third 
quadrant, the cosine is estimated from C towards B, and is 
consequently negative. At E the' cosine becomes zero, and for 
all arcs which terminate in the fourth quadrant the cosines are 
estimated from C towards A, and are consequently positive, ' 

The sines of all the arcs which terminate in the first and 
second quadrants, are estimated above the diameter BA, while 
the sines of those arcs which terminate in the third and fourth 
quadrants are estimated below it. Hence, considering the 
^wmer as pomtive, we jnust regard the latter as negative, 

XII. Let us now see what sign is to be given'^to the tangent 
of an arc. The tangent of the arc AM falls above the line BA, 
and we have already regarded the lines estimated in the direc- 
tion AT as positive : therefore the tangentis of all arcs which 
terminate in the first quadrant will, be positive. But the tan- 
gent of the arc AM', greater than 90°, is determined by the 
mtersection of the two lines M'C and AT. These lines> how- 
ever, do not meet in the direction AT ; but they meet in the 
opposite direction AV. But since the tangents estimated in the 
direction AT are positive, those, estimated in the directioix AV 
must be negative': therefore, the tangents of all arcs which tev" 
minate in the second quadrant will, he negative. 

When the point M' reaches tjie point B the tangent AV will 
become equal to zero : that is, 

tang lao'^o. 
When the point M'. passes the point B, and comes into the 
fapliom N', the tangent of the arc ADN' wSl be tbeljne AT ; 
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hence, the tangents of all arcs which terminate in the third quad- 
rant are positive. 

At E the tangent becomes infinite : that is, . 

tang 270^.= oo . 

When the point has passed along into the fourth quadrant 
to N, the tangent of the arc ADN'N will be the line AV: hence, 
tJie tangents of all arcs which terminate in the fourth quadrant 
are negative. 

The cotangents are estimated from the line ED, Those which 
lie on the side PS are regarded as positive, and those which lie 
on the side DS' as negative. Hence, the cotangents ctre posi- 
tive in thd first qiuidrantj negative in the second^ positive in the 
thirds and negative in the fourth. When the point M is at B 
the cotangent is infinite ; when at'E it is' zero : hence^ 

cot 180°=:— 00 ; cot 270^=0. 
Let ^ stand for a c^uadrant ; then the following table will show 
the signs of the .trigonometrical lines in the dinerent quadrants. 

1? 2q ^ ^q 

Sine 4- + — — 

Cosine + — . — 4- 

Tangent + — + — ^ - 

Cotangent -f --- 4- . -— . 

XIII. In trigonometry, the sines, cosines, &c. of arcs or an- 
gles greater than 180° do not require to be considered ; the 
angles of triangles, rectilineal as well as spherical, and the 
sides of the latter, being always comprehended between and 
180°. But in various appKcations of trigonometry, there is fre- 
quently occasion to reason about arcs greater than the semi- 
circumference, and even about arcs containing several circum- 
ferences. It will therefore be necessary to find the expression 
of the sines and cosines of those arcs whatever be their 
magnitude. ' 

We generally consider the arcs as positive which are esti- 
mated from A in the direction ADB, and then those arcs must 
be regarded as negative which are estimated in, the contrary 
direction AEB« 

We observe, in the firi^ place, that two equal arcs AM, AN 
with contrary algebraic signs, have equal sines MP, PN, with 
contrary algebraic signs ; while the cosine CP is the same for 
both. ' - ^ 

The equal tangents AT, AV, as well as the equal cotangents 
DS, DS', have also Contrary algebraic signs. Hence, calling 
X the arc, we have in general, - 

sin ( — x)= — sin x 
cos ( — ^a:)=cos x 
tang ( — x) = — tang z 
cot ( — ^2?) = — cot X 
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By conndering the arc AM, and its supplement AM', and 
recoDecting what has been said, we readily see that, 

sin (an arc) = sin ^ts supplement) 

cos (an arc)= — cos (its supplement) 

tang (an arc) = — tang (its supplement) 

cot (an arc) =— cot (its supplement)* 

It is no less erident, that s' D S 

if one or several circumfe- 
rences were added to apy 
arc AM, it would still termi- 
nate exactly at the point M, 
and the arc thus increased 
would h^ve the same sine as 
the arc AM ; hence if C rep- 
resent a whole circumfe- 
rence or 360°, we shall have 
sinar=sin (C-f x)=sina;=sin 
(2C+a:), &c. 

The same obsenration is ap- . » 

plicable to the cosine, tan- 
gent, &c. 

Hence it appears, that whatever be the magnitude of x die 
jn'oposed arc, its sine may always be e^^pressed, with a proper 
sign, by the sine of an arc less than 180°. For, in the first 
pmce, we may subtract 360° from the arc x as often as they 
are contaiined in it ; and y being the remainder, we shall have 
sin a;=8in y. Then if y is greater than 180°, make y=180° -f-z» 
and we have sin y= — sin %. Thus all the cases are reduced 
to that in which the proposed arc is less than 180° ; and sioce 
we farther have sin (90°+:j;)=sip (90° — x), they are likewise 
ultimatety reducible to the case, in which the proposed arc ia 
between zero and 90°, 

XIV. The cosines are s^lways reducible to sines, by nieana 
of the formula cos A=sin (90° — ^A) ; or if we require it, by 
gleans of the formula cos A=:sin (90°+ A) : and thus, if we can 
find the value /)f the sines in all possiWe cases, we can. also find 
that of the cosihes. Besides, as has already been shown, that 
the negative cosines are separated from the positive cosines by 
the diameter DE ; all the arcs whose extremities fall on the 
right side of DE, having a posi^tive cosine, while those whosO' 
extremities fall on the left have a negative cosine. 

Thus from 0° to 90° the cosines are positive ; from 90° to 
270° tbeiy are negative ; from 270° to 360° they again become 
positive ; and after a whole revolution they assume Ihe same 
values as in the preceding revolution, for cos (360°+a;)=cos^A 
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From these explanations, it will eyidently appear, that' the 
sines and cosines of the various aires which are multiples of the 
quadrant have the following values :^ 



sm 0°=0 
sin 180°=0 
sin 360^=0 
sin 640° =0 
sin 720° =0 
&c. 



sin 90° =R 
sin 270°=— R 
sin 450°«=:R 
sin 630°=— R 
sin 810°=R 
&c. 



cos 0°=R 
cos 180°=— R 
cos 360° =R 
cos 540°=— R 
cos 720° =R 
&c. 



cos 90° =0 
cos 270° =0 
cos 450° =0 
cos 630° =0 
cos 810° =0 
&c. 



And generally, k designating any whole number we shall 
have 

sin 2k . 90°=0, cos (2A+ 1) . 90°=0, 

sin (4A+ 1) . 90°=R, ' cos ^k . 90°~R, 
sin (4A:— 1) . 90°=— R, cos (4* +2) . 90^=— R. 
What we have just said concerning the sines and cosines 
renders it unnecessary for us to enter into .any particular de- 
tail respecting the tangents, cotangents, &c. of arcs ^ater 
than 180° ; the value of these quantities are always easily de- 
duced from those of the sines and cosines of the same arcs : 
as we shall see by the formulas, which we now proceed to 
explain. 



THEOREMS AND FORMULAS RELATING TO SINfiS, COSINES, 

TANGENTS, &c. 

XV. The sine of an arc is half the chord which subtends a 

double arc* 



For the radius CA, perpen- 
dicular to the chord MN, bi- 
sects this chord, and likewise 
the arc MAN ; hence MP, the 
sine of the arc MA, is half the 
chord MN which subtends 
the arc MAN, the double of 
MA. 

The chord which subtends 
the sixth part of the circum- 
ference is equal to the radius ; 
hence 

^^^^or sin 30°=4R, 
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m other words^ the sine of a third part of the right Wgle is 
eqiial to the half of the radium 
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XVL The square of the sine^ 
0f an arCf together with th& 
square of the cosine^ is equal 
to the square of t?ie radius ; so 
that in general terms we have 
sin *A + cos* A =R*. 

This property results ini- 
mediately from the right-an- 
gled triangle CMP^ in which 
MP8+CP=CM«. 

It follows that when the 
Mne of an arc is given, its co- 
sine may be found, and re- 
ciprocally, by means of the 

formulas cos A = ± V (R* — sin*A), and' sin A = i: V (R^— cos®A). 
The sign of these formulas is +, or — , because the same sine 
MP answers to the two arcs AM, AM', whose cosinejs CP, CP', 
are equal and iiave contrary signs ; and the same cosine CP 
answers to the two arcs AM, AN, whose sines MP, PN, aise 
also equal, and have contrary signs. 

Thus, for example, having found sin 30°=JR, we may de- 
duce from it cos 30% or sin 60° = V (R2_jR2) = V jR2==iR V 3. 

XVII. The sine and cosine of an arc A being given, it is re- 
quired to find the tangent, secant, cotangent, and cosecant of the 
same arc. 

The triangles CPM, CAT, CDS, being similar,. we have the 
proportions ; 

OP : PM: :CA : AT; or cos A : sin A; :R; tang A=^^'"4 

cos A 

CP : CM : : CA : CT ; or cos A : R : : R : sec A= 



PM : CP : : CD : DS ; or sin A : coa A : : R : cot A=: 



cos A 
RcosA 



PM : CM : : CD : CS ; or sin A : R : : R : cosec A^ 



sin A 
R* 

sin A 



which are the four formulas required. It may also be observed, 
that the two last formulas might be deduced from the first two, 
by simply putting 90° — ^A instead of A. 

From these formulas, may be deduced the values, witli their 
proper signs, of the tangents, secants, &c. belonging to any 
arc whose sine and cosine are known ; and since the progres-. 
live law of the sines and cosines, according to the different 
arcs to which they relate, has been developed already^ it is 
onneccssary to say more of the law which regulates the tan- 
gents and secants.' 



^ 



PLANE TRIGONOMETRY. 223 

By means of these formulas, several results, which have 
already been obtained concerning the trigonometrical lines^ 
may be confirmed. If, for example, we make A =00°, we 
shall have sin A=tl, cos A=0 ; and consequently tang 90°= 

— , an expression which designates an infinite quantity ; for, 

the quotient of radius divided by a very small quantity, is very 
great, and increases as the divisor diminishes ; hence, the quo- 
tient of the radius divided by zero is greater than any finite 
quantity. ^ 

The tangent being equal to R-.-?H?; and cotangent to R.— ; 

cos ^ sin 

it follows tliat tangent and cotangent will both be positive 
when the sine and cosine have like algebraic signs, and both 
. negative, when the sine and cosine have contrary algebraic 
signs. Hence, the tangent and cotangent have the same 
sign in the diagonal quadrants : that is, positive in the 1st and 
Sd, and negative in the 2d and 4th ; results agreeing with those 
of Art. XII. 

In regard to the secants, they will be positive for all arcsr 
of the circumference. For we have secant equal to radius 
square divided by cosine, and since the secant always falls ou 
the right of the vertical diameter DE, tha cosine will be esti- 
mated from C towards A,, and will consequently be positive. 
The cosecant is equal to radius square divided by the sine^ 
which will always be above the diameter BA: hence the co* 
secants are also positive. 

. XVIII, The formulas of the preceding Article, combined 
with each other and with the equation sin "A + cos *-^A=:R% 
furnish some others worthy of attention. 

First we have W + Ung^ A'= R^ + R^^m^ _ 

cos^ A 

y(sin^A4-cos^A>^ W . ^^^^^ R^+tang^ A=sec^ A, a 
cos '"'A cos" A . 

formula which might be immediately deduced from the right- 
angled triangle CAT. By these Ibrmulas, or by the right-an* 
gied triangle CDS, we have also R^-f cot^ Azrcosec^ A. 
Lastly, by taking the product of the two formulas tang A= 

^^^"^, and cot A=?^i^, we have tang Ax cot A=:R^ a 
cos A smA 

R^ R* 

formula which gives cot A= ^^^ ^ , and ^^"g A=-^^^^ 

wt ^ 

W€ likewise have cot B = . 

tanie^ B 
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Henee cot A : cot B : : tans B : tang A ; that is, th^ coian^ 

gents of two arcs are reciprocauy proportional to their tangents. 

The formula cot Axtan^ A===R^ might be deduced imme- 

diately« by comparing the similar triangles CAT, CDS, which 

give AT : CA : : CD : DS, or tang A : R : : R : cot A 

XIX. The sines and cosines of two arcs, a and b^ being given, 
it is required to find the sifie and cosine of the sum or d^erence - 
of these arcs. 

Let the radius AC=R,the arc 
AB=a, the arc BD=&, and con- 
sequently ABD=a -I- h. From 
the points B and D, let fall the 
perpendiculars BE, DF upon AC ; 
from the point D, draw DI per- 
pendicular to BC ; lastly, from 
the point I draw IK perpendicur . . ■ ■ - 

lar, and IL parallel to, AC. F' ' CPITEBP^ 

The similar triangles BCE, ^CK, give the proportions, 

CB : CI : : BE :IK,or R : cos 6 : : sina : IK=?^B-^^2!i- 

R 

CB : CI :: CE : CK,or R: cost :: cosa: CK=^^^''^'^^ ^" 




R 

The triangles DIL^ CBE, having . their sides perpendicular, 
each to each, are similar, and give the proportions, 

CB:DI : iCE : DL,or R : sin h : rcosa : DL=^5^^^' 

sin a sib K 



CB : DI : : BE : IL, or R : sin fr : : s'm a : IL 



R 



But ^we have 

IK+DL=DF=sin (a+6), and CK— IL=CF=rcos {a+b). 

Hence 

•« / I i.\ sin a cos ft-fsin b cos a 
sm (a+ 0) = 



cos (a+fc) = 



R 

cos a cos b — ^sin a sin b, 

R 



" The values of sin (a — 6) and of cos (a — 6) might be easiljr 
deduced from these two formulas ; but they may be found 
•directly by the same figure. For, produce the sine DI till it 
meets the circumference at M;. then we have BM=BD=t, 
and ]ilI=ID=sin b. Through the point M, draw MP peppetw 
dicular, and MN parallel to, AC : since MIrcDI, we have MN 
=IL, and IN=DL. But we have IK— IN=MP=8in (w— i)^ 
aad CK+MN=CP=cos (a— &) ; hence 
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. / TV sin a COS fr-^sin & COS a 

sm \CL — o)= = — '_ : — - 

It ' 

, '_. cos a cos 6+sin a sin & 
cos {a — o) = : ~ 

R 

These are the formulas which it was required to find. 

The preceding demonstration may seem defective in point 

of generality, since^ in the figure which we have followed, the 

arcs a Aftd 6, and even a+&, are supposed to be less than 90*^. 

But first the demonstration is easily extended to the case in 

which a and h being less than 90% their sum a 4- ^ is greater 

than 90°. Then the point F would fall on the prolongation of 

AC, and the only change required in the demonstration would 

be that of taking cos (a4-ft)= — CF ; but as we should, at the 

same time, have CF=I'L'— -CK',it would still follow that cos 

(a-i-6)=CK' — ^I'L', or R cos (a-f 6)==cos a cos is— sin a sin h. 

And whatever be the values of the arcs a and 6, it is easily 

shown that the formulas are true : hence we may regard them 

as established for all arcs. We will repeat and number the 

formulas for the purpose of more convenient reference. 

. , . ,v sin a cos 6-fsin h cos « /, v 

sm ((a+5) = — * 5 (1.). 

It 

. , , X sin a coa h — sin h cos a ^^ 
Bia (a — 0) = = 02.). 

,^ cos a cos &— sin a sin 5 ^ ^ 
cos (a+^)= --^ • (3.) 

,. cos a cbs J+sin a sin h ,, . 
cos {a — o)= 5 — (4.) 

XX. If, in the formulae of the preceding Article, we make 
&=:a, the first and the third will give 

. ^ 2 sin a cos a ^ cos^a — sih^ a 2 cos^ a — ^R- 
8m2a=- je , cos 2a= ^ = ^ — 

formulas which enable us to find the sine and cosine of the 
double arc, when we know the sine and qosine of the arc itself. 
To express the sin a and cos a in terms of ^, put i^a for a, 
and we nave 

sin a=Bi!?LK2?ii?, cos a=-£^!!fcf!!!!i?. 

R R 

To find the sine and cosine of ^ in terms of a, take the 
equations 

cos' J<3t+sin* ja=R*, and cos^^a — sin* ia=;:R cos a, 

there results by adding and subtracting 

cos* la=jR*+ JR cos a, and sio'icr=iR«— JR cos a ; 
whence 

sin ia^ </(jR?-4R cos a)=tV2R«— 2R cos a. 

cos ia= \^(iR«+4R oos a}=iV2R^+2Rcosa. 
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If we pat 2a in the place of a, we shall have. 



sin a= >/(iR«— IR cos 2a)=| V2R2-^2R cos 2a. 

cos a=>/(iR*+iR cos2a)=i\^2R*4-2R cos 2a. 
Making, in the two last fonnulas, a=:45^y gives cos 2a=s0» and 

sin 45°= V^tP^RVl ; and also,'COs 45°= VW^l^^h 

Next, make a=22° 30^, which ^ves cos 2a=RVi, and we have 

sin 22° 30'=R VQ—Jn/'^) and cos 22° 30'=R>/(J+jVi). 

X]0. If we multiply together formulas (1.) and (2.) ArL 
XIX. and substitute for cos' a, R' — sin' a, and for cos' 6, 
R' — ^sin' b ; we shall obtain, after reducing and dividing by R', 

8in(a+5)sin (a — &)=sin'a— sin'&=(sina+^ &)(sina— sin by, 
cr, sin (a — b) : sin a — sin & : : sin a+sin b : sin (a+^)* 

XXIL The formulas of Art. XIX. furnish a ^at number of 
consequences ; among which it will be enough to mention those 
of most frequent use. By adding and subtracting we obtain 
the four which follow, 

o 

sin (a+fe)+sin (a — ft)=_sin a cos ft, 

R 

tan (a+6) — sin (a — ft)=— sin b cos a. 

R 

2 

cos (a+6)+cos (a— ft)=-^<x)s a cos 6. . 

2 

cos (a — 6)— cos (a+ft)=-psin a sin b. 

and which serve to change a* product of several sines or co^ 
sines into linear sines or cosines, that is, into sines and cosines 
multiplied only by constant quantities. 

XXIII. If in these formulas we put a+ft=p, a — 6=^, which 

gives a= ~o~"f ^=~2~ ' ^^ 

2 

sinp+sin jr=— sin ^(/>+g) cos l{p^-q) (1.) 

R 

2 
sin p — sin g=-;^sin J (p—q) cos J (p+y) (2.) 

2 

cos/) + cos 5^= t=^os J (y -I-?) cos J (/> — g) (3.) 

R 

2 

cos J — cos/?=— sin J (p+g) sin J (p — g) (4.) 

R 
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If we make f ~o, we shall obtain, 

2 sin ip cos ip 
' . sin p= *^^ **- 

^ 2 cos* A © 

R-fcos j)= — p ■ ^ 

^ 2 8in*io ^ 

R — cos p= — : hence 

Ji 

sinp _ toP8J^J^ R 

R+cos jt>"* R ~cotJp 

sin j? _, cot j^ j? _ R 

R — cos p R ""tang Jp : 

formulas which are often employed in trigonometrical calcul»» 
tions for reducing two terms to a single one. 

XXIV. From the first four formulas of Art XXIIL and the first 

of Art. XX-jdi^iding, and considering that ^= — ^-? s= -r-— ^ 

we derive the following: 

sin ;?4-8in g ^ sin ^(y+g) cos^(p — q) ^ tang]^(p+qy 

sin p — sin q cos J (jp+q) sin ^ (p — q) tang J (p — q) 

sin o+sin q_Ani(p+q)__iang^(p+q) 

cos|?+cos9 cos^ip-^-q) R 

s in jp+sin g _ eosJ^(j> — g) __ cot^(jP — q) 

cos g— Ksos p sin J ( ji? — q) R 

sin p— sin ^ __sin ^ {p — g)_ tang j^ (p—q) 

cos P+ cos g' cos J (/?— ^) R 

sin;? — sin q _ cos^{p+q) _ coti{p'\-q) 

cos ^ — cos p sm"FTp+?5 I^ 

cosi?+cos g _ cos j^ (p-f-g) cos ^ (;? — y) _ cot ^ (;?+g) 

cos g — cos p sin i (p +?) sin | (i?r— gj tang J (/> — gr) 

sin p 4- sin q 2sin j </> 4- g) cos | (/? — q) cos j (p — q) 
sin CP+g)""2sinij(p+y)cosi(p-f?)~"cosi(p+?) 
sin p — sin gr Ssinj (p — q) cbs| (p+y) sin j (p-^) 
'sin (p+f)"~28in i (p+q) cosi (p+?)~8ini (^-hg) 

Formulas which are the expression of so many theoi^ma 
From the first, it follows that the sum of the sines of two arcs o 
to the difference of these sines f as the tangent of half thejum of 
the arcs is to the tangent of half their difference^ 



{ 
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XXV. In order likewise to develop some formulas relative 
to tangents, let us consider the expression 

tang (a-f 6)= -i — — i, in which by substitutinir the values 

cos (a+b) 

of sin (a+b) and cos (a-f &)» we shall find 

f { j-h\~- ^ i^^ ^ ^^^ 6 + sin ft cos g) 

COS a cos ft — sm ft sin a 

^T , cos a tang a , . , cos ft tang ft 
Now we have sin a= p , and sm ft= p^ : 

substitute these values, dividing all the terms by cos a cos ft ; 
we shall have 

^ ^ R*— tang a tang ft 

which is the value of the tangent ot the sum of two arcs, ex- 
pressed by the tangents of each of these arcs. For the tangent 
of their difference, we should in^ like manner find 

R? (tang a — ^tang ft) " 

*^ ('»-*)=R*+tangatang6. 
Suppose ft=(Z ; for the duplication of the arcs, we shall have 
the formula 

2R2tanga. 

tang 2a =7^; — : — :t' : 
© R- — ^tang^a 

Suppose ft=2a ; for their triplication, we sh&ll have tljie for* 

mula 

tang3a=^gi^52£^±^25£^); ' 
^ R2— tatig a tang 2 a 

in which, substituting the value of tang 2 g, we shall have 

tang 3 g^3B^tang Or-tmg ^a 
' B«— 3tang*«. 

XXVI. Scholium. The radius R being entirely arbitrary, is 
generally taken equal to 1, in which case it does not appear in 
Sie trigonometrical formulas. For example the expression for 
the tangent of twice an arc when R^l, becomes, 

. ^ 2 tang a * 

tang 2 a= — ^.jr^ 

® 1— tang^a- 

If we have an analytical formula calculated to the radius of 1, 
and wish to apply it to another circle in which the radius is R, 
'we must multiply each term by such a power of R as will make 
all the terms homogeneoust that is, so that each shall contain ths 
same number of literal factory. * 
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CONSTRUCTION AND DESCRIPTION OF THE TABLES. 

XXYII. If the radius of a circle is taken equal to 1, and the 
lengths of the lines representing the sines, cosines, tangents, 
cotuigents, &c* for every minute of the quadrant be calculated, 
and written in a table, this would be a table of natural sines, 
cosines, &c. 

XX'S^II. If such a table were knowfi, it would be easy to 
calculate a table of sines, &c. to any other radius ; since, in 
different circles, the sines, cosines, &c. of arcs containing tte 

same number of degrees, are^to each other as their radii. 

• 

XXIX. If the trigonometrical lines themselves were used, it 
would be necessary, in the calculations, to perform the opera- 
tions of multiplication and division. To avoid so tedious a 
method of caIculation,'we use the logarithms of the sines, co- 
sine, &c. ; so that the tables in common use show the values 
of the logarithms of the sines, cosines, tangents, cotangents, &c. 
for each degree aiid minute of the quadrant, calculated to a 
given radius. This radius is 10,000^000,000, and consequently 
its logarithm is 10. 

# 

XXX. Let us glance for a moment at one of the methods 
of calculating a tanle of natural sines. 

The radius of a circle beinff 1 • the semi-circumference is known 
to be 3.14159265358079. This bcins divided«miccessively, by 
180 and 60, or at once by 10800^ gives .0002908882086657, 
for the arc of 1 minute. Of so small an arc the sine, chord, 
and arc, differ almost imperceptibly from the ratio of equdity ; 
so that the first ten of the preceding figures, that is, .0002908882 
may be regarded as the sine of 1' ; and in fact the sine given 
in the tables which run to seven places of figures is .0002909. 
By Art. XVI. we have for any arc, cos=v (1 — sin^. Thi» 
theorem gives, in the pre^nt case, cos 1'=. 9999999577. Then 
by Art. XXII. we shall have 

2 cos I'xsin 1'— sin 0'=sin 2'=.0005817764 

2 cos I'xsin 2' — sin l'=rsin 3^=. 0008726646 

2 cos 1' X sin 3 —sin 2'^sin 4'=.001 1635526 

2 cos I'xsin 4'— «in 3'=sin 5' =.001 4544407 

2 cos I'xsin 5'-H5ttn 4'=sin 6'=.0017458284 

&c. ' &c. &c. 

Thus may the work be contmued to an^ extent, the whole 

dijficulty consisting in the multiplication of each successive re- 

ittit by the quantity 2 cos 1'= 1.9999999154. 

U 
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Or, the sines of 1' and 2' being determined, the work might 
be continued thus (Art. XXI.) : 

sin r : sin 2' — sin 1' : : sin 2'+ sin 1' : sin 3' 
sin 2' : sin 3' — sin 1' : : sin 3'+sin 1' : sin 4' 
sin 3' : sin 4! — sin 1^ : : sin 4'M-sin V : sin 5' 
sin 4t : sin 5' — sin 1' : : sin 5'+sin 1' : sin 6' 
iiC. &c. &c. 

In like manner, the computer might proceed for the sines of 
degrees, &;c. thus : 

sin V : sin 2°— sin 1° : : sin 2^+sin 1° : sin 3^ 
sin 9^ : sin 3** — sin 1° : : sin 3?+sin 1° : sin 4° 
sin 3® : sin 4° — sin V : : ffm 4®4-sin 1° : sin 5° , 
&c. &c. &c. 

Above 45^ the process nfay be considerably simplified by 
the theorem for the tangents of the sums and differences Qi 
arcs. For, when the radius is unity, the tangent of 45° is also 
unity, and tan (a+&) will be denoted thus : 

tan(45°+5)=i±i254. 
^ ^ 1— tan6 

And this, again, may be still further simplified in practice. 
The secants and cosecants may be found from the cosines and 
sines. 



TABLE OF LOGARITHMS. 

XXXI. If the logarithms of all the numbers between 1 and 
any given number, be calculated and arranged in a tabular form, 
such table is called a table of logarithms. The table annexed 
shows the logarithms of dl numbers between 1 and 10,000. 

The first column, on the left of each page of the table, is the 
column of numbers^ and is desianated by the letter N ; the deci- 
mal part of the logarithms of mese numbers is placed directly 
opposite them, and on the same horizontal line. 

The characteristic of the logarithm, or the, part which stands 
to the left of the decimal point, is always known, being 1 less than 
the places of integer figures in the given number, and there- 
fore it i» not written in the table of logarithms. Thus, for all 
numbers between 1 and lO^t the characteristic is : for num- 
bers between 10 and 100 it is 1, between 100 and 1000 it is 
2, dec 
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PROBLEM. 
To find from tlie fable the logarithm of any number. 

CASE I. 

When the number is less than 100. 

Look on die first page of the table of logarithms, along the 
•columns of numbers under N, until the nmnber is found ; the 
number directly opposite it, in the column designated Log., is 
the logarithm sought. 

\ 

CA6E II. 

Wlien the number is greater than 100, and less than ] 0,000. 

Find, in the column of numbers, the three first figures of the 

S'ven number. Then, pass across the page, in a ho^zontal 
le, into the columns marked 0, 1,2, 8, 4, &c„ until you come 
to the column which is designated by the fourth figure of the 
given number : to the four figures so found, two figures taken 
from the column nuirked 0, are to be prefixed. If the four 
figures found, stand opposite to a row of six figures in the column 
marked 0, the two figures from this column, which are to be 
prefixed to the four before found, are theiirst two on the left 
hand ; but, if the four figures stand opposite a line of only four 
figures, you are then to ascend the column, till you come to the 
line of six figures : the two figures at the left hand are to be 
prefixed, and then the decimal part of the logarithm is obtained. 
To this, the characteristic of the logaridim is to be prefixed, 
which is always one less than the places of mteger figures in 
the given number. Thus, the logarithm of 1 122 is 3.049993. 

In several of the columns, designated 0, 1, 2, 3, &c., small 
dots are found. Where this occurs, a cipher must be written 
for each of these dots, and the two figures which are to be pre- 
fixed, from the first column, are then found in the horizontal 
line directly below. Thus, the log. of 2 188 is 3.340047, the two 
dots being changed into two ciphers, and the 34 from the 
column 0, prefixed. The two figures from the colum 0, must 
also be taken from the line below, if any dots shall have been 
passed over, in pas9ing along the horizontal line : thus, the lo|[a- 
rithm of 3098 is. 3.491081, the 49 from the colunm bemg 
taken from the line 310. 

29 
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CASE IIL • . 

When the numbfsr exceeds 10,000, or consists of five or more 

places of figures. 

Consider all the figures after the fourth from the left hand, 
as ciphers. Find, from the table, the logarithm of the first four 
places, and prefix a characteristic which shall be one less than 
the number of places including the ciphers. Take from the last 
column on the right of the page, marked D, the number on the 
same horizontal line with the logarithm, and multiply this num-* 
ber by the numbers that have been considered as ciphers : 
then, cut ofif from the right hand as many places for decimals 
as there are figures in the miiltiplier, and add the product, so 
obtained, to the first logarithm : this sum will be the logarithm 
sought. 

£3t it be require^ to find the logarithm of 672687. The log. 
of 672800 is found, on the 1 1th page of the table, to be 5.827886, 
after prefixing the characteristic 5. The corresponding num- 
ber in the column D is 65, which being multiplied by 87, the 
%ures regarded as cipher^, gives 5655 ; then, pointing off two 
places for decimals^ the number to be added is 56.55. This 
number being added to 5.827886, gives 5.827912 for the. loga- 
rithm of 672887 ; the decimal part .55, being omitted. 

This method of finding the logarithms of numbers, from the 
table, supposes that the logarithms are proportional to their 
respective numbers, which is not rigorously true. In the exam- 
ple, the logarithm of 672800 is 5.827886 ; the logarithm of 
672900, a number greater by 100, 5.827951 : the difference of 
the logarithms is 65. Now, as 100, the difference of the numbers, 
is to 65, the difference of their logarithms, so is 87, the diffe- 
rence between the given number and the least of the numbers 
used, to the difference of their logarithms, which is 56.55 : thiff 
difference being added to 5.827886, the logarithm of the less 
number, gives 5.827942 for the logarithm of 672887. The use 
of the column of differences is therefore manifest. 

When, however, the decimal part which is to be omitted ex- 
ceeds .5, we come nearer to the true result by increasing the 
next figure to the left by 1 ; and this will be done in all the 
calculations which follow. Thus, the difference to be added^ 
was nearer 67 than 56 ; hence it would have been more exact 
*o have added the former number. 

The logarithm of a vulgar fraction is equal to the toga- 
rithm of the numerator, minus the logarithm of the denom« 
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inator. The logarithm of a dedmal fraction is found, by con- 
sidering it as a whole number , and then prefixing to the decimal 
part of its logarithm a negative characteristic^ greater by unity 
than the number ofdpliers between the decimal point and the first 
significant place of figures. Thus, the logarithm of .0412, is 
2.614897. 



PROBLEM. 
To find from the table, a number answering to a given logarithm. 

XXXII Search, in the column of logarithms, for the decimal 
part of the given logarithm, and if it be exactly found, set down 
the corresponding number. Then, if the characteristic of the 
given logarithm be positive, point off, from the left of the number 
found, one place more for whole numbers than there are units 
in the characteristic of the siven logarithm^ and treat the odier 
places as decimals ; this will give the number sought. 

If the characteristic of the given logarithm be 0, there will 
be one place of whole numbers ; if it be -^1, the number will 
be entirely decimal ; if it be — ^2, there will be one cipher be- 
tween the decimal point and the first significant figure ; if it be 
— 3, there will be two, &c. The number whose logarithm is 
1.492481 is found in page 5, and is 31.08. , 

But if the decimal part of the logarithm cannot be exactly 
found in the table, take the number answering to the nearest 
less logarithm ; take also from the table the corresponding dif- 
ference in the column D : then, subtract this less logarithm from 
the given logarithm ; and having annexed a sufli^ient number 
of ciphers to the remainder, divide it by the difference taken 
from the column D, and annex the quotient to the number an- 
swering to the less logarithm : this gives the required number, 
nearly. This rule, like the one for finding the logarithm of a 
number when the places exceed four, supposes the numbers to 
be proportional to their corresponding logarithms. 

Ex. 1. Find the number answering to the logariflim 1.532708 
Here, 

The given logarithm, is ... 1.532708 

Next less logarithm of 34,09, is - - 1.532627 

Their difference is - - - - . 81 . 

And the tabular difference is 128 : hence 

128) 81.00 (63 
which being annexed to 34,09, gives 34.0063 for the numbef 
answering to the logarithm 1 .532708. 
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Ex. 2: Required ibe number answenog to the logari&oi 
3J233568. 

The given logarithm is 3^233569 

The next less tabular logarithm of 1712, is 3.233504 

IHff.= 64 

Tab. Diff.=253) 64.00 (25 
Hence the number sought is 1712.25, mariiing four places 
of integers for the characteristic 3. 



TABLE OF LOGARirmaC SINES: . 

XXXni. In this table are arranged the logarithms of the 
numerical values of the sines, cosines, tangent8,:and cotangents, 
of all the arcs or angles of the quadrant,, divided to minutes, 
and calculated for a radius of 10,000,000,000. The logarithm 
of this radius is 10. In the first and last horizontal line, of each 
page, are written the degrees whose logarithmic sines, &c. are 
expressed on the pase. The vertical columns on the left and 
ri^t, are columns of minntes. 



CASE I. 

To findf in the tabkf the logarithmic sine^ cosine^ tangent^ or co* 

tangent of any given arc or angle. 

1. If the angle be less than 45°, look in the first horizontal 
line of the different pages, until the number of degrees be 
C^und ; then descend along the column of minutes, on the left 
of the page, till you reach the number showing the minutes ; 
then pass along the horizontal line till you come mto the column 
iiesignated, sine^ cosine, tangent, or cotangent, as the case may 
be I the number so indicated, is the logarithm sought Thus, the 
sine, cosine, tangent, tod cotangent of 19° 55', are found on 
page 37, opposite 55, and are, respectively, 9.532312, 9.973215, 
9.559097, 10.440903. 

2. If the angle be greater than 45% search along the bottom 
line of the different pages, till the number of degrees are found ; 
then ascend alons tne column of minutes, on the right hand 
side of the page, till you reach the number expressing the mi- 
nutes ; then pass along the horizontal line into tlie columns 
designated tang., cotang,, sine, cosine, as the case may be ; the 
number so pointed out is the logarithm required. 



I 
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It will be seen, thai the.columa designated sine at the top of 
the page, is designated cosine at the bottom ; the one desig- 
nated tang., by cotang., and the one designated eotang., by 
tang. 

The angle found by taking the degrees at the top of the page, 
and the minutes from the first vertical column on the left, is the 
complement of the angle, found by taking the corresponding 
degrees at the bottom of the page, and the minutes traced up 
in the right hand column to the same horizontal line. . This 
being apparent, the reason is manifest, why the columns desig- 
nated sine, (josine, tang., and cotang., when the degrees are 
pointed out at the top of the page, and the minutes counted 
downwards, ought to be changed, respectively, into cosine, sine, 
cotang., and tang.^ when the degrees are shown at the bottom 
of the page, and the minutes counted upwards. 

If the angle be greater than 90*^, we have only to »ibtract it 
from 180°, and take the sine, cosine, tangent, or cotangent of 
the remainder. 

The secants and cosecants are omitted in the table, being 
easily found from, the cosines and sines* 

• R^ 

For, see.= ; or, taking the logarithms, log. sec.=2 

COS. 

log. R — log.. cos*=20 — ^log. COS. ; that is, the logarithmic secant 
is found by suhstracling the logarithmic cosine from 20. And 

eosec. =-:: — , or log. cosec.=2 log. B — ^log. sinenSO — ^log. 
sme 

sme ; that is, the logarithmic cosecant isfbiind by subtracting the 

logarithmic sine from 20. 

It has been shown that R^rrtang. x cotang. ; therefore, 2 log. 
R=:log. tang. + log. cotang.;. or 20=:log. tang»+log. cotang. 

The column of the table, next to the column of sines, and 
on the right of it, is designated by the letter D^ This column 
is calculated in the following manner. Opening the table at 
any page, as 42, the sine of 24° is found to be 9.609313 ; of 
24° 1', 9.609597 : their difference is 284 ; this being divided by 
60, the number of seconds in a minute, gives 4.73, whifch fs 
entered in the column D, omitting the diecimal, points Now, 
supposing the increase of the logarithmic sine to be propor- 
tional to the increase of the arc, and it is nearly so for 60", it 
follows, that 473 (the last two places being regarded as deci- 
mals) is the increase of the sine for 1''. Similarly, if the arc 
be 24° 20^ the increase of the sine for 1", is 465, the last two 
places being decimals. The same remarks are equally appli- 
cable in respect of the column D, after the column cosine, and 
of the column D, between the tangents and cotangents. The 
column D, between the tangents and cotangents, answers 
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to eidier ci these cohmms ; rinoe of the same arc, the log. 
taog. H- log. cotang — 20. Tli^iefore, having two arcs, a and b, 
log. tang 6+log. cotang fr=:log. tapg a+log. cotang a ; or^ 
log. tang 6— log. tang ai^log. cotang a — 1(^. cotang 6. 

Now, if it were required to find the logaridunic sine of an 
arc expressed in degrees, minntes, and seconds, we hare only 
to find the degrees and minntes as before ; then multiply the 
correspond ing tabular number by the secondis, cut off two pbicei 
to the right hand for decimals, and then add the product to the 
number first found, for the sine of the given arc. Thus, if wt 
wish the sine of 40^ 26' 28". 

The sine 4(r 26^ - - - - 9.81^952 

Tabular difference ==r 247 

Number of seconds = 28 



Product = 69.16, to be added = 69.16 



Gives for the sine of 40^ S6' 28" = 9.812021.16 

The tangent of an arc, in which there are seconds, is found 
in a manner entirely similar. In regard to the cosine and co- 
tangent, it must be remembered, that they increase while the 
arcs decrease, and decrease while the arcs are increased, con- 
sequently, the proportional numbers foucd for the seeonds must 
be subtracted, not added. 

Ex. To find the coane 3^ 40' 40 \ 

Cosine 3^ 40' 9.999110 

Tabular difference r=: 13 
Number of seconds =r 40 



Product z=t 5.20, which being subtracted = 5.20 
Gives for the cosine of 2^ 40' 40" 9.999104.80 



CASE 11. 

To find the degrees^ minutes^ and seconds answering to any given 
logarithmic sine, cosine^ tangent, or cotangent* 

Search in the table, and in the proper column, until the num- 
ber be found ; the degrees are shown either at the top or bot- 
tom of the page, and the minutes in the side columns, either at 
the left or right. But if the number cannot be exactly found in 
the table, take the degrees and minutes answering to the nearest 
less logarithm, the logarithm itself, and also the corresponding 
tabular difference. Subtract the logarithm taken, irom the 
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given logarithm, annex two ciphers, and then divide the re* 
mainder by the tabular difference : the quotient is seconds, aiul 
is to be connected with the degrees and minutes before found ; 
to be* added for the sine and tangent, and subtracted for the 
cosine and cotangent. 

Ex. 1. To find the arc answering to the sine 9.860054 
Sine 49° 20',. next less in the table, 9.879963 



. Tab. Diff. 181)9100(50" 

Hence the arc 49° 20' 50" corresponds to the given sine 
9.880054. 

Ex, 2. To find the arc corresponding to cotang. 10.008688. 

Cotang 44° 26', next less in the table 10.008591 

. Tab. Diff. 421)9700(23'^ 

Hence, 44° 26' — ^23^=44° 25^ 37" is the arc correq)onding 
to the given cotangent 10.008688. 



FRINCrPLES. FOR THE SOLUTION- OF RECTILINEAL TRf- 

ANGLES. 

* • 

THEOREM I. 



In every tight angled triangle^ radius is to the sine ef either 
of the acute angles," as the hypothenuse to the opposite side . 
and radius is to the cosine of either of the acute angles,, as 
the hypothenuse to the adjacent side*. 

Let ABC be the proposed tri- 
angle, right-angled at- A: from 
the point C as a centre, with a 
radius CD equal to the radius of 
the tables, describe the arc DE, 
which will measure;the angle C j 
on CD let fall the perpendicular p. 
EP, which will be the sine of the 
angle C, and CF will be its co- 
sine. The triangles CBA,. CEF, are similar, and give the pro- 
portion, 

CE :, EF : : CB : BA : hence 
R ;sinC ; iBC : BA. 




PD 
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But we also have, 

CE : CP : : CB : CA : hence 
R : cosC : : CB : CA. 

Car. If the radius R=l, we shall have, 

AB=CB sin C, and CA=:CB cos C. 

Hence, in every right angled triangle, the perpendicular is equal 
to the hypothenuse multiplied by the sine^ of the angle at the base ; 
and the base is equal to the hypothenuse multiplied by the cosine 
of the angle at the base ; the radius being equal to unity. 



THEOREM n. 

In every right angled triangle^ radius is to the tangent ofeir 
ther of the acute angles^ as the side adjacent to the side op- 
posite. 

Let CAB be the proposed tri< 
angle. 

With any radius, as CD, de- 
scribe the arc DE, and draw the 
tanfi;ent DG. 

' From the similar triangles 
CDG, CAB, we shall have, 

CD : DG : : CA : AB: hence, 
R : tang C : : C A : AB. 

Cor. 1. If the radius R«=l, 

AB=CA tang C. 
Hence, the perpendicular of a right angled triangle is equal to 
the base multiplied by the tangent of the angle at the base^ the 
radius being unity. 

Cor. 2. Since the tangent of an arc is equal to the cotangent 
of its complement (Art. VI.), the cotangent of B may be sub- 
stituted in the proportion for tang C, which will give 

R:cotB::CA:AB. 




THEOREM m. 



In every rectilineal triangle^' th^ sines oft/ie angles are to each 

other as the opposite sides. 
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Let ABC be the proposed -iriangle ; AD 
the perpendicular^ let fall from the vertex A 
on the opposite side BC : there may be two 
case^: 

First, If the perpendicular falls within ^ 
the triangle ABC, the right-angled triangles 
ABD, ACD, will give, 

R : sin B : : AB : AD. 

R : sin C : : AC : AD. 

« 

In these two propositions, the extremes are equal ; hence* 

sin C : sin B : : AB : AC. 

Secondly. If the perpendicular falls j^ 
without the triangle ABC, the right- 
angled triangles AJ3D, ACD, will still 
give the proportions, 

R : sin ABD ; : AB : AD, 
R : sm C : : AC : AD; 

from which we derive 

sin C : sin ABD : : AB : AC. 

But the angle ABD is the supplement of ABC, or B ; hence 
sin ABD=:sin B ; hence we still have- 
sin C ; sinB : ; AB : AC. , 




THEOREM IV. 



In every rectilineal triangle, the cosine of either of the angles is 
equal to radius multiplied by the sum of the squares of the sides 
cudjacent to the angle, minus the square of the side opposite^ 
divided by twice the rectangle of the adjacent sides. 

Let ABC be a triangle : then will 



cos B=R 



AB2+BC2— AC« 



2ABxBC. 

First If the perpendicular falls within 
the triangle, we shall have AC^=AB*4- 



BC«— 2BC X BD (Book IV. Prop. XII.); B 

"-f-BC^ ~ 

2BC 




hence BD= r^fw^ . But in the right-angledtridngle 



ABD, we have 



R : cos B : : AB : BD ; 
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hence, cos B=— r-jg— , or by substituting the value of BD. 

cosB=:Rx- ^ABxBC 

Secondly. If the perpendicular falls 
without the triangle, we shall have 
AC«=ABHBCH2BCxBD; hence 

^^= 2BC • 

But in the right-angled triangle BAD, .- — ~— ^ 

RxSd d b c 

we still have cos ABD= — xB~ 5 a^d the angle ABD being 
supplemental to ABC, or B, we have 

COS B= — cos ABD=— — pq— . 

hence by substituting the value of BD, we shall again have 

-, ^ ABHBC2--AC* 
cosB=Rx gABxBC ' 

Scholium. Let A, B, C, be the three angles of any triangle ; 
a, ft, c, the sides respectively opposite them : by the theorem, 

we shall have cos B=R x — ^ • And the same principle, 

when applied to each of the other two angles, will, in lite man- 
ner give cos A=R x — ^, » and cos C=R x — ^-r — . 

Either of these formulas may readily be reduced to one in which 
the^ computation can be made by logarithms. 

Recurring to the formula R^— R cos A==2sin^ J A (Art. 
XXIII.), or 2sin®JA=R® — ^RcosA, and substituting for cosA, 
we shall have 

2sixi''iA=R«-B^x^^^ ' 

R« X 2bc-W(f^ + cr'— •a') <^—b^—<^+2bc 

~ 2bc * ~^ ^ 26c 

= R«x^=^>Wx(?±*=4^±^. Hence 

2oc - 2bc 

siniA==RV(^^i±=^^±^=^). 

For the sake of brevity, put * 

J(a+6+c)=y, or a+6+c=2p; we have a+6— c=2j»— 2c, 

a+c--&=s2p — ^26; hence - 

«nJA=Rv'(fc^i^>). 
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THEOREM V. 

In every rectilineal triangle, the sum of two sides is to their diffe- 
rence as the tangent of half the sum of the angles opposite those 
sides, to the tangent of half their difference. 

For, AB : BC : : sin C : sin A (Theo- 
rem III.)- Hence, AB+BC : AB— BC 

: :sinC+sin A:sin C — sin A. But 

sinC + sin A : sin C — ^sin A : : tang — - — : 
tang —5 — (Art, XXIV.) ; hence, 

AB+BC : AB— BC : : tang ^±^ : tang *^I-^^ which is 

the property^ we had to demonstrate. 

With the aid of these five theorems we can solve all the 
cases of rectilineal trigonometry. 

Scholium. The required part should always be found from 
the given parts; so that if an error is made in any part of the 
work, it may not affect the correctness of that which follows. 




SOLUTION OF RECTILINEAL TRIANGLES BY MEANS OF 

LOGARITHMS. ' ' 

i 

It has already been remarked, that in order to abridge the 
caloilations which are necessary to find the unknown parts of 
B, triangle, we use the logarithms of the parts insteaa of the 
parts themselves. 

Since the addition of logarithms answers to the multiplica- 
tion of their 'Corresponding numbers, and their subtraction to 
the division of their numbers ; it follows, that the logarithm of 
the fourth term of a proportion will be equal to <the sum of 
the logarithms of the' second and third terms, diminished by 
the logarithm of the first term. « . j « ' 

Instead, however, of subtracting the logarithm of the first 
term from the sum of the logarithms of the second and third 
terms, it is more convenient to use the arithmetical complement 
of the first term. '^§^ 

The arithmetical complement of a logarithm is the numbe? 
wUch remains after subtracting the logarithm from 10. Thu0 
i0_9.274687=0.725313 : hence, 0.725313 is the arithmetical 
complement of 9.274087. 
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It is now to be shown that, the difference between two loga* 
rithms is truly foundy hy adding to ike first logarithm the arith^ 
metical compkment of the logarithm to he subtracted^ and diminr 
ishing their sum bylO. 

Let a = the first logarithm. 

b s= the logarithm to be subtracted. 

c s= 10 — &=the arithmetical complement of &. 

Now, the difference between the two logarithms will be 
expressed by a — b. But from the equation c=10— i, we havo 
c — 10= — b : hence if we substitute for — b its value, we shall 
have 

a — 6=a+c — 10, 

which agrees with the enunciation. 

When we wish the arithmeticiJ complement of a logarithm, 
we may write it directly from the tables, by subtracting the 
left hand figure from 9, then proceeding to the right, subtract 
each figure from 9, till we reach the last significant figure, which 
must be taken from 10 : this will be the same as taking the 
logarithm from 10. 

Ex. From 3.274107 take 2.104729. 



Common method. 


By ar.-conyi). 


3.274107 


3.274107 


2.104729 


ar.-comp. 7.895271 



Diff. 1.169378 sum 1.169378 after re- 

jecting the 10. 

We therefore have, for all the proportions of trigonometry, 
the following 



RULE. . 



Add together the arithmetical complement of the logarithm of the 
the first term, the logarithm of the second term, and the loga- 
rithm of the third term, and their sum after rejecting 10, wiH 
be the logarithm of the fourth term. And if any expression 
-occurs in which tJie arithmetical complement is twice used, 20 
mtist be rejected from the sum. 
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SOLUTION OF RIGHT ANGLED TIOANGLRS. 

Let A be the right angle of the proposed 
right ansled triangle, B and C the other two 
•angles; let a be the hypothenuse, h the side 
opposite the angle B, c the side opposite the 
angle C. Here we must consider that the ^ c 

two angles C and B are complements of each other ; and that 
consequently, according to the different cases, we are entitled 
to assume sin Ca=cos B, sin B==cos C^ and likewise tang B= 
cot C, tang C=cot B. This being fixed, the unknown parts 
of a right angled triangle may be found by the first two theo- 
rems ; or if two of the sfdes are given, by means of the pro- 
perty, that the square of the hypothenuse is equal to the sum 
of the squares of the other two sides. 

EXAMPLES. 

Ex. 1. In the right angled triangle BCA, there are given the 
hypothenuse 0=^250, and the side 6=2^ ; required the other 
parts. 

R : sin B : : a : 6 (Theorem L). ^ « 

or, a : 6 : : R : sinB. 

When logarithms ara used, it is most convenient to write the 
proportion thus, 

As hyp. a - 250 - ar.-comp^ log. - 7.602060 

To side 6 - 240 - 2.380211 

So is R - ... - 10.000000 

To sin B - 73° 44' 23" (after rejecting 10) 9.982271 

But the angle C=90*'— B=^90°— 73° 44' 23"== 16° 15' 37". 
or, C might be found by the proportion, 

As h^. a - 250 - ar.-comp. log. - 7.G02060 

To side '6 - 240 2.380211 

So is R 10.000000 

To cos C - 16° 15' 37". 9.982271 

To find the side c, we say, 

As R - * ar. comp. log. - 0.000000 
To tang. C 16° 15' 37" - - . . 9.464889 
So is side i 240 - - - - 2.380211 

To side c 70.0003 - . . 1.845100 
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Or the side c might be found from the eqaatioD 

For, c*=a'^-5*= {a+b)x (a — b) : 

hence, 2 log. c=log. (a+b)+\og. (a--b), or 

log. c=Jlog. (a-bft)+Jlog. (a—b) 
a +fr»=250+ 240^=490 log. 2.690106 
a— 5=250— 240=10 - - 1.000000 

2 ) 3.690196 
Log. c iO - - - - - . 1.845098 

Ex. 2. In the right angled triangle BCA, there are given, 
nde 6=384 yards, and the angle B=53° 8' : required the other 
parts. 

To find the third side c. 

R : tang B : : c : b (Theorem II.) 
or, tangB : R : : b : c. Hence, 

As tang B 53^ 8' ar.-comp» log. 9.875010 

Is to R . . - - . 10.000000 

So is side 6 384 2.584331 

To side c 287.965 - - - - 2.45934 1 

Note* When the logarithm whose arithmetical complement 
is to be^ used, exceeds 10, take the arithmetical complement 
with reference to 20 and reject 20 fronoi the sum. 

To find the hjrppthenuse a, 
R : sin B : : a : 6 (Theorem I.). Hence, 

As sin B 53'' 8^ ar. comp. log. 0.096892 

IstoR 10.000000 

So is side J 384 ... - 2.584331 

To hyp. a 479.98 - -. - 2.681223 



Ex. 3.* In the right angled triangle BAG, there are given, 

side c==195, Migle B=47^ 55', 
required the other parts. 

Ans. Angle C=s42° 05', 0=290.953, 6=215.937, 

SOLUTION OF RECTIUNEAL TRIANGLES IN GENERAL. 

liCt A, B, C be the three angles of a proposed rectilineal tri 
angle ; ctyb^Cf the sides which are respectively opposite them ;. 
the different problems which may 6ccur in determming tln*ee of 
these quantities by means of the other three, will all be redu- 
cible to the four followii\g cases. 
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CASE I. 

Chven <z side and two angles of a triangle, to find the remaining 

patts^ 

First, subtract the sum of the two angles from two right an- 
gles, the remainder will be the third angle. The remaining 
sides can then be found by Theorem III. 

I. In the triaiigle ABC, there are given the angle A=58^ OT, 
the an^le 6=22'' 37', and the side c==408 yards: required the 
remaining angle and the two other sides. 

To the angle A - - - - - =58° 07' 
Add the angle B - - - . . =22° 87' 

Their sum --.... =80° 44' 
taken from 180° leaves the angle C - =99° 16'. 

This angle being greater than 90° its sine is found by taking 
that of its supplement 80° 44'. 



As sine C 
Is to sine A 
So is side c 

So side a 



As sine C 
Is to sine B 
So is side c 

To side h 



To find the side a. 
99° 16' ar.-comp. 

68° or 

408 - - • - 
351.024 . . . 

To find the side b. 

99° 16' ar.-comp. 
22° 37' 
408 . - 

158.976 . 



log. 



log; 



0.006706 
9.928972 
2.610660 

2.645367 



0.005706 
9.584961^ 
2.610660 

2.201333 



2. In a triangle ABC, there are given the angle A =88° 25' 
B=67° 42', and the aide ^ c=400 : required the remaininir 
parts. ^ 

Ans. Angle C=83' 53', side a=249.974, side &=:340.04. 



CASfi 11. 



Given two sides of a triangk, and an angk opposite one of Uimn^ 
to find the third side and the two remaining angles. 



X* 
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1. In the triangle ABCy there 
are given side AC =216, BC= 
117, and the angle A=22^ 87', 
to find the renudning parts. 

Describe the triangles ACB, 
ACS', as in Prob. XI. Book III. 

Then find the angle B by 
Theorem III. 

As side B'C or BC 117 

Is to side AC 216 

So is sine A 22'' 37' ^ . - 

To sme B' 45** 13' 65" or ABC 134^ 46' 06" 

Add to each A 22° 37' 00" 22° 87' 00" 



ar.-ccKnp. log. 



7.931614 
2.334464 
9.58496a 

9.851236 



Take their sum 67° 50' 55' 
From 180° 00' 00" 

Rem. ACB' 112° 0905" ACB=22° 86' 55" 



157° 23' 06" 
180° 00' 00" 



To find the side AB or AB'. 



As sine A 22° 37' ar.-comp. 

Is to sine ACB' 112° 09' 06" - 
So is side B'C 117 

To side AB' 281.785 



log. 



0.416032 
9.966700 
2.068186 

2.449918 



The ambiguity in this, and similar examples, arises in con- 
sequence of the first proportion being tme for both the trian- 
fles ACB, ACB'. As long as the two triangles exist, the am- 
iguity wiil continue. But if the side CB, opposite the given 
angle, be greater than AC, the arc BB' will cut the line ABB', 
on the same side of the point A, but in one point, and then 
there will be but one triangle answering the conditions. 

If the side CB be equal to the perpendicular Cd, the ai*c 
BB' will be tangent to ABB\ and in this case also, there will 
be but one triangle. When CB is less than the perpendicular 
Cdf the arc BB' will not intersect the base ABB', and in that 
case there will be no triangle, or the conditions arc impossible. 

2. Given two sides of a triangle 60 and 40 respectively, and 
the angle opposite the latter equal to 82° : required the remain- 
ing parts or tiie triangle. 

. Jilts. If the lingle opposite the side 50 be acute, it is equal 
to 41° 28' 69", the third angle is then equal to 106° 31' 01", and 
the third side to 72.368. It the angle opposite the sid^ 50 be 
obtuse, it is equal to 138° 31' 01", the third angle to 9° 28' 69", 
and the remaining side to 12.436. 




PLANE TRIGONOMETRY. S47 



CASE lU. 

Given two tides of a triangUf with their included angkt to find 
the third side arid the two remaining angles. 

Let ABC be a triangle, B the given 
angle, and and a the given sides;^- 

Knowing the angle B, we shall like- 
wise know the sum of the other.two an- 
gles C 4-A=l 80^— B, and their half sum _ 

J(C-f-A)=9a— JB. We shall next £. 6 *C 

compute the hali difference of these two angles by the propor- 
tion (Theorem V.), 

c+a : c — a : : tang } (C+ A) or cot } B : tang } (C — A,) 

in which we consider c^a and consequently C > A. Having 
found the half • difference, by adding it to the half sum 
j^ (C+ A), we shall have the greater angle C ; and by subtract- 
uig it.from the half-sum, we shall have the smaller angle A* 
For, C and A being any two quantities, we have always, 

C=i(C+A)+i(C— A) 
A:=J(C+A)-4(C— A). 

Knowing the angles C and A to find the third side 6, we have 
the proportion. 

sin A : sinB':: a: & 

Ex. 1. In the triangle ABC, let a=450, ci=540, and the in- 
cluded angle B=: 60° : required the reinaining parts. 

c-f-a=990, c— a=90, 180°— B=:100*=C-f A. 

Asc+a 990 ar.-comp. log. 7.004365 

Is to c--a 90 - - - - - 1.954243 
So is tang J (C+ A) 50° - - - 10.076187 

To tang \ (C— A) 6° 11' - - „ - 9.034795 

Hence, 50° +6° ll'=6tf° ir=C; and 50°— 6° ir=48° 49' 
«A. 

To find tjie third side h. 

As sine A 48° 49^ ar.-comp. log. 0.159672 

Is to sine B 80° 9.993351 

So iB side a 450 - - - - 2.658213 

To side 6 640.082 - - - - 2.806236 

Ex. 2. Given two sides of a plane triangle, 1686 and 960, 
and their mcluded angle 128° 04': reqmred the other parts. 

Ans. Angles, 33° 34' 39', 18° 21' 21", side 1^400. 
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CASE IV. 

Given the three sides of a triangk, to find the angles. 
We have from Theorem IV. the fonnula, 

Bin J A^^y/(^St=A) i„^eh 
p represents the half sum of the three sides. Hence, 
sin^^A=R f^f/^>) , or 

2 log. sin JA=2 log.R-f-log. (j>_i)-f.k)g. (p-^)_4og. c— 
log. h. 

Ex. 1. In a triangle ABC, let 6=40, c=34, and a^2h i 
required the angles. 

40 + 34 4- 25 
Here;?= ^ =49.5,;?— fc=9.6, and/?— c=15.5. 

2Log«R . - ^. . . '- 20.000000 

log. (jE?— J) 9.5 - - . - - 0.977724 

log. (/?— c) 15.5 .- - . - . - 1.190332 

—log. c 34. ar.^comp. - - . , 8.468521 

— log. & 40 ar.-comp. - - 8.397940 

2 log. sin J A . - . - . 19.034517 

log. sin J A 19° 12' 39" - - . 95172 58 
Angle A=38° 25' 18". ' 

In a similar mtmner we find the angle B=t83° 53' 18" and 
the angle C==57^ 41' 24". 

Ex. 2. What are the angles of a plane triangle whose sides 
are, 0=60, J=50, and c=^40? 

Ans. 41° 24' 34", 55° 46' 16" and 82° 49' la". 



APPLICATIONS. 



Suppose the height of a building AB were required, the 
foot of it being accessible. 



R 
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On tbe grouncl which we 
. Rippoae to be horizontal orrery ^,., . 
nearly so, measure a base AD, Liall 
neither very great nor very y 
small in comparison with the 
altitude AB; then at D place \ 
the foot of the circle, or what- I 
ever be the instrumeiit, with J 
which we are to measure' the \ 
angle BCE formed bv the hori- -^ 
xontal line CE parallel to AD, " 
and by tbe visual ray direct it to the summit of the building. 
SutHK)se we find AD or CEir:6T.S4 yards, and the angle 
BCE=41'' 04' : iri order to find BE, we shall have tQ solve . 
the right angled triangle BCE, in which the angle C and the 
adjacent side CE are known. 

To find the side EB. 

ar.Asomp. - 0.000000 

41" 04' 9.940183 

-, 67.84 ..---..- 1.831460 

^ ' 69.111 1.771869 

—'"'(; ^j 59.111 yards. To EB add the height of the 
.^ ;i ' :h we will suppose to be 1.13 yards, we shall 

!^ ■ - u "^ ■ q«'r«d height AB=60J231 yards. . 

--^ 'l^^ •: iQ triangle BCE it were reqvared to find the ' 

' - m the proportion i 

04' ar.-comp. - - log, 0.122660 , ' 

10.000000 

84 1.831486 

98 - 1.954146 



- the summit B of the building or place whose 
id were visible, we should determine the dis- 
e method shown in the following example ; 
1 the given angle BCE are ssfQcient for solv- 
,led triangle BCE, whose side, increased by 
- — ' nt, will be the height remiired. 
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2. To find upon the ground 
the distance of the point A ^^^^-^fT* 

from an inaccessible object ^ 

B, we must measure a base 
AD, and the two adjacent 
angles BAD, ADB. Sup- ^ 
pose we have found AD= 
588.45 yards, BAD =103° 
55' 55", and BDA=36° 04'; 
we shall thence get the third 

angle ABD=40° 05", and to ^ ^D 

obtain AB, we shall form the 

proportion 

As sine ABD 40° 05" ar.-comp. - log. - 0.191920 

Is to sin BDA 36° 04' 9.769913 

So is AD 588.45 2.769710 

To AB - . 538.943 - - 2.731543 

If for another inaccessible object C, we have found the an- 
gles CAD=35° 15', ADC=:119° 32', we shall in like manner 
find the distance AC= 1201.744 yards. 

3. To find the distance between two inaccessible objects B 
and C, we determine K& asd AC as in the last example ; we 
shall, at the same time, have the included angle B AC =B AD — 
DAC. Suppose AB has been found equal to 538.818 yards, 
AC=1201.744 yards, and the angle BAC=68° 40' 55"; to 
g!et BC, we must resolve the triangle BAC, in which are known 
two sides and the included angle. 

AsAC+AB 1740.562 ar.-comp. log.- 6.759311 
Is to AC— AB 662.926 2.821465 

So is tang.— ^ 55° 39' 32" .... - 10.165449 

To tang. -^ 29° 08' 19" 9.740225 

B— C 
Hence ^—=29° 08' 19" 

B+C 

But wc have - - - — ^=65° SQ* 82" 

Hence B =84° 47' 61" 

and C =26»81'i3" 
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Now, to find the distance BC make the proportion, 

• As sine B 84° 47' 51" ar.-comp. - log. - 0.00179a 

Is to sine A 68° 40' 65' - - 9.969218 

So is AC 1201.744 - - " - * 3.079811 

To BC 1124.145 ---.-...- 3.050822 

4. Wanting to know the distance between two inaccesitfible 
objects which lie in a direct line from the bottom of a tower 
of f 20 feet in height, the angles of depression are measured, 
and found to be, of the nearest, 57° ; of the most remote, 
25° 30' : required the distance between them. 

Ans. 173.656 feet. 

5. In order to find the distance between two trees, A and 
B, which could not be directly measured because of a pool 
whieh occupied the intermediate space, the distance of a third 
point C from each, was measured, viz. CA==588 feet and CB 
=672 feet, and also the contained angle ACB=55° 40': requi* 
red the distance AB. 

Ans. 592.967 feet. 

6. Being on a horizontal plane, and wanting to' ascertain 
the height of a tower, standing on the top of an inaccessible 
hill, there were measured, the angle of elevation of the top of 
the hill 40°, and of the top of the tower 51° : then measuring 
in a direct line 180 feet farther from the hill, the angle of ele- 
vation of the top of the tower was 33° 45' : required the height 
of the tower. 

Ans. 83.9983 feet. 

7. Wanting to know the horizontal distance between two 
inaccessible objects A and B, and not finding any station firom 
which both of them could be seen, two points C andTD, were 
chosen, at a distance from each other equal to 200 yards, from, 
the former of which A could be seen, and from the latter B, 
and at each of the points C and D a staiTwas set up. From 
C a -distance CF was measured, not in the direction DC, equal 
to 200 yards, and from D, a distance DE equal to 200 yards, . 
and the following angles were taken, viz. AFC=83° ACF=: 
64° 31', ACD=53° 30, BPC==156° 25', BDE=54° 30', and 
BED=88° 30' : required the distance AB. 

Ans. 345.46 yards. 

8. From a station P there can be seen three objects. A, B 
and C, whose distances from each other are known, viz. AB=: 
800, AC=600, and BC=400 yards. . There are also measured 
the horizontal angles, APC=33° 45', BPC=22° 30'. It is re- 

Juired, fi*om these data, to determine the three distances PA, 
C and PB. 
"'il7i^PA=710.193, PC=1042.522, PB=934.291 yards. 
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SPHERICAL TRIGONOMETRY. 

L It bas already been dioy;ii that a spherical triang^ is 
fonned by the arcs of three great circles intersectiiig each other 
on the sinface of a sphere, (Book IX. Def. 1). Hence, every 
q>herical triable has six parts : the sides and three angles. 

Spherical 'fiigonometry explains the methods of determin- 
ing, by calcidation, the unknown sides and angles of a spheri- 
cs triangle when any three of the six parts are given. 

n. Any two parts of a spherical triangle are said to be of 
the same species when they are both less or both greater than 
900 ; and they are of different species when one is less and the 
other greater than 90°. 

III. Let ABC be a spherical 
triangle, and O the centre of the 
sphere. Let the sides of the tri- 
angle be designated by letters 
corresponding to their opposite 
angles : that is, the side opposite B ' 
the angle A by a, the side oppo- 
site B by h, and the side opposite 
C by c. Then the angle COB 
will be represented by a, the an- 
gle COA by h and the angle 
So A by c. The angles of the 
spherical triangle will be equal to the angles included between 
tne planes which determine its sides (Book IX. Prop. Tl.). 

From any point A, of the edge OA, draw AD perpendicular 
to the plane COB. From D draw DH perpendicular to OB, 
and DK perpendicular to OC ; and draw AH and AK : the 
last lines will be respectively perpendicular to OB and OC, 
(Book VI. Prop. VL) 

The Ande DHA will be equal to the ande B of the spheri- 
cal triangle, and the angle D&A to the angle C. 

The two right angled triangles OKA, ADK, will give the 
proportions 

R : sin AOK : : OA : AK, or, Bx AK=OA sin b. 
R : sin AKD :: AK : AD, or, Rx ADz=AK sin C. 

Hence, R^ x AD = AO sin h sin C, by substituting for AK its 
value taken from the first «quationl 
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In like mann^ the triangles AHO, ADH, right angled at 
H and D, give 

R : sin c : : AO : AH, or Rx AH=:AO sin c 
R : sin B : : AH : AD, or Rx AD=AH sin B. 
Hence, R* x AD= AO sin c sin B. 

Equating this with the value of R' x AD, before found, and di- 
viding by AO, we have 

• r • ^ . . X, sin C sine . 

sin b sin C=sin c sin B, or - — 5=-: — r ( 1 ) 

-sm J> sin ^ 

or, sin B : sin C : : sin & : sin c that is, 

J%e sines of the angles of a spherical triangle are to each 
other as the sines of their, opposite sides. 

lY. From K draw KEperpendicuIar to OB,'and from D draw 
DF parallel to OB. Then will the angle DKF:=:COB=a, 
since each is the complement of the angle EKO. 

In the right angled triangle OAH, we have 

R : cos c : : OA : OH ; hdnce 

AO cos c=R X OH=R X OE+R-DF/ 

In the right-angled triangle ORE 

R : cos a : : OK : OE, or RxOErrOK cos a^ 
But in the right angled triangle OKA 

R : cos fr : : OA : OK, or, Rx OK=OA cos 6. 

Hence R x OE = O A. g ' 

In the right-angled triangle KFD 

R : sin a : KD : DF, or Rx DF=KD sin' a. 

But in the dght angled triangles OAK/ ADK, we have 
R : sm 6 :; OA : AK, or Rx AK=OA sin h 
R : cos Ki AK : KD, or RxKD=AK cos C 

, --' OA sin ft cos C 
hence KD= |p , and 

Ik i^t:« OA sin a sin h cos C , 
KxDJ? = TfBi- : therefore 

rkL ^^ OA cos a cos J . AO sin a an 6 cos C 
UA cos c=' jj^ -i jift » or 

R' cos c=R cos a cos h+tan a sin ft cos C 

Y 
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Similar equntioiiB may be deduced for eilch of the other 
sides. Hence, generally^ 

R* cos a=R cos b cos c+sin & sin c cos A. ) 

R' cos b=K cos a cos c+sin a sin c cos B. > (2.) 

R^ cos c=R cos b cos a + sin ft sin a cos C. ) 

That is, radius square into the cosine of either side of a spheri- 
cal triangle is equal to radius into the rectangle of the cosines of 
the txDo other sides plus the rectangle of the sines of those sides 
into the cosine of their included angle. 

m 

* 

y. Each of the formulas designated (2) involves the three 
sides of the' triangle together witn one of the angles. These 
formulas are used to determine the angles ^hen the three sides* 
are known. It is necessary, however, to put them under an* 
other form to adapt them to logarithmic computation. 

Taking the jSrst equation, we have 

R' cos a — ^R cos b cos c 



cos A=- 



sin ft sin c 



Adding R to each member, we have 

R^ cos a-f R sin ft sin c — R cos 6 eos c 



R+cos A= 



sin ft sin c 



But, Rh-cosA= ^^^^ (Art. XXIIL), and 

R sin 6 sin c — ^R cos 6 cos c= — ^R' cos {b-k-c) (Art. XIX.) ;, 

, 2 cos^iA R' (cos a— cos (ft+c) ) 

hence, — 5-^— = — ^ — « . * — ^ ^^ — 
R sm ft sm c 

8in| (a+i+c) 8i# (f>+c-a) ^ ^xiID. 
sm ft sm c ^ ' 

Putting s=^a-\-b-\-Ci we shall have 

}5s=^(a+ft+c) and }»--a=j^ (ft+c— <i) : hence 



* ▼ sm ft sm c 

cos i B^Ry/^iMlS^^ 



^ „ /sin S ( « ) sin (^ s 

cos i C=R\/ ^ \:'^ .it. >» 
* ▼ sm a am o 



sm a sm c 

5 



> (3.) 
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S&5 



Had we subtracted each member of the first equation from 
R, instead of adding, we should, by making similar reductions, 
have found 

. , , \\ /sin \{a -f 6 — c) sin \{a+ c—bf 
^ . sm D sm c 



sm 



sm 



sm 



1 H_p ^/ 8'P^(g+fr"^) sin t {b+c—a) 
^Ji— KV sin a sine 

I C n V^ ^^'^ ^ {a+c—b) sin j^ (b+c—a) 

^ sin /7 fiin h 



r(4.) 



Putting s=a4-J4-c,we shall have 

J«— <«==i(fe4-c~a), Jtf— *=:J(a+c— 6),and J«— c=J(a+fr— c) 
hence, 



ain4A=:RY/ wP (h^—<^) 8|P (j^— ^) 

sin fr sin c 

«in ^R=:R4^ 8in gs—c) sin ft^— a) I (5.)^ 



sm a sm c 



^ sin u sin fr -^ 

YI. We may deduce the value of the side of a triangle in 
terms of the three angles by applying equations (4.), to 
the polar triangle. Thus, if a\ b\ c\ A',B^ C', represent the 
sides and angles of the polar triangle, we shall have 



A= 1S0°— a', B = 160°—*', C =s 180°- 
a=180°— A', 6=180°— B', and c=180°— C 

* (Book IX. Prop. YII.) : hence, omiUing the ', since the equa- 
tioDs are applicable to any triangle, we shall have 

cos ^=R-s/ c<" \ (A+B-C) cos \ (A+C-B)^ 

sin B sin C 



cos \ ft=R^ AQ8i(A+B— C) cos^B+C-^A) \ (6,) 



sin A m'n C 



cos 



\ c=R^/ cos \ (A+C— B) cos \ (B-fC— A) 

sin A sin B. 
32 
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Fottii^ S=A+B+C, we shall hare 

JS— A=J(C+B— A), JS-«=4(A+C-*) and 
iS^=i(A.+B— C), hence 



^^R^^/ coTaS— C) COS ftS—B) 



sin B sin C 



cos i6=R w'S2lifc^f?L&±) 

sin A siniD 



^(7.) 



^^/ cos (jS— B) cos (jS-A) 

Sin A smB 



VII. K we i^ly equations (2.) to the polar triangle, we 
shall have 



— R« cos A'=R cos B' cos C— sin B' sin C cos «', 

Or, omitting the % since the equation is apjdicable to any tri- 
angle, we have the three sjmunetrical equations, 

R'.cos A=8in B sin C cos a— -R cos B cos C \ 
j^* '*^'' P— "'•* * "'•* '^ '•'^« ^- ^R cos A cos C > (SA 

R'.cos C=sin A s'm B cos c— R cos A cos B ) 

That is, radius square into the cosine of either angle of a sphe- 
rical triangle, is equal to the rectangle of the sines ^the two other 
* angles into the cosine rf their included side, minus radius into the 
rectangle of their cosines, 

VIII. Ail the formulas necessary for tiie sohition of spheri- 
cal triangles, may be deduced from eqaattons marked (2.). If 
we substitute for cos b in the third equation, its value taken 
from the second, and substitute for cos* a its value R*-— sin* o^ 
and then divide^ by tRe common factor R.sin a, we shall have 

R.C06 c sin ansin c cos a cos B+lt-sin b cos C. 

« ...... . . sin B sin c 

But equation (1.) gives sm b= . ^ > ; 

hence, by substitution, 

^ ^ sin B cos C sin g 
R cos c sin a=sm c cos a cos i>4 K- iin'C 

Dividing by sin c, we have ■ 

„ cose . ^^^ ", ^^ ^ p wn B cos C 

R -: — sm a=C08 a cos Jd+K ■ « ^i — * 

gin c W" V* 
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« 

But, ^~ (Art. XVII.). 
Sin K 

I 

Therefore, cot c sin a=coi a cos B+cot C sin B. 

Hence, we may write the three symmetrical equations, 

cot a sin 6=cos 6 cos C + cot A sin. C \ 
cot b sin c=cos c cos A+cot B sin A > (9.) 
cot c sin a=2G0i a cos B+cot C sin B / 

That is, in every spherical triangle^ the cotangetU of one of the 
sides into the sine of a second side^ is equal to the cosine of the se- 
cond side into the cosine of the included angkf plus the cotangent 
if the angle opposite the first side into the sine of the included 
angle. 

IX. We shall terminate these formulas by demonstrating 
Napier^s Analogies, which serve to simpUfy several cases in the 
solution of spherical triangles. 

If from the first equations (2.) cos c be eliminated, there will 
result, after a little reduction, 

R cos A sin c=R cos a sin b — cos C sin a cos b. 

By a simple permutation, this gives 

R cos B sin cb=R cos b sin a— <:os C sin b cos a. 

Hence by adding these two eqiaations, and reducing, we shall 
have . 

sin c (cos A+cos B)sx(R — cos C) sin {a+b) 

^ . sin c sin a sin ft » « , 

But smce rnTTJ'^irrT =;rri5> ^^ sh^H have 
sm U sm A sm 15 

sin c (sin A+sin B)=sin C (sin a+sia ^), and 

sin c (sin A — ^sin B) =sin C (sin a — sin ft). 

Dividing these two equations successively by die preceding 
one ; we shall have 

sin A+sin B_ sin C sin g+sin ft 

cos A+cos B^R — cos C * sin (a+ft) 

sin A — sin B _ sin C sin a — rin ft 

cosA+cosB""R — cos C * sin (a+b 
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■ 

And ledaciog these by the fiHrnmlafl in Articles JULllL and 
XXIY., there will result 

.«gJ(A+«)^eo.»C.^l|=f 

Hence^ two siiles a and b with the inchided angle C beiug 
given, the two other aisles A and B may be foond by the 
analogies, 

coB^{a+h) : cos^(a — b) : : cot|C : tang|(A+B) 

sin ^ (tf+6) : sin ^ (a^ : : cot ^ C : tang^ (A— B). 

If these ' same analogies are applied to the polar triangle of 
ABC, we shall hare to put 180^— A% ISCT— B', 180°— «', ISOo— y. 
180°— c', instead of a, 6, A, B, C, respectively; and for the result, 
we riiall have after omitting the ', these two analogies, 

cos|(A+B) : co8|(A — ^B) : : tang^ : tangj^((Z+i) 

sin|(A+B) : sinJ^(Ar-B) : : tanfi^ : tan^j^(a — b), 
by means of which, when a side c and the two adjacent angles 
A and B are given, we are enabled to find the two othei; sides 
a and b. These four proportions are known by the name of 
Napier* s Analogies. 

X. In the- case in which there are ^ven two sides and an 
angle opposite one of them, there will m general be two solu- 
tions corresponding to the two results in Case 11. of rectilineal 
triangles. It is also plain that this ambiguity will extend itself 
to the corresponding case of the polar triangle, that is, to the 
case in whicli there are given two angles and a side opposite 
one of them* In every case we shall avoid all false solutions 
by recollecting, 

1st. Thai every angle ^ and every side of a spherical triangle 
is less than ISO''. 

8d. That the greater angle lies opposite the greater side^ and 
the hast angle opposite the least side^ and reciprocally. 



NAPIER'S CIRCULAR PARTS. 

XI. Besides the analogies of Napier already demonstrated, 
that Geometer also invented rules for the solution of all the 
cases of right angled spherical triangles. 
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In every right angled spherical 
triangle BAG, there are six parts : 
three sides and three angles. If 
we omit the consideration of the 
right angle, which is always - 
known, there will be five remain- 
ing parts, two <rf which mast ^ 
be given before the others can 
be determined. 

The dircular partSy as theyare called, are the two sidesc and ft» 
about the right angle, the complements of the oblique angles B 
and C, and me complement of the hypothenuse a. Hence there 
are five circular parts. The right angle A not being a circular 
part, is supposed not to separate the circular parts c and ft, so 
that these parts are considered as adjacent to each other. 

If any two parts of the triangle be given, their correspcmding 
circular parts will also be known, and these together with a 
required part, will make three parts under consideration. Now, 
these three parts will aU lie together^ or one of them will be sepa^ 
rated from both of the others. For exanq)le, if B and c were 
given,* and a required, the three parts considered would lie 
together. But if B and C were given^ and b required, the parts 
would not lie together ; for, B would be separated from C by 
the part a, and from b by the part c. In either case B is die 
middle part. Hence, when there are three of the circular parts 
under consideration, the middle part is that one of them to which 
both of the others are adjacent^ or from which both of them are 
separated. In the former case the parts are said to be atj^acent^ 
and in the latter case the parts are said to be opposite. 

This being premised, we are now to prove the following 
. rules for the solution of right angled spherical triangles, which 
it must be remembered apply to the circular parts^ as already 
defined. 

1st. Radius into the^ sine of the middle part is equal to ihe red" 
angle of the tangents of the adjacent parts. 

2d. Radius into the sine of the middle part is equal to the red' 
angle of the cosines of the opposite parts. 

These rules are proved by assuming each of the five circu- 
lar parts, in succession, as the middle part, and by taking the 
extremes first opposite, then adjacent. Having thus fixed the 
three parts which are to be considered, take that one of the 
general equations for oblique angled triangles, which shall con- 
tain the three corresponding parts of the triangle, together with 
the right angle : then make A =90^, and after making the reduc- 
tions corresponding to this supposition, the resulting equation 
will prove the rule for that particular case. 
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For exaiv'iple, let comp. a be the middle part and the ex- 
tremes opposite. The equation to be applied in this case most 
contain a, fr, c, and A. The first of equations (2.) contains these 
four quantities : hence 

R' cos a=:R cos b cos c+sin b sin c cos A. 

If A=9(y* cos A=:0 ; hence 

R cos a=cos b cos c ; 

that is, radius into the sine of the middle ^Mirt, (which is the 
complement of a,) is equal to the rectangle of the cosines of the^ 
opposite parts. 

Suppose now that the complement 
of a were the middle part and the ex- 
tremes adjacent The equation to be 
applied must contain the four quan- 
tities a, B, C, and A. It is the first 
of equations (8.). 

R^ cos A=sin B sin C cos a — R cos B cos C. 

Making A=!K)°, we have 

sin B sin C cos a=R cos B cos C, or 

R cos a=cot B cot C ; 

that is, radius into the sine of the middle piut is equal to the 
rectangle of the tangent of the com{>lement of B into the fan- 
gent, of the complement of C, that is, to the rectangle of the 
tangents of the adjacent circular parts. 

£ct us now take die comp. B, for the middle part and the 
extremes opposite. The two other parts under consideration 
will then be the perpendicular b and the ancle C. Hie equation 
to be applied must contain the four parks A, B, C, and b : it is the 
second of equations (8.), 

R' cos B=sin A sin C cos b — ^R cos A cos C. 

Making A=90^ we have, ader dividing by R, 

R cos B=sin C cos b. 

Let comp. B be still the middle part and the extremes adja- 
cent* The equation to be applied must then contain the fira; 
four parts a, B, c, and A. It is similar to equations (9.).. 

cot a sin c=cos c cos B+cot A sin B 

But if A=90% cot A=0 ; hence, 

cot a sin cincos c cos B ; a 

R cos B:=:cot a tang c 
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And by piirsukig the same method of demonstration when eaibh 
circular part is made the middle part» we obtain the five fot 
lowing equations, which embrace all the cases. 

R cos a=cos 5 cos c=cot B cot C^ 
R cos B:=cos b sin C=cot a tang c I 
R cos C =cos c sin B=cot a tang b ^ (1^0 
R sin &=sin.asinB=tangccotC 
R sin c=sinasinC=tangftcotBj 

We see from these equations that, if the middle part is required 
we must begin ike proportion with radius ; and when <me of the 
extremes is required we must begin the proportion with the other 
extreme. 

We also conclude, from the first of the equations, that when 
the hjrpothenuse isless than 90% the sides b and c will be of the same 
species, and also that the angles B and C will likewise be of the 
Mime species. When a is greater than 90% the sides b and c will 
be of difierent species, ana the same will be true <rfthe ancles B 
and C. We also s^e from the two last equations that a si^ and 
its opposite angle will always be of the same species. 

These properties are proved by considering Uie atgebraic 
signs which have been attributed to tfie trigonometrical hues, 
and by remembering.that the two members of an equation must 
always have the same algebraic sign. 



SOLUTION or RIGHT ANGLED SPHEBICAL TRIANGLES BY 
' LOGARITHMS. 

It is to be observed, that when any element is discovered in 
the form of its sine only, there may be two values for this ele- 
ment, and consequently two triangles that will satisfy the ques- 
tion ; because, the same sine which con*cqK>nds to an anfffe or 
an arc, corresponds likewise to its supplement. This wul not 
take place, when the unknown quantity is determined by means 
of its cosine, its tangent, or cotangent In all these cases, the 
sign will enable us to ddcide whelner the elementin question is 
less or greater than 00^ ; the element will be less than 90^» if its 
cosine, tang^it, or cotangent^ has the sign + ; it will be greater 
if one of these quantities has the sign — • 

In order to discover the flpecies of the required element <^ 
the triangle, we shall annex the minus sign to the logarithms ot 
dU the elements whose cosines, tangents, or cotangents, are 
n^ative. Then by recollecting that the product of the iwa 
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extremes has the same sign as that of the means, we can at once 
determine the sign which is to be given to the required element, 
and then its species will be known. 

EXAMPLES. 

1. In the ri^ht angled spherical tri- 
angle BAG, right angled at A, there 
are ^ven ^=64"* 40' and ft=42*' 12' : 
reqmred the remaining parts. 

First, to find the side c. B <C^,^^^ — -^ 

The hypothenuse a corresponds to the middle part, and the 
extremes are opposite : hence 

R cos a=cos b cds c, or 

Ast^s h 42'' 12' ar.-comp. log. 0.1302d6 

Is to R - 10.000000 

So is cos a 64^' 40' .... 9.031326 

Tocos c 64° 43' 07" - • . 9.761622 

4. To find the angle B. 

The side b will be the middle part and the extremes oppo^ 
site : hence 

. R sin &=cos (comp. a) x cos (comp. B)=sin a sin B. 

As sin a 64"^ 40' ar.-comp. log. 0.043911 
Is to sin b 42° 12' .... 0.827189 
So is R - . - . . - 10.000000 

To sin B 48° 00' 14" - - - - 9.871100 

To find the angle C. 

. The angle C is the middle part and the extremes adjacent 
jence 

R cos Cs=cot a tang ft. 

As . R - ar.-comp. log. 0.000000 

Is to cot a 64° 40' .... 9.675237 

So is taiig 6 42° 12' - - - - 9.957485 

Tocos C 64° 34' 46". - - - 9.632722 

2, lii a right angled triangle BAC^ there are given d)^ hy« 
(lothenttse a=»105° 34'$ and Sie angle B=^0° 40' : requSpi the 
remaining parts. 
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Ta find the angle C, 

The hypothenuse will be the middle part and the extremes 
adjacent : hence, 

R cos a=cot B cot C, 

Ascot B 80^40' ar.-comp* log. 0.784220 -f 

Istocos a 106^34' - - - - 9.428717— 

So is R . - . - - 10.000000+ 

Tocot C 148° 30' 54" - - - 10.212937-^ 

Since the cotangent of C is negative the angle C is greater 
than 90^, and is the supplement of the arc which would corres- 
pond to the cotangent, if it were positive. 

Tq find the side c. 
The angle B will correspond to the middle part, and the 
extremes wiU be adjacent : hence, 

R cos B=cot a tang c. 

Ascot a 105''34' ar.-comp. log! 0.555053 — 
Is to R ' - - - - ^ . 10.000000 -i- 

So is cos B 80° 40^ - - - - 9.209992 -f 

Totang c 149° 47' 36" - - - 9.765045^ 

To find the side 6. . 

The side h will be the middle part and the extremes oppo- 
site: hence, • 

Rsin&=:8inasinB. 

As R - ar. cpmp. log. - 0.000000* 

To sin a 105° .34' .... 9,983770 

So is sin B 80° 40' .... 9.994212 

To sin h 71°54'53" - - - - 9.077982 



OF QUADRANTAL TRIANGLES. 

A quadraTital spherical triangle is one which has one of its 
sides equal to 90°« 

Let BAC be a quadrantal triangle 
IB which the side a=90°. If we pass 
to the corresponding polar triangle, 
wedAllhave A'=ti80°— a=:90°,B'== 
180°— 6, C'=180°— c, a'=;180°— A, 
6'=180°— B,c'=180°— C;fiomwhich 
we see, that the^ polar triangle will be 
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right angled at A', and hence eTerjr case may be refedited to 
a right angled triangle. 

^it we can solve the quadrantal triangle by means of the 
right angled triangle in a manner still more simple. 

In the quadrantal triangle BAC* 
in which BC =90^, produce the side 
CA till CD is equal to 90% and con« 
ceive the arc of a great circle to be 
drawn through B and D. Then C 
will be the pole of the arc BD, and 
the angle C will be measured by B 
BD (Book IX. Prop. VI.), und the 
angles CBD and D will be right an« 
gles. Now before tHe remaining 
parts of the quadrantal triangle can 
be found, at least two parts must be giren in addition to the 
side BC=90° ; in whicn case two parts of the right qnded tri« 
angle BDA, toother with the right angle, become Known. 
Hence the conditions which enable us to determine one of these 
triangles, will enable us also to detenpine the other. 

3. In the quadrantal triangle BCA, there are given CB=:90^9 
the angle C=42'' 12', and the angle A=115'' 20' : required the 
remaining parts. 

Having produced CA to D, making CD =90° and drawn the 
arc BD, there will then be given in the right angled triangle 
BAD, the side a=C=42° 12', and the angle BAD==180^— 
BAC=180°— 115° 20'=64°40',to jBnd the remaining parts. 

To find the side d. 

Hie side a will be the middle part, and the extremes oppo- 
site ihenee, 

R sin a=8in A sin d 

As sin A 64° 4Q' ar.-comp. log. 0.043911 

Isto R 10.000000 

So is sin a 42° 12' - - - - 9.827189 

To sin d 48° 00' 14" - - - 9.871 100 

To find the angle B. 

The angle A will correspond to the middle part, and the ex- 
tremes ynu. be opposite : hence 

R cos A=sin B cos cu 

As cos a 42° 12' ar.-comp. log. 0.130S9e 

Isto R 10.000000 

So is cos A 64° 40' • - • - 9.631826 

To sin B 85° 16' 53" . . • 9.761622 
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To find the side b. 

The side b will be the middle part, and the extremes adja- 
cent: hence, 

R sin b=cot A tang a. 

As R - ar.-.com*p. log. 0.000000 

Is to cot A 64° 40' . - . - 9.675237 

So is tang a 42^12' . - . - 9.957485 

To sin b 25° 25' 14" - - - 9.632722 

Hence, C A==90°— 6=90°— 25° 25' 1 4" =64° 34' 46" 

CBA=90°— ABD=90°— 35° 16' 53"=54° 43' 07" 
BA=df - . - - =48° 00' 15". 

4. In the right angled triangle BAG, right angled at A, there 
are given a=115° 25', and c=60° 59' : required the remaining 
parts. 

(B=:=148°56'45'' 
Ans. ) C= 75° 30' 33" 
(ft =152° 13' 50". 

5. In the right angled spherical triangle BAG, right angled 
at A, there are given c=116° 30' 43", and ft =29° 41' 32" : re- 
quired the remaining parts. 

( G=:103° 62' 46^^ 

Ans. ) B=: 32° 30' 22" 

(a =112° 48' 58". 

6. In a quadrantal triangle, there are given the quadrantal 
side =90°, an adjacent side =115° 09', and the included angle 
= 115° 55' : required the remaining parts. 

side, 113° 18' 19" 
Ans. } , (117° 33' 52" 



angles, | J 



101° 40' 07". 



SOLUTION OF OBLIQUE ANGLED TRIANGLES BY LOGARITHMS. 

There are six cases which occur in the solution of oblique 
angled spherical triangles. 

1. Having given two sides, and an angle opposite one of 
them. 

2. Having given two angles, and a side opposite one of 
them. 

3. Having given the three aides of a triangle, to find the 
anelcii. 

*^ z 
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4. Having given the three angles of a triangle, to find the 
sides. 

5. Having given two sides and the included angle. 
G. Having given two angles and the included side. 



CASE I. 

Given two stdeSj and an angle opposite one ofthem^ to find the re 

maining parts, 

' For this case we employ equation (1.) ; 

As sin a : sin & : : sin A : sin 6. 

Ex, 1. Given the side a =44*^ 
13' 45', i=84° 14' 29" and the 
angle A=:32^ 26' 07" : required 
Uie remaining parts. 

To find the angle B. ^c' ^^ — d 

As sin a 44''13'45" ar.-comp. log. 0.156437 
Is to sin b 84° 14' 29" - - - 9.997803 

So is sin A 32° 26' 07" - - - 9.729445 

To sin B 49° 64' 38" or sin B' 130° 5' 22" 9.883685 

Since the sine of an arc is the same as the sine of its supple 
incut, there will be two angles corresponding to the logarithmic 
sine 9.883685 and these angles will be supplements of each 
other. It does not follow however that both of them will satisfy 
all the other conditions of the question. If they do, there will 
be two triangles ACB', ACB ; if not, there will be but one. 

To determine the circumstances under which this ambiguity 
arises, we will consider the 2d of equations (2.). 

R^ cos &==R cos a cos c+sin a sin c cos B. 

from which we obtain 

R^ cos b — ^R co s a cos c 

cos B = ' : : • 

sm a sm c 

Now if cos b be greater than cos a, we shall have 

R^ dos &>R cos a cos c» 

or the sign of the second member of the equation will depend 
on that of cos b. Hence cos B and cos b will have the same 
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sign» or B and b will be of the lame species, and there will be 
but one triangle. 

But when cos &>cos a, sin &<sin a : hence. 

If the sine of the side opposite the required angle be less than 
the sine bfthe other given side, there will be but one triangle. 

If however, sin &>sin a, the cos 6 will be less than cos «, 
and it is plain that such a value may then be given to c as to 
render 

R* cos 6<R cos a Cos c, 

or the sign of the second member may be made to depend on 
cos c. 

We can therefore give such values to c as to satisfy the two 
equations 

^ • R^ cos b — ^R cos a cos c 

+ COS B=: 



-Mjos B= 



sm a sm c 
R* cos b — ^R cos a cos c 



sm a sm c 

^ence^ if the sine of the side opposite the required angle be 
greater than tJie sine of tlie other given side, there will be two tri- 
angles which will fulfil the given conditions. 

Let us, however, consider the triangle ACB, in which we are 
yet to find the base AB and the angle C. We can find these 
parts most readily by dividing the triangle into two right angled 
triangles. Draw the arc CD perpendicular to the base Al) : 
then m each of the triangles there will be given the hypolhe- 
nuse and the angle at the base. And generally, when it is 
proposed to solve ah obUque angled triangle by means of the 
right angled triangle, we must so draw the perpendicular that 
it shall pass through the extremity of a given side^ and lie oppo- 
site to a given angle. 

To find the angle C,in the triangle ACD. 

Ascot A32«26'07" ar.-comp. log. 9.8031 or, 

Is to R 10.000000 

So is cos ft 84° 14' 29" - - '- 9.001465 

To cot ACD 86° 21' 09" - - - 8.8Q4.57 

To find tlie angle C in the triangle DCB. 

Ascot B 49° 54' 38" ar.-comp. log. 0.074810 

Is to R ilO.OOOOOO 

So is cos a 44M3'45' - - - 9.85525 

To cot DCB 49° 35' 38" - - - 9.93006 

Hence ACB=:135o 56' 47''. 
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To find the side AB. 

As sin A 32** 26' 07" ar.-comp. log. 0.270555 
Is to sin C 135^56' 47" - - - 9.842191 

So is sin a 44° 13' 45" - - - 9.843563 

To sin c 115° 16' 29" ... 9.956309 

The arc 64° 43' 31'\ which corresponds to sin c is not the 
value of the side AB : for the side AR must be greater than b^ 
since it lies opposite to a greater ancle. But ft =84° 14' 29" : 
hence the side AB must be the supplement of 64° 43' 31", or 
115° 16' 29". 

JEx. 2. Given 6=91° 08' 25", (r=40° 36' 37", and A=35° 67' 
15" : required the remaining parts, when the obtuse angle B is 
taken. 

B=115°35'41" 

An$. J C= 58° 30' 57" 

c = 70° 58' 52" 



CASE II. 

Having given two angles and a side opposite one of theniyto find 

the remaining parts* 

For this case, we employ the equation (1.) 

sin A : sin B : : sin a : sin h. 

Ex. 1. In a spherical triangle ABC, there are given the angle 
A =50° 12', B=58° 8', and the side a =62° 42' ; to find the re- 
maining parts. 

To find the side h. 

As sin A 50° 12' ar.-comp. log. 0.114478 
Is to sin B 58° 08' - - - - 9.929050 
So is sin a 62° 42' .... 9.948715 



To sm h 79° 12' 10", or 100° 47' 50" 9.992243 

We see here, as in the last example, that there are two arcs 
corresponding to the 4th term of the proportion, and these arcs 
are supplements of each other, since they have the same sine. 
It does not follow, however, that both of them will satisfy all 
the conditions of the question. If they do, there will be two 
tiiangles ; if not, there will be but one. 
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To determine when there are two triangles, and also when 
there is but one, let us consider the second of equations (8.) 

R« cos B=sin A sin C cos b — ^R cos A cos C, which gives 

, R^cosB+RcosAcosC 

cos b= = — I — = — 71 . 

sin A sin C 

Now, if cos B be greater than cos A we shall have 

R^ cos B>R cos A cos C, 

and hence the sign of tlie second member of the equation will 
depend on that of cos B, and consequently cos b and cos B will 
have the same algebraic sign, or b and B will be of the same 
species. But when cos B >cos A the sin B<sin A : hence 

If the sine of the angle opposite the required side be kss than 
the sine of the other given angle^ there will be but one solution. 

If, however, sin B>sin A, the cos B will be less than cos A, 
and it is plain that such a value may then be given to cos C, as 
to render 

R^cos B<R cos A cos C, 

or the sign of the second member of the equation may be made 
to depend on cos C. We can therefore give such values to C 
as to satisfy the two equations 

R^tjos B+R cos A cos C 

4- cos 0= : — 7 — : — jq , and 

sm A sm C ' 

R® cos B+R cos A cos C 

•—cos W= : 1 — : — ^ ■■ 

sm A sm C 

Hence, if the sine of the angle opposite the required side be 
greater than the sine of the other given angle there will be two 
solutions. 

Let us first suppose the side 6 to be less than 90% or equal 
to 79° 12' 10". 

If now, we let fall from the angle C a perpendicular on the 
base BA, the triangle will be divided into two right angled tri- 
angles, in each of which there will be two parts known oesides 
the right angle. 

Calculating the parts by Napier's rules we find, 

C=130* 54' 26" 
c== 119*^03' 26". 
If we take the side 6=r lOff' iT SfT, we shall find 

C=156« 15' 04" 
ct=162M4' IdV 



/ 
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Ex. 2. In a spherical triangle ABC there are given A=103^ 
5V 67", E»46'' 18' 7", and a=42^ 8' 48" ; required the remain- 
ing parts. 

There will but one triangle, since sin B<sin A. 

ft =30° 
Ans. J C=;36° 7' 64" 
c =24° 3' 56" 



CA^E III. 



Having given the three sides of a spherical triangle to find the 

angles. 

For this case we use equations (3.)- 



/ «ai\s^m{\s—a) 
cosJA=RV sin ft sine 

Ex. I. In an oblique angled spherical triangle th^re are 
given a =66° 40', ft=83° 13' and c=114° 30' ; required the 
angles. 

J(a+ft+c)=i« =127° 11' 30" 

J(ft+c-^)==(j5_a)=70°,3r 30". 

Log sin J5 127° 11' 30" - - - 9.901250 

log sin a*—^) 70° 31' 30" - - - 9.974413 

—log sin ft 83° 13' ar.-comp. 0.003051 

—log sin c 114° 30' ar.-comp. 0.040977 

Sum 19.919691 

Half sum =log cos JA 24° 15', 39" - - 9.959845 

Hence, angle A=48° 31' 18". 

The addition of twice the logarithm of radius, or 20, to the 
numerator of the quantity imder the radical just cancels the 20 
which is to be subtracted on account of the arithmetical com- 
plements, to that the 20, in both cases, may be omitted. 

Applying the same formulas to the angles B and C, we find, 

B= 62° 55' 46" 
C=125' 19' 02". 

Ex. 2. In a spherical triangle there are given ar=40° 18' 29'^, 
6=67° 14' 28", and c=89° 47' 6" : required the three angles. 

^ _ = 34° 22' 18" 
Ans. \ 8= 63° 35' 16" 

190 13' 32"^ 
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CASE IV. 



Having given Vie three angles of a splierical triangle^ to find the 

three sides. 

For this case we employ equations (7.) 



cos 



/cos(iS-B)cos(iS— C) 
sin Jd sin C 



= 690 62' 
=_ 6° 58' 
= 560 38' 



Ex. 1. In a spherical triangle ABC there are given A=48* 
30', 8=125'' 20', and C=62° 64' ; required the sides. 

i{A+B + g)=iS= 118° 22' 
(is—A) 
(is— B) 
(iS-C) . 

Log cos (AS— B) —6° 58' 
log cos (JS— C) 55^28' 
—log sin B 125° 20' 
—log sin C 62° 64' 

Sum 

Half sum=log cos iA=28° 19' 48" 



ar.-comp. 
ar.-comp. 



9.996782 
9.753495 
0.088415 
0.050506 

19.889198 
9.944699 



Hence, side ci =66° 39' 36", 

In a similar manner we find, 



ft=114o29'58" 
(?= 83° 12' 06". 



Ex. 2. In a spherical triangle ABC, there are given A= 109° 
56' 42", B=116o 38' 33", and C=120o 43' 37" ; required the 
tliree sides. 

a= 98° 21' 40" 
Ans. } 6 = 109° 50' 22" 
c = 115° 13' 26". 



CASE V. 



Having given in a spherical triangle, two sides and their tn^ 
eluded angte, to find the remaining parts. 
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For this case we employ die two first of Napier^s Analogies 
cos i{a+b) : cos |(a — 6) : : cot JC : tang J(A+B) 
sin ^(a+&) : sin ^(o — 6) : : cot |C :.tang|(A — ^B). 

Having found the half sum and the half difference of the 
angles A and B, the angles themselves become known ; for, the 
greater angle is equal to the half sum plus the half difference, 
and the lesser is equal to the half sum minus the half diffis • 
rence. 

The greater angle is then to be placed opposite the greater 
side. The remaining side of the triangle can then be found by 
Case n. 

JEx. 1. In a spherical triangle ABC, there are given a=68^ 
46' 2", b=ST 10',andC=39° 23' ; to find the remaining parts 

J(a+6)=52° 68' 1", J(a— i)=15o 48' 1", JC=19^4r 30". 

As cos i(a+6)52°58' 1" log. ar.-comp. 0.220210 
Is to cos ^(fl_/^) 15°48' 1" ^ - . 9.983271 
So is cot iC 19° 41' 30" - - - 10.446254 

Totangl(A + B) 77^ 22' 25" - - - 10.649735 

As sin i(a+b) 52'' 58' 1" log. ar.-comp. 0.097840 
Is to sin -t(a— 6) 15^48' 1" - . - 9.435016 
So is cot iC 19° 41' 30" - - - 10.446254 

Totang i(A— B) 43° 37' 21" - - - 9.979110 

Hence, A=77° 22' 25"+43° 37' 21"c=120° 69' 46" 
B=77° 22' 25 '—43° 37' 21"= 33° 45' 04" 
side c - • - - = 43° 37' 37". 

Ex. 2. In a spherical triangle ABC, there are given fc=83** 
10' 42", c=23° 27' 46", the contained angle A=;20° 39' 48" ; 
to find the remaining parts. 

B = 166° 30' 16" 
Ans. ) C= 9° 11' 48" 

61° 32' 12". 



CASE VI. 



In a spherical triangle^ having given two angles and the included 

side to find the remaining parts. 
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For this case we employ the second of Napier's Analogies. 

cosJ(A+B) : cos J(A — B) : : tangjc : tangJ(a+6) 

8inJ(A+B) ; sin J (A — ^B) : : tang Jc : tangj(a — b). 

From which a. and b are found as in the last case./ The re- 
maining angle can then be found by Case I. 

Ex. 1. In a spherical triangle ABC, there are given A=81° 
38' 20", B=70° 9' 38", c=59° 16' 23" ; to find the remaining 
parts. 

J(A + B) =75^ 63' 59", i{A.—B) =5° 44' 21", Jc=29^ 38' 1 1" 

As cos i(A+B) 75° 53' 59" log. ar.-comp. 0.613287 
Tocos i(A— B) 5° 44' 21" - - 9.997818 

So is tang ^c 29° 38' 11" - - 9.755051 

To tang i(a+6) 66°42'52" - - 10.366156 

As sin *{A+B) 75° 53' 59" log. ar.-comp. 0.013286 
To sin |(A— B) 5° 14' 21" - - 9.000000 

So is tang ^c 29° 38' 11" - - 9.755051 

To tang iiar^) 3° 21' 25*' - - 8.768337 

Hence a=66o 42' 62"4-3° 21' 25"=70° 04' 17" . 

6=66° 42' 52"— 3° 21' 25"=63° 21' 27" 

angle C - - - =64° 46' 33". 

Ex. 2. In a spherical triangle ABC, there are given A =34° 
16' 3", B=42° 16' 13", and c=:76° 35' 36" ; to find the remain- 
ing parts. 

a =40° 0' 10" 
Ans. ^ 6 ==50° 10' 30" 
C =58° 23' 41". 
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MENSURATION OF SURFACES. 

The area, or content of a suiface, is determined by finding 
how many times it contains some other surface which is as- 
sumed as the unit of measure. Thus, when we say that a 
square yard contains 9 square feet, we should understand that 
one square foot is taken for the unit of measure, and that this 
unit is contained 9 times in the square yard. 

The most convenient unit of measure for a surface, is a 
square whose side is the linear unit in which the linear dimen- 
sions of the fi^re are estimated. Thus, if the linear dimen- 
sions are feet, it will be most convenient to express the area in 
square feet ; if the linear dimensions are yards, it will be most 
convenient to express the area in square yards, &c. 

We have already seen (Book IV. Prop. IV. Sch.), that the 
term, rectangle or product of two lines, designates the rectan- 
gle constructed on the lines as sides ; and that the numerical 
value of this product expresses the number of times which the 
rectangle contains its unit of measure. 

PROBLEM I. 

To find the area of a square, a rectangle, or a parallelogram. 

Rule. — Multiply the base by the altitude^ and the product will 
be the area (Book IV. Prop. V.). 

1. To find the area of a parallelogram, the base being 12.25 
and the altitude 8.5. Ans, 104.125. 

2. What is the area of a square whose side is 204.3 ket ? 

Ans. 41738.49 sq.ft. 

3. WTiat is the content, in square yards, of a rectangle whose 
base is 66.3 feet, and altitude 33.3 feet? Ans. 245.31. 

4. To find the area of a rectangular board, whose length is 
12| feet, and breadth 9 inches. Ans. 9| sq.ft. 

5. To find tbs number of square yards of painting in a D»r- 
tfleiogram, whose base is rTt teel, and altitude 5 feet 3 inchet. 

Ans^ 21^^. 

PROBLEM II. 

To find the area of a triangle. 

CASE I. 

When the base and altitude are given. 

Rule. — Multiply the base by the altihidcj and take half the 
product. Or, multiply one of these dimensions by hcuf the 
other (Book IV. Prop. VL). 
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CASK n 



n 



When two sides and their included angle are given. 

Rule. — AM together the logarithms of the two sides and the 
logarithmic sine of their included angle ; from this sum sub" 
tract the logarithm of the radius^ which is 10, and the remain- 
der will be the logarithm of double the area of the triangle. 
Findjfrom the table, the number answering to this logarithm, 
and divide it by 2; the quotient will be the required area. 

Let BAC be a triangle, in which there 
are given BA, BC, and the included an- 
gleS 

From the vertex A draw AD, perpen- 
dicular to the base BC, and represent the -^ 
area of the triangle by Q. Then, 

R : sin B : : BA : AD (Trig. Th. I.) : 
hence, ^p^ BAxsinB 

R 

But, Q^BCXAD ^^^j^ jy Pj.^p yj j . 

hence, by substituting for AD its value, we have 




Q= 



BCxBAxsinB 



or 2Q= 



BCxBAxsinB 



2R ' ^ R 

Taking the logarithms of both numbers, we have 
log. 2Q = log. BC + log. BA + log. sin B— log. R ; 
which proves the rule as enunciated. 

1. What is the area of a triangle whose sides are, BC= 
125.81, BA=57.65, and the included angle B=57° 25'? 

+log. BC 125.81 . • . . 2.099715 

Then loir 20-^ J +log. BA 57.65 1.760799 

men, log. 2W-^ ^iQg gjj^B 570 25' ... . 9.925626 

—log. R —10. 

log. 2Q 3.786140 



■» /- .« r 



27/5 .^ : 

/ I '■ 

1. To find the area of a triangle, whose base is 625 and alti- 
tude 520 feet. Ans. 162500 sq.ft. 

2. To find the number of square yards in a triangle, whose 
base is 40 and altitude 30 feet. Ans. 66|. 

3. To find the number of square yards in a triangle, whose 
base is 49 and altitude 25^ feet. Ans. 68.7361 ./ 









and 2Q=6111.4, or Q— 3055.7, the required area. 
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2. What is the area of a triangle whose sides are 30 and 40, 
and their included angle 28° 57' ? Ans. 290.427. 

3. What is the number of square yards in a triangle of which 
the sides are 25 feet and 21.25 feet, and their included angle 
45°? ' Arts. 20.8694. 

CASE IIL 

When the three sides are known. 

Rule. — 1. Add the three sides together ^ and take half their stim. 

2. From this half-sum subtract each side separately. 

3. Multiply together the half-sum and each of the three re- 
mainders, and the product urill be the square of the area of 
the triangle. Then, extract the square root of thisproduct^ 
for the required area. 

Or, After having obtained the three remainders, add together the 
logarithm of the half-sum and the logarithms of the respective 
remainders, and divide their sum by 2: the quotient will be 
the logarithm of the area. 

LfCt ABC be the given triangle. 
Take CD equal to the side CB, and 
draw DB; draw AE parallel to DB, 
meeting CB produced, in E : then 
CE will be equal to CA. Draw 
CFG perpendicular to AE and DB, 
and it will bisect them at the points 
G and F. Draw FHI parallel to 
AB, meeting CA in H, and EA pro- 
duced, in I. Lastly, with the cen- K""'" 
tre H and radius HF, describe the circumference of a circle, 
meeting CA produced in K: this circumference will pass 
through I, because AI=FB— :FD, therefore, HF=H1 ; and it 
will also pass through the point G, because FGI is a right 
angle. 

Npw, since HA=HD, CH is equal to half the sum of the 
sides CA, CB; that is, CH=iCA+lCB; and since HK is 
equal to ilF^^AB, it follows that 

CK=iAC+iCB+iAB=iS, 
by representing the sum of the sides by S. 
. Again, HK=HI=iIF=iAB, or KL=AB. 
5^ Hence, CL=CK— KL=iS— AB, 

and AK=CK- CA=iS— CA, 
and AL=DK=CK— CD=:iS— CB. 

Now, AGx CG= the area of the triangle ACE, 
and AG x FG= the area of the triangle ABE ; 

therefore, AG x CF=: the area of the trianygle ACB. 
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Also, by similar triangles, 

AG : CG : : DF : CP, or AI : CP; 

therefore, AG x CF= triangle ACB=CG x DF=CG x AI ; 

consequently, AG x CF x CG x AI= square of the area ACB. 

But CGxCP=CKxX:L=iiS(iS— AB). 
and AG x AI =AK x AL=(iS— CA) x (iS— CB) ; 

therefore, AG x CF x CG x AI =^S(iS — AB) x (iS — CA) x 
(|S — CB), which is equal to the square of the area of the 
triangle ACB, 

1. To find the area of a triangle whose three sides are 20, 
30, and 40. 

20 45 45 45half.suin. 

30 20 30 40 

40 — — r^ 

— 26 1st rem. 15 2d rem. 5 3d rem. 

2)90 

45 half-sum. 

Then, 45 x 25 x 15 x 5=^84375. 
The square root of which is 290.4737, the required area.- 

2. How many square yards of plastering are there in a tri 
angle whose sicks are 30, 40, and 50 feet ? Atis. 66f . 

PROBLEM III. 

To find the area of a trapezoid. 

'Rm^.^^Add together the two parallel sides : then multiply their 
sum by the altitude of the trapezoid^ and half the product will 
fyi the requiried area (Book IV. Prop. VII.). 

1. In a trapezoid the parallel sides are 750 and 1225, and 
the perpendicular distance between them is 1540; what is the 
area? Ans. 152075. 

2. How many square feet are contained in a plank, whose 
Utogth is 12 feet 6 inches, the breadth at the greater end 15 
incms, aad at the less end 11 inches? Ans. i3{i^.ft^ 

3. How' many square yards are ttiete in a trapezoid, whose 
parallel sides are 240 feet, 320 feet, and altitude 66 feet? 

Ans. 205^. 

PROBLEM IV. 

I To find the area of a quadrilateraL 



I^uus.— Jbfn two of the angles by a diagomd^dimeUng th^fuad" 
rikfteral into two triangles. Then^ from each m the othet 
angles let fall a perpendicular on the diagonal: then-multipbf, 

Aa 



f78 
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the diagonal by half the sum of the two perpendicvlars^ and 
the product ^^ be the area. 

1. What is the area of the quad- 
rilateral ABCD, the diagonal AC 
being 42, and the perpendiculars 
Dg.ab, equal to 18 and 16 feet? 

Ans. 714. 



2. How many square yards of paving are there in the quad- 
rilateral whose diagonal is 65 feet, and the two perpendiculars 
let fall on it 28 and 33^ feet ? Ans. 222tV 

PROBLEM V. 

To find the area of an irregular polygon. 

RvLB. — Draw diagonals dimdins the proposed polygon into 
trapezoids and triangles. Then find the areas of these 
figures separately f arid add them together for *the content of 
the whole polygon. 

1. Let it be required to determine 
the content of the polygon ABCDE, 
having ^e sides. 

Let us suppose that we have mea- 
sured the diagonals and perpendicu- 
lars, and found AC =36.2 U £C = 
39.11, Bfe=4, Drf=7.26, Ao=4.18, required the area. 

Ans. 296.1292. 

PROBLEM VI. 

m 

To find the area of a long and irregular figure, bounded on 

one side by a right line. 

RviiB.' — ^1. At the extremities of the right line meagre the per^ 
pendicular breadths of the Jigure^ and do the same at several 
intermediate points^ at equal distances from each frther.. 

2. Add together the intermediate breadShs and half the sum of 
the extreme ones : then muUipfy this sum by one of the equal 
parts of the base line : the product wiU be the required area^ 
very nearly. 

Let AE^a be an iireeular figure, hav- 

* iog for its base the right line A£. At 

die points A, B, C, D, and E, equally 

distant firom each other, erect the per- 

pwdioidars Aa, Bfr, Co, Dd^ Ee, to the 





xT«r 



I 
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base line AEf and designate them respectively by the letters 
a, bf c^ df, and e^ 

Then, the area of the trapezoid AB6a= — — x AB, 

die area of the trapezoid BCc&= xBC^ 

the wea of the trapezoid CDtfc=^ x CD, 

and the area of the trapezoid DEcrf= x DE ; 

hence, their sum, or the area of the whole figure, is equal to 

/a+6 , ft+c , c-\-d d'\-e\ .^ 

since AB, fiC, &;c. are equal jto each other. But this sum is 
also equal to 

which corresponds with the enunciation of the rvie. 

1. The breadths of an irregular figure at five equidistant 
places being 8.2, 7.4,^ 9.2, 10.2, and 8.6, and the length of the 
t)ase 40, required the area. 

8.2 4)40 

8.6 — 



2<16.8 



10 one of the equal parts. 



8.4 mean pf the extremes. 

7.4 ^5.2 sum. 

9.2 10 . 

10.2 



352= area. 



35.2 sum. 



2. The length of an irregular figure being 84, and the 
breadths at six equidistant pmces 17.4, 20.6, 14.2, 16.5, 20.1, 
and 24.4 ; what is the area? Ans, 1550.64. 



PROBLEM VII. 

To find the area of a regular polygon. 

Rule I. — MuUiply half the perimeter of the polygon by the 
apothenij or petj^endicular let fall from the centre on one^of 
U^ sides^ and the product will' be the area required (Book Y. 
Prop. IX.). ^^ 
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Rbma&k I. ^Tlie following is the manner of determiniag 

the perpendicular when only one side and the number of sides 
of the regular polygon are known : — 

First, divide 300 degrees by the number of sides of the poly- 
gon, and the quotient will be the angle at the centre ; that is, 
the angle subtended by one of the equal sides. Divide this 
angle by 2, and half the angle at the centre will then be known. 

Now, the line drawn from the centre to an angle of the 
poivgon, the perpendicular let fall on one of the equal sides, 
and half this side, form a right-angled triangle, in which there 
are known, the base, which is half the equal side of the poly- 
gon, and the angle at the vertex. Hence, the perpendicular 
cto be determined. 

1. To find the area of a regular hexa- 
gon, whose sides are 20 feet each. 

6)860^ 

6P*'=ACB,the angle at the centre. 

*80^=ACD, half the angle at the centre 

Also, CAD=ao°— ACD=CO^ ; and AD=10. 

Then, as sin ACD . . . 30^, ar. comp. ...... 0.3dl03(> 

: sin CAD . . . 60° 9.937531 

• : AD 10 ........... . 1.000000 




CD. 



17.3205 . . . . . ....... 1.288561 



Perimeter =120, and half the perimeter =60. 
Then, 60 x 1 7.8205= 1 039^23, the area. 

2. What is the area of an octagon whose side is 20? 

Ans. 1931.36886. 

RsMARK II. — The area of a regular polygon of any number 
of sides is easily calculated by the above rule. Let the areas 
of the regular polygons whose sides are unity, or 1, be calcu- 
lated and -arranged lii the folbwing 
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Names, 


Sides. 


Afoas. 


Triangle • • . « 


3 . . < 


0.4330187 


Square • • . < 


4 . . , 


. 1.0000000 


Pentagon . • . . 


. 5 . • , 


1.7204774 


Hexagon • • • . 


6 . . , 


2.5980762 


Heptagon • • • < 


7 . , , 


3.6339124 


Octagon . . • , 


. 8 . . , 


4.8284271 


Nonagon . • . . 


. 9 . . . 


6.1818242 


Decagon . • . < 


. 10 . . , 


7.6942088 


Undecagon • • < 


. 11 . . , 


9.3656399 


Dodecagon . • . 


12 . . . 


. 11.1961524 



Now, since the areas of similar polygons are to each other 
es the squares of their homologous sides (Book lY. Prop. 
XXVII.), we shall have 

1^ ; tabular area : : any side squared : area. 

Or, to find the area of any regular polygon, we have 

RvLE n. — 1. Square the side of the polygon, 

2. Then multiply that square by the tabular area set opposite 
the polygon of the same number of sidesyond the product wUL 
be the required area. 

1. What is the area of a regular hexagon whose side is 20? 

20- =400, tabular area =2.5980762. 
Hence, 2.5980752 x 400 = 1 039.2300800, as before. 

2. To find the area of a pentagon whose side is 25. 

Ans. 1075.998375. 

3. To find the area of a decagon whoso side is 20. 



Ans, 3077.08352. 



PROBLEM VIII. 



To find the circumference of a circle when the diameter* 14 
given, or the diameter when the circumference is given. 

KiaE. — Multiply the diameter /^ 3.1416, and the product wiB 
be the circumference ; or, divide the circumference by 3.1410, 
and the (/uoltent will be the diameter. 

It is shown (Book V. Prop. XIV.), that the circmnference 
of a circle whose diameter is 1, is 3.1415926, or 3.1416. But 
since the circumferences of circles are to each other as their 
radii or diameters, we have, by calling the diameter of the 
second circle </, 

I : d :: 3.1416 : circumference, 
or, dx 3.1416= circumference. 

^ Hence, also, g^^^rcumf^r^^ce 

3.1416 

Aa2 
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1. What is the circumference of a circle whose diameter 
ifl 25 ? . Arts. 78.54- 

2. If the diameter of .the earth is 7021 miles, what is the 
circumference? Aits. 24884.6136. 

3. What is the diameter of a circle whose circumference is 
11652.1904? Ans. 37.09. 

4. What is the diameter of a circle whose circumference is 
6850? . Ans. 2180.4L 

PROBLEM IX. 

To find the length of an are of a circle containing any number 

c^ degrees. 

RiruB.— -JIfttAtp/y the number of degrees in the given arc by 
0.0087266, ajid the product by the diameter of the circle. 

Since the circumference of a circle whose diameter is 1, is 
3.1416, it follows, that if 3.1416 be divided by 360 degrees, 
the quotient will be the length of an arc of 1 degree : that is, 

=0>0087266= arc of one degree to the diameter 1. 
860 

This being[ multiplied by the number of degrees in an arc, the 
product will be tne length of that arc in the circle whose diam- 
eter is 1 ; and this product being then multiplied by the diam* 
eter, will give the length of the arc for any diameter whatever. 

RsMASic-^When the arc contains degrees and minutes, re- 
duce the minutes to the decimal of a degree, which is done by 
dividing them by 60. 

1. To find the length of an arc of 30 degrees, the diametei 
being 18 feet. Ans. 4.712364. 

, 9- To find the lengdi of an arc of 12'' 10', or 12}% the diam- 
eter being 20 feet, iin^. 2.123472. 

8. What is thejength of an arc of 10® 15', or 10}°, in a cir- 
cle whose diantoter is 68 ? Ans. 6.082396. 

PROBLEM X. 

To find the area of a circle. 

RmLE l.'^MuHiply the circumference by half the radius (Book 

V. Prop. XIL). 
Rule II. — Multiply the square of the radius by 3.1416 (Book 

V. Prop. XIL Cor. 2). 

1. To find the area of a circle whose diameter is 10 and 
circumference 3L416. Ans. 78.54. 



<• . 
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2. Find the srea of a circle whose diameter is 7 and cir- 
cumference 21.9912. Ans. 38.4846. 

3. How many square yards in a circle whose diameter is 
3i feet ? . Ans. 1.069016. 

4. What is the area of a circle whose circumference is 12 
feet? AnL 11.4595. 

r 

. PROBLEM XL 

To find the area of the sector of a circle. 

Rin.E I. — Multiply the arc of the sector by half the radius (Book 
V. Prop. XII. Cor. 1). 

Rule II. — Compute the area of the whole circle : then say^ as 
360 degrees is to tljLe degrees in the arc of the sector^ so is the 
area of the whole circle to the area of the sector. 

1. To find the area of a circular sector whose arc contains 
18 degrees, the diameter of the circle being 8 feet. 

Ans. 0.35343. 

2. To find the area of a sector whose arc is 20 feet, the 
radius being 10. Ans. 100. 

3. Required the area of a sector whose arc is 147^ 29^, and 
radius 25 feet. Ans. 804.8986. 

PROBLEM XII. 
To find the area of a segment of a cirQle. 

RuLS. — 1. Find the area of the sector having the same arCf by 
the last problem. 

2. Find the area of the triangle formed by the chord of the 
segment and the two radii of the sector. . 

3. Then add these two together for the answer when the seg* 
ment is greater than a semicircle, and subtract them when it 
is less. 

I. To find the area of the segment 
ACS, its chord A6 being 12, and the 
radius £A, 10 feet. 

As EA 10 ar. comp. . . 9.000000 
: AD 6 0.r78151 

•: sinD 90<* 10.000000 



: sin AED 36° 52=36.87 9.778151 

2 — 




73.74 =the degrees in the arc ACB 
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Then, 0.0067906 x 73.74 x 20== 12.87=:xaic ACB, nearly. 

5 



64.35=areaEACB. * 



Again, VEA'— AI>»=V 100—36= ^/64=8=ED; 
and 6x 8=48=the area of the triai^Ie EAB. 

Hence, sect. EACB—EAB=64.36— 48= 16.35= ACB. 

2. Find the area of the segment whose height is 18, the 
diameter of the circle being 50.. Ans: 636.4834. 

3. Required the area of the segment whose chord is 16, the 
diameter being 20. .* Ans. 44.764. 

FKOBLEM XUI. 

To find the area of a circular ring: that is, the area included 
between the circumferences of two circles which have a 
common centre. 

RvLC. — Take the difference between the areas of ike two circles. 
Or, subtract the square of the less radius from the square of 
the greater^ and multiply the remainder by 3.1416. 

For the area of the larger is R^' 

and of the smaller • « r^n 



Their difference, or the area of tlie ring, is (R* — t^n. 

1. The diameters of two concentric circles being 10 and C, 
required the area of the ring contained between their circum- 
ferences. Ans. 50.2656. 

2. What is the area of the ring when the diameters of the 
circles are 10 and 20 7 Ans. 235.62. 

PROBLEM XIV. 

To find the area of an ellipse, or oval.* 

Rule.' — Multiply tlie two semi-axes tegetheTf and their product 
by 3.1416. 



1. Required the area of an ellipse ^ 
whose semi-axes AE, EC, are 35 and fib. 

Ans. 2748.9. 

* Althongli thU rule, and the one for the followiner prohlem, cannot he de. 
monatrated without the aid of principlee not yet coneidered, still it wae thouij^bt 
beet to inaert thooi, ae they complete the rulea necessary for the mensuration 
of planes. . 
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2* Required the area of an ellipse virfaose axes are 24 and 18, 

Ans. 339.2928. 

PROBLEM XV. 

To find the area of any portion of a parabola.. 

RuirE. — Multiply the base by the perpendicular height, and take 
two-thirds of the product for the required area* 

t 

1. To find tfie area of the parabola 
ACB, the base AB being 20 and the al- 
titude CD, 18. 

Ans. 240. 

2. Required the area of a parabola, the base being 20 ^d 
the altitude 30. Ans, 400. 



MENSURATION OF SOLIDS. 

* ■ ■ 

The mensuration of solids is divided into two parts. 
Ist. The mensuration of their surfaces ; and, 
2dly. The mensuration of their solidities. 
We have already seen,.that the« unit of measure for plane 
surfaces is a square whose side is the unit of length. 

A curved line which is expressed by numbers is aUo referred 
to a unit of length, and its numerical value is the number of 
times which the line contains its unit. If, then, we suppose the 
linear unit to be reduced to a right line, and a square con- 
structed on this line, this square will be the unit of measure 
for curved surfaces. 

The unit of solidity is a cube, the face of which is equal to 
the superficial unit in which the surface of the solid is estimated, 
and tne edge is equal to the linear unit in which the linear di- 
mensions of the solid are expressed (Book YII. Prop. JCIIL 
Sch.). 
The following is a table of solid measures :-— * 
1728 cubic inches :=■ I cubic foot. 
27 cubic feet = 1 cubic yard. 
4492^ cubic feet = 1 cubic rod. 
282 cubic inches = 1 ale gallon. 
231 cubic inches = 1 wine gallon 
3150.42 cubic inches ==: 1 bushel. 
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OF FOLTBDBOHSy OR SURFACBS BOUNDED BT PI.AMB8. 

PROBLEM I. 

To find the surface of a right prism. 

B^vLE. — Multiply the perimeter of the base by the altitude^ and 
the product will be the convex surfyce (Book YII. Prop. I.). 
To this add the area of the two bases, when the entire surface 
is required* 

1. To find the surfaee of a cube, the length of each side 
being 20 feet. Ans. 2400 sq.ft. 

2. To find the whole surface of a triangular prism, whose 
base is an equilateral triangle, having each of its sides equal 
to 16 inches, and altitude ^ feet Ans. 91.949. 

3. What must be paid for lining a rectangular cistern with 
lead at 2d. a pound, the thickness of the lead being such as to 
require libs, tor each square foot of surface ; the inner dimen- 
sions of the cistern being as follows, viz. the length 3 feet 2 
inches, the breadth 2 feet 8 inches, and the depth 2 feet 6 inches ? 

Ans. 2L Ss. lOid; 

PROBLEM II. 
To find the surface of a regular pyramid. 

RuLB. — Multiply the perimeter of the base by half the slant 
height, and the product will be the convex surface (Book YII. 
Prop. IV.) : to this add the area of the base, when the entire 
surface is required. 

1. To find the convex surface of a regular triangular pyra- 
mid, the slant height being 20 feet, and each side of the base 
3 feet Ans. 90 sq.ft. 

2. What is the entire surface of a regular pyramid, whose 
slant height is" 15 feet, and the base a pentagon, of which each 
side is 25 feet ? Ans. 2012.798. 

« 

PROBLEM HI. 

To find the convex surface of the frustum of a regular 

pyramid. 

Rule. — Multiply the half sum of the perimeters of the two 
'bases by the slant height of the frustmn, and the product will 
be the convex surface (Book Vll. Prop. IV. Cor.). 
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1. How many square feet are there in the convex surface of 
the frustum of a square pyramid, whose slant height is 10 feet, 
each side of the lower base 3^eet 4 inches, and each side of 
the upper base 2 feet ^ inches ? Anis. IIO sq.ft. 

2. What is the convex surface of the frustum of an hepta- 

f;onaI pyramid whose slant height is 55 feet, each side of the 
ower base 8 feet, and each side of the upper base 4 feet ? 

Ans. 2310 $q. ft. , 

PROBLEM IV 

To find the solidity of a prism* 

Rule. — 1. Find the area of the base. 

2. Multiply the area of the base by the aUAude, and the pro 
duct urill be the solidity of the prism (Book VII. Prop. XIV.). 

1. What is the solid content of a cube whose side is '24 
inches? Ans. 13824. 

2." How many cubic feet in a block of marble, of which the 
length is 3 feet 2 inches, breadth 2 feet 8 inches, and height or 
thickness 2 feet 6 inches ? ^n^. 21^. 

3. How man^r gallons of water, ale measure, will a cistern 
contain, whose dimensions are the same as in the last example ? 

Ans. 129J|, 

4. Required the solidity of a triangular prism, whose height 
is 10 feet, and the three sides of its triangular base 3, 4, and 5 
feet* Ans. 60. 

PROBLEM V. 

To find the solidity of a pyramid. 

UrLE.-'^Multiply the area of the base by one-third of the alti* 
tvde, and the product will be the solidity (Book VIL Prop. 
XVIL). 

« 

1. Required the solidity of a square pyramid, each side of 
its base being 30, and the altitude 25. Ans. 7500. 

2. To find the soli4ity at a- trianguiar pyramid, whose sdti- 
tude is 30, and each side of the base 3 feet Ans. 38.9711. 

3. To find the solidity of a triangular pyramid, it9 altitude 
being 14 feet 6 inches, and the three sides of its base 5, 6, and 
7 feet. ^715. 71.0352. 

4. What is the solidity of a [)entagonal pyramid, its altitude 
being 12 feet, and eadi side of its b£se 2 ^et ? 

Ans. 27.5276. 
^. What is the soliditv of Bit hexagonal pjnramid, whoae alti- 
tude is 6.4 feetr and each side <tf its base 6 mches? 

Ans. 1.88564. 
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PROBLEM VI. 

To find the solidity of the frastum of a pyramid* 

Rule. — Add together the areas of the two bases of the frustum 
hnd a mean proportional between them^ and then muUiply the 
sum by one-third of the altitude (Book VII. Prop. XVIIL). 

1. To find the number of solid feet in a piece of timber, 
whose bases are squares, each side of the lower base being 15 
inches, and each side of the upper base 6 inches, the jaltitude 
being 24 feet. Ans. 19.5. 

2. Required the solidity of a pentagonal frustum, whose alti- 
tude is 5 feet, each side of the lower oase 18 inches, and each 
side of the upper base 6 inches. Ans. 9.31925. 

i 
Definitions* 

1. A xjoedge is a solid bounded by five 
planes: viz. a rectangle ABCD, called 
the base of the wedge ; two trapezoids 
ABHG, DCHG, which are called the 
sides of the wedge, and which intersect D^ 
each other in the edge GH ; and the two 
triangles GDA, HCB, which are called 
the ends of the wedge. 

When AB, the lei^h of the base, is equal to GH, the trape- 
zoids ABHG, DCHG, become parallelograms, and the weoge 
is then one-half the parallelopipedon described on the base 
ABCD, and having the same altitude with the wedge. 

The altitude of the wedge is the perpendicular let fall from 
any point of the line GH, on the base ABCD. 

2. A rectangular prismoid is a solid resembling the frustum 
of a quadrangular pyramid. The uiq>er and lower bases jure 
rectangles, having their correqK>nding sides paraUel, and the 
cooTex surface is made up of four trapezoids.- l%e altitude oi 
the prismoid is the perpendicular distance between its bases. 

PROBLEM VIL 

To find the solidity of a wedge. 

^'- . 

RvUL-^To tmee t^length of the base add the length of the 
edige. MkUwlsf this sum by the breadth of Aebasef aniiken 
hf tJ^ altiiuae of the uedget and take one-nxth cf theproAi€t^ 
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Let L=AB, the length of 
the base. 

/=GH, the length of 
the edge. 

fc=BC, the breadth of 
the base. 

A=PG, the altitude of ^ 
the wedge. 

Then, L— Z=AB— GH= 
AM. 

Suppose AB, the length of the base, to be equal to GH, the 
length of the edge, the solidity will then be equal to half the 
parallelopipedon haying the same base and tne same altitude 
(Book VU. Prop. VIL). Hence, the solidity will be equal 

to iWA (Book VIL Prop. XIV.).' 

If the length of the base is greater than that of the edge, 
let a section MNG be made parallel to the end BCH. IHie 
wedge will then be divided into the triangular prism. BCH-M, 
and the quadrangular pyramid G-AMND. 

The solidity of the prism =iM/, the solidity of the p}rramid 
=jftA(L_/); and their sum, ibhl+ihh{h—i)=ibhBl'{-}bh2lj 
— ibh2l=:}bh{2h+l). 

If the length of the base is l^ss than the length of the edge^ 
the solidity of the wedge will be equal to the difference be- 
tween the prism and pyramid, and we shall have for the solid- 
ity of the wedge, 

y)hl-^bh{l—L) =ibhBl—i 6A2/+ J JA2L -i&A(2L + /). 

1. If the base of a wedge is 40 by 20 feet, the edge 35 feet, 
and the altitude 10 feet, what is the solidity ? 

Ansj 3833.33. 

2. The base of a wedge being 18 feet by 9, the edge 20 
feet, and the altitude 6 feet, what is the solidity ? 

Arts. 504. 

PROBLEM, VIII. 

To find the solidity of a rectangular prismoid. 

Rule. — Add together the areas of the two bases and foiir times 
the area of a parallel section at equal distances from ike 
bases : then multiply the sum by one^sixth of the aliUude. 

Bb 



i : 



1^ 



n 



/* 



"'-\ >; 
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Let L and B be the length and ^ r 

breadth of the lower base, / md b the ""^ 
length and breadth of the upper base, 
M and m the length and breaath of the 



section equidistant from the bases, and / \ j m 
h the altitude of the {Hnsmoid. 

Through the diagonal ed^es L and 
r let a putne be passed, and it will^i- 
vide the prismoid into two wedges, 





havinff for bases, the bases of the prismoid, and for edges the 
lines L and T=^L 

The solidity of these wedges, and consequently of the pris- 
moid, is 

iBA(2L +0 + J JA(2/+ L) = iA(2BL + B/+ 2W+ ftL). 
But since M is equally distant from L and /, we hav« ~ 

2M=:L-|-^ and 2m=B+6; 
hence, 4Mm=(L+0 x (B+6)=BL+B/4-ftL+H. 

Substittttinff 4Mm for its value in the preening equation, 
and we^ have Tor the solidi^ 

iA(BL+W+4M»i). , 

Rbmark. — ^This rule may be applied to any prismoid what- 
ever. For, whatever be the form of the bases, there may be 
inscribed in each the same number of rectangles, and the num- 
ber of these rectangles may be made so great that their sum 
in each base will differ from that base, by less than any assign- 
able quantity. Now, if on these rectangles, rectangular pris- 
moids be constructed, their sum will differ from the given pris- 
. moid by less than any assignable quantity. Hence the rule is 
general. 

1. One of the bases of a rectangular prismoid is 25 feet by 
20, the other 15 feet by 10, and the altitude 12 feetr required 
the solidity. Ans. 9^7000. 

2. What is the solfdity of a stick of hewn timber, whose 
ends are 30 inches by 27, and 24 inches by 18, its length being 
24 feet? Ans. 102 feet. 



or THB MEAStTRES OF THE THREE ROUlfD BODIES. 

PROBLEM IX. 

To find the surface of a cylinder. 

* 

Roui. — Multiply the circumference of the base by the atUudef 
^nd the product wiU be the convex surface (Book YIU. Prop. 
L). To this add the areas of the two baseSf when the entire 
eurface is required* 
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1; What is the convex i^Urface of a cylinder, the diameter 
of whoile base is 20, and whose altittide i& 50 ? . 

Ans. 3141.6. 
ft. Required the entire surface of a cylinder, whose altitude 
is 20 feet, and the diameter of its base 2 feet. 

Ans. 131.8472. 

. PROBLEM X. 

To find the convex surface of a cone. 

Rule. — Multiply the circumference of the base by half the side 
(Book YIII. rrop. III.) : to wkicn add the ared of the base, 
when the entire surface is required, 

1. Required the convex sur&ce of a cone, whose side is 50^ 
feet, and the diameter of its base 8^ feet Ans, 667.50. 

2. Reauired the entire surface of a cone, whose side is 36 
and the mameter of its base 18 feet. Jjis, 1272.348. 

PROBLEM XI. 

To find the surface of the firustum of a cone. 

BjJjJL-'-'Multiply the side of the frustum by half the sum of the 
circumferences of the two hases^for the convex surface (Book 
VIII. Prop. IV.) : to which add the areas of the two oases, 
when the entire surface is required, 

h a 

1. To find the convex surface of the fi^stnm of a cone, the 
side of the frustum being 12^ feet, and the circumferences ^ 
the. bases 8.4 feet and 6 feet. Ans, 90. 

2. To find the entire surface of die frustum of a cone, the 
side being 16 feet, and the radii of the bases 3 feet and 2 feet 

Ans. 292.1688. 

PROBLEM XIL 

To find the solidity of a cylinder. 
RuLX. — Multiply the area of the base by the altitude (Bock YBl, 

Prop. n.). 

s 

1. Required the solidity of a cylinder whose altitude is 12 
feet, and the diameter of its base x5 feet. Ans. 2120.58. 

2. Required the solidity of a cylinder whose altitude is 20 
feet, and the circumference of whose base is 5 feet 6 inches. 

Ans. 48.144. 
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PBOBLEH XUL 

To fiod the solidity of a cone. 

RuLK. — Multiply the area of the base by the altitude^ and take 
ane-ihiixl of the product (Book VIII. Prop. V.). 

1. Required the solidity of a cone whose altitude is 27 feet, 
and the diameter of the base 10 feet. Ans. 706.86. 

2. Required the solidi^ of a cone whose altitude is 1(^ feet, 
and the circumference of its base 9 feet. Ans. 22.56. 

f ROBL^M XIY. 

To find the acridity of the firustum of a cone. 

RuLB. — Add together the areas of the two bases and a mean 
vroportional between them^ and then multiply the sum by one- 
third of the altitude (Book YIIL Prop. YL). 

1. To find the solidity of the firustum of a cone, the altitude 
being 18, the diameter of the lower base 8, and that of the 
vipptr base 4. Ans. 527.7888. 

2. What is the solidity of the fmstum of a cone, the altitude 
being 25, the circumference of the lower base 20, and that .of 
theupper base 10? jinj. 464.216. * 

3. If a cask, which is composed of two equal conic fiustums 
joined together at their larger bases, have its bung diameter 28 
inches, the head diameter 20 inches, and the length 40 inches, 
how many gallons of wine will it ccmtain, there being 231 cubic 
inches in a ^<Mi? Ans. 79.0613. 

FROBiJBM XY. 

To find the surface of a sphere. 

RuLX I. — Multiply the circumference of a great circle by the 
diameter (Book YUI. Prop. X.^. 

Rtolb II. — Multiply the square of the diameter^ or four times 
the square of the radius, by ai416 (Book YUI. Prop. X. 
Cor.). 

1. Required the surface of a sphere whose diameter is 7. 

Ans. 154.9384. 

2. Required the surfS^e of a sphere whose diameter is 24 
inches. Ans. 1809^5616. in. 

3. Required the area of the surface of the earth,, its diam-» 
eter being 7921 miles. Ans. 197111024 sq. miles. 

4. What is the surface of a sphere, the circumference of ita 
great circle beiiig 78.54? Ans. 1963.5. 
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PROBLEM XTI. 

To find the surfiice of a spherical zone. 

RuLB. — Multiply the cJiitude of the zone by the circumference 
of a great circle of the sphere^ and the product unu be the 
surface (Book VIII. Prop. X. Scb- 1). 

1. The diameter of a sphere being 43 inches, what is the 
convex surface of a zone whose altitude is 9 inches ? 

An§. 1167.5248 xqr.tn. 

2. If the diameter of a sphere is 13^ feet, what will be the 
sorfaoe of a zone whose altitude is 3 feet? 

Ans. 78.54 $q. ft. 

PROBLEM XVU. 

To find the solidity of a sphere. 

Rflb I. — Mukipfy the surface by one-third of the radius (Book 
VIIL Prop. XIV.). 

RvLB II. — Cube the diameter, and multiply the mtimber thus 
found by in: that U, by 0.5236 (Book VIII. Prop. XIV. 
^ Sch. 3). 

1. What is the solidity of a sphere whose diameter is 12? 

Ans. 904.7808. 

2. MHiat is the solidity of the earth, if the mean diameter 
be taken equal to 7918.7 miles f Ans. 259992792083. 

. PROBLEM XTin. 

To find the solidity of a spherical segment. 

Itirui.-— I^'ful the areas of the two bases, and multiply their sum 
by half the height of the 'segment; to this product add the 
solidity of amhere whose diameter is equal to the height of 
the segment (Book VIII. Prop. XVII.). 

RniARK.-nWhen the segment has but one base, the other i» 
to be considered equal to (Book VIIL De£ 14). 

1. What is the solidity of a soherical segment, the diimeter 
of the q;>here being 40, and the distances from the centre tothe^ 
bases, 16 and 10. Ans. 4297.7088. 

2. What is the solidity of a spherical segment with one baser 
the diameter of the sphere being 8, and the altitude of tti» 
segment 2 feet? iLa^. 41.888. 

Bb2 
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8. What is the solidity of a spherical segment with one base, 
the diameter of the sphere being 20^ and the altitude of the 
segment 9 feet ? Ans. 1781.2872. 

PROBLEM XIX. 

To find the wirface of a spherical triangle. 

Rule, — 1. Compute the surface of the sphere on which the irian" 
gle is forviedy and divide it by 8 ; the quotient will be the sur- 
face of the tri'Vectangular triangle. 

2. Add the three angles together ; from their sum subtract 
180^ and divide the remainder by 90^ : then multiply the tri- 
rectangular tria'^gle by this quotient^ and the product will be 
the surface of the triangle (Book IX. Prop. XXI.). 

1. Required the surface of a triangle described oh a sphere, 
whose diameter is 30 feet, the angles being 140°, 92°, and 68°. 

Ans: 47 1 .24 sq. ft. 

2. Required the surface of a triangle described on a sphere 
of 20 feel diameters the angles being 120° each. 

Ans. 314.16 sq.fL 

PROBLEM XX. 

To find the surface of a spherical polygon* 

Rule. — 1. Find the tri-rectangular triangle^ as before. 

2. From the sum of all the angles take the product of two 
right angles by the number of sides less two. Divide the re^ 
mainder by 90^ , and multiply (he tri-rectangvlar triangle by 
the quotient : the product will be the surface of the polygon 
(Book IX. Prop. XXL). * 

1. What is the sudace of a polygon of seven sides, de- 
scribed on a sphere whose diameter is 17 feet, the sum of the 
angles being 1080°? ^715. 22G.98. 

2. What is the surface of a regular polygon of eight, sides, 
described on a sphere whoi^e diameter is 30, each angle of the 
polygon being 140° ? Ans. 157.08. 



OF THE REGULAR POLYEBRONS. 

V - 

^ In determining the solidities of tlie regular polyedrons, it 
becomes necessary to know, for each of them, the angle con- 
tidhed between any two of the adjacent faces. The determi- 
nation of this angle involves the following property of a regu- 
lar polygon, viz. — 
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Half ilie diagonal which join* the extremities of itoo adjaceni 
sides of a regular polygon, is equal to the side of the polygon 
multiplied by the cosine of the angle which is wtamed by di* 
viding 360° by twice the number of sides: the radius being 
equal to unity. 

Let ABCD^ be any regular poly- 
gon. Draw the diagonal AC, and from 
3ie centre F draw FG, pexpc^icular 
to AB. Draw also AF, FB; the lat- 
ter will be perpendicular to the diag- 
onal AC, and will bisect it a^t H (Book 
IIL Prop. VI. Sch.). 

Let the number of sides of the poly- 
gon be designated by n : then, 

AFB=??2!, and AFG=CAB 




360' 



n 



2n 



d 



But in the right-angled triangle ABH, we have 
AH=AB cos A=AB cos ^ (Trig. Th.'l. Cor.) 



2» 



Remark 1. — ^Wben the polygon in question is the equilateral 
triangle, the diagonal becomes a side, and consequently half 
the diagonal becomes half a side of the triangle. 

360° 
Remark 2. — ^The perpendicular BH=AB sin -- — (Trig. 

Th. I. Cor.). 
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To determine the angle included between the two adjacent 
faces of either of the regular polyedrons, let us suppose a plane 
to be passed perpendicular to the axis of a solid ande, and 
through the vertices of the solid angles which lie adjacent. 
This plane will intersect the convex surface of the polyedron 
in a regular polygon ; the number of sides of this polygon will 
be equal to the number of planes which meet at the vertex of 
either of the solid angles, and each side will be a diagonal of 
one of the equal faces of the polyedron. 

Let D be the vertex of a solid angle, 
CD the intersection of two adjacent faces, 
and ABC the section made ia the convex 
surface of the polyedron by ^ plane per- 
pendicular to 'the axis through D. 

Through AB let a plane be drawn per- 
pendicular to CD, produced if necessary, 
and suppose AE, BE, to be the lines m 




• . 
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vfbkh this plane interaects the adjacenl 
faces. Then wOl AEB be the angle in- 
chided between the adjacent faces, and 
FEB win be half that angle, whi^ we 
will represent by ^A. 

Then, if we represent by n t^e num- 
ber of faces which meet at the vertex of ^ 
the solid angle, and by m the number of 




of each face, we shall haTC, from what has abeady 
been shown, 



BF»iBC cos 



But 



BF 
EB 



860^ 
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and EB=BC sin ^. 

2m 



=sin FEBs:9in }A, to the radius of unitv; 



cos 



hence. 



nn ^A=:. 



360« 
2n 



sm 



860^ 
2m 



This formula gives, for the plane angfe formed by every two 
adjacent faces of the . 

Tctraedron 7(y* 81' 42" 

Hexaedron ^ OO*' 

Octaedron lOi^ 2S' 18^' 

Dodecaedron ....... IKT" 38^ 54" 

Icosaedron . , 138« 11' 2r 

Having thus found the angle included between the achacent 
faces, we can easily calculate the perpendicular let fall from 
the centre of the polyedron on one of its faces, when the fkces 
themselves are known. 

The following table shows the solidities and surfaces of the 
regular polyedrons, when the edges are equal to 1. 



A TABLB OP THE REOVLAtt POLYEDRONS WHOSE EDGES ARE 1. 



Sorfaee. 8oI4itf. 

1.7320508 .... a,l 178518 

6.0000000 .... Loooooocr 

3.4641016 .... 0.4714045 

20.6457288 .... 7.6631 18Q 

8.6602540 .... 2.1816950 



NamM. 


No. of Faoet. 


Tetraedron . . 


. . . • 4 . . . 


Hexaedron . . 


1 . . . 6 . • . 


Octaedron. . . 


1 . • . O' . • . 


Dodecaedron . 


. . . . 12 . . . 


Icosaedron . . 


, . . . 20 . . . 



'»• * 



■ ^K. 
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PROBLEM XXI. 

To find the solidity of a.regular polyedron. 

Rule I. — Multiply the surface by one-third of the perpendicular 
Ut faU from the centre on one of the faces, and ^e product 
wiu be the solidity. 

Rule II. — Multiply the cube of one of the edges by the solidity 
of a similar polyedron, whose edge is 1. 

« 

The first rule results from the division of the polyedron into 
as many equal pyramids as it has faces. The second is proved 
by considermg that two regular polyedrons having the same 
number of faces may be divided into an equal nuipber of simi« 
lar pyramids, and that t}ie sum of the pyramids whieh make 
up one of the polyedrons will be to the sum of the pyramids 
which make up the other polyedron, as a pyramid of the first 
sum to a pyramid of the second (Book II. Prop* X.) ; that is, 
as the cubes of their homologous edges (Book VII. Prop. XX.) ; 
that is, as the cubes of the edges of the polyedron. 

1. Wh^t is the solidity of a tetraedron whose edge is 15? 

Ans. 397.75. 

2. What is the solidity of a hexaedron whose edge is 12? 

Ans. 1728. 

3. What is the solidity of a octaedron whose edge is 20 ? 

Ans. 3771.236. 

4. What is the solidity of a dodecaedron whose edge is 25 ? 

Ans. 119736.6328. 

5. What is the solidity of an icosaedron whose side is 20 ? 

Ans. 17453.56. 
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(V 



LOGARITHMS OF NUMBERS 



FBOH 1 TO 10,0Q0. 



N. 

1 


Log. 


N. 
26 


Lofi. 


61 


Lo«. • 


N. 
76 


Lof. 


0.000000 


1.414973 


1.707570 


1.880814 


2 


0.301030 


27 


1.431364 


62 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447168 


63 


1.724276 


78 


1.892096 


4 


0.602060 


29 


1.462398 


64 


1.732394 


79 


1.897627 


5 
6 


0.698970 
0.778161 


30 
31 


1.477121 
1.491362 


66 
6§ 


1.740363 
1.748188 


80 
81 


1.903090 


1.908486 


7 


0.846098 


32 


1.606160 


67 


1.765876 


82 


1.913814 


8 


0.903090 


33 


1.618614 


58 


1.763428 


83 


1.9190t8 


9 


0.964243 


34 


1.631479 


69 


1.770862 


84 


1.924279 


10 

Il- 


1.000000 
. 1.041393 


36 
36 


1.644068 
1.666303 


60 
61 


1.778161 
1.786330 


86 
86 


1 .929419 


1.934498 


ia 


1.079181 


37 


1.668202 


62 


1.792392 


87 


1.939619 


13 


1.113943 


38 


1.679784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.691066 


64 


1.806180 


89 


1.949390 


16 
16 


1.176091 
1.204120 


40 
41 


1.602060 
1.612784 


66 
66 


1.812913 
1.819644' 


90 
91 


1.964243 


1.95§i41 
1.9Mr88 


17 


1.230449 


42 


1.623249 


67 


1.826076 


92 


18 


1.878WI 


43 


1.63346^ 


68 


1.832609 


93 


1 .vtfoVyd 


19 


44 


1.643453 


69 


1.838849 


94 


1.973128 


ao 

31 


1.301030 
1.322219 


46 

46 


1.663213 
1.662768. 


70 

71 


1.846098 
1.861268 


96 
96 


1.977724 


1.082271 


23 


1.342423 


47 


1.672098 


72 


1.867333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.996636 
2.009000 


26 


1.397940 


60 


1.698970 


76 


1.876061 


100 



N.B. In the following; table, in the last nine colunms of each 
page, where the first or leading; fig^ures change from 9*8 to O's, 
points or dots are introduced instead of the O's through the rest 
of the line, to catch the eye, and to indicate that froii '>ence 
HhM annexed first two figures of the Logarithm in the seocjw* 
eolunn stand In the next lower line. 
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102, woo 

103 . 012'^(?7 
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112' 
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116 1 
117' 
118 
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120 
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124 
125 
126 
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129 



0434 

4751 



130 
131 
132 
133 
134 
135 
136 
137 
138 
169 

140 
141 
142 
143 

144 
145 
146 
147 
148 
149 

160 
151 

168 
164 
166 
166 
167 
168 
169 



041393 
5323 
021% 

05307% 
6905 

060698' 
4458 
8186 

071882 
5547 

0791811 

002785. 
63601 
9905! 

093422 
6910 

100371 
3804 
7210 

110590 



113943 
7271 

120574 
3852 
7105 

130334 
3.539 
6721 
9879 

143015 



146128 
9219 

152288 
5336 
8362 

161368 
4353 
7317 
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6899 
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4832 
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07151 
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6533 
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.380 
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9298 

2985. 

6640. 
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7321 

1570 
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9947 
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2216 
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5181 

9451 

36%0' 

7868 

2016 
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.195' 

4227 

8223 

218.: 

6105 

9993 

3846 

7666 

1452* 

5206 
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2617 

6276 

9904. 

3503; 

7071 
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4122 

7604 

1059 

4487 

7888 

1263 



3461* 

774* 

1993 

6197 
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4486' 

8571' 

2619 



.266 



4277 
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0977 
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3639 

6748 
9835 
2900 
6943 
8965 
1967 
4947 
7908 
0848 
3769 

6670 
9552 
2415 
6259 
8084 
0892 
3681 
6453 
9206 
1943 



3861 
7426 
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44711 
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1599' 

4944' 
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1560 

4830 

8076 

1298 

4496 

7671 
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3951 
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.142 
3205 
6246 
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2266 
5244 
8203 
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4060 



6959 
9839 
2700 
6642 
8366 
1171 
3959 
6729 
9481 
2216 



2969 
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8426 
2206 
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3352 
7004 . 
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4219 

7781 

131.51 

4820' 

8298! 

1747: 

5169' 

8565! 

1934; 

5278 
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1888 
5156 
8399 
1619 
4814 
7987 
1136 
4263 



7367 
.449 
3510 
6549 
9667 
2564 
5541 
8497 
1434 
4351 



7248 
.126 
2985 
5825 
8647 
1451 
4237 
7006 
9755 
2488 



3362 
7275 
1153 
4996 
8805 
2582 
6326. 

3718 

7368 

.987i 

4576 

8136 

16671 

5169- 

8644: 

2091 

5510' 

8903' 

2270 | 

.5611 

8926! 

2216' 

5481 

8722 

1939 

5133 

8303 

1450 

4574 



375i» 
7664 
1538 
5379 
9185 
2958 
6699 
.407 
4085 
7731, 

1347, 
4934: 

8490, 

20181 

5518« 

8990; 

2434 

5851 

9241 

2605 



41^ 
8053 

1924 
5760^ 
9563.' 
3333' 
70711 
.776] 
4451! 
8094 



8174 4» 
2415,434 
6616 419 
.775" 416 
4896 412 
8978 408 
3021^404 
7028' 400 
.602; .998 - 396 

4540^ 4932I 393 
8442 



1707 
5291 
8845 
2370 
5866 
9335 
2777 
6191 
9579 
2940 



7678 
.756 
3815 
6852 
9868 
2863 
5838 
8792 
1726 
4641 



7636 

.413 

3270 

6108 

8928 

1730 

45141 

7281 

..29 

2761 



5943 
9256 
2544 
5806 
9045 
2260 
.5451 
8618 
1763 
4885 



7985 
1063 
4120 
71.54 
.168 
3161 
6134 
9086 
2019 
4932 



7825 
.699 
3555 
6391 
9209 
2010 
4792 
7556 
.303 
3033 



6276 
9586 
2871 
6131 
9368 
2580 
5769 
8934 
2076 
5196 



8294 
1370 
4424 

7457 
.469 
3460 
6430 
9380 
2311 
5222 



8113 
.985 
3839 
6674 
9490 
2289 
5069 
7832 
.577 
3306> 



6l42i 
9942| 
3709 
7443) 

1145, 
4816) 
8457! 

20671 

564r. 

9198 

2721! 

6215 

9681 

3119 

6531 

9916 

3275 



370 
4083 376 
7815 372 
1514 
5182 
8819 363 



660d 
9915 
3198 
6456 
9690 
2900 
6086 
9249 
2389 
5507 



8603 
1676 
4728 
7759 
-769 
3758 
6726 
9674 
2603 
5512 



8401 
1272 
4123 
6956 
9771 
2567 
5346 
8107 
.850 
3677' 



2426 
6004 
9652 
3071 
6562 
..26 
3462 
6871 
.253 
3609 



6940 
•245 
3525 
6781 
..12 
3219 
6403 
9564 
2702 
5818 



N. ) 



1 I 2 I 3 I 4 I 6 i 6 
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365 
361 
349 
346 
343 
340 
338 
335 

333 
.330 
328 
325 
323 
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318 
315 
314 
311 

309 
307 
305 
303 
301 
299 
297 
295 
293 
291 

289 
287 
285 
283 
281 
279 
278 
276 
274 
38481 272 

9 I D. 



8911 
1982 
5032 
8061 
1068 
4055 
7022 
9968 
2896 
5802 

8689 
1558 
4407 
7239 
..61 
2846 
6623 
8382 
1124 
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.106 
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